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rv 



■■! 



l, 5-jjJiJl OvijR ^ i thco 
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Cv> c C^ Lw^ Ij ^JlS ^e-pl I /jjP lJuh t Lj-i-u 1 . a 1 ^ ‘ a 

jLi iJliil <jU-l 3j . J^i — 11 \y <~jla 3 J& i^y* y*-^r *— ^ 

JJUll J>- J tj^j ^r-* o 1 

3i ^cpll c?* o jij . aJLU aj jjsu j ( j,p ^jy^a »wJUaii o jpL- 



^ d^h ^ J~* 



JjLSj 3 \^ L^j . 4 -v^?L) J\ 4j jlkJS <Lw^JJlS ^J^olisjL) 

1 f ^Jj JS* c ^JdL^l I d*ij& j^>\l£* L^JLj iJLj^ydl 1 ^y9 A A l.t.^ 

+■ b4 



j! oLpj^jJ. 1 jdl oY^xii t (definitions) oLfljycil i]tj* titjcj! J 

*■ +* *■ 

^1 (axioms) oj^LJJ ilLj* OU <.SSi Jucj LjJIp ^ jt ^l^jl 



^ua 



* v 



iwJllilj Vj . 4j ^iiJ 



4 *4- 









c 4_aj ^1? ajL La j! jl toLij 

; Lj-* 0 jjJi A—jXa^JI w>Lj 
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t (postulate) ilu^j . 4i|bJl bjoy 

. ( *>Lla aaO^uJ 'y bi3j i-USMl bobl j 3iU 



, ;JI bJibJl 



JUi 



Jail ^jA Abb* jb 4 w ) \ ( bi.lj CjL- 4 j j— bl 




Job U 1 (j£ y>-\ cSHyiJL aJLrI^NIj L$l?blb 



La! (Ol > jAU jl (Theorems) b**l 

r 1 

_ ( j£b jdi c/y^iii Lj- x*oa>j 4 (Collaries) ^ -^. 3 4*^^ t3 



Jjo e 



,jS\*a «JbJl $ j* bUbj 






b JolS 



■ ni m a ) sJupLJlI b^Lj L ^~i r U 

i JaJl UjIa Jli 4 *jUj lOli^kjl J-p 

£ * 

^j^Ka 4JL) JtzS liyp (jf k*; l^j i.\ 






Cr 4 tk+J 

,j}\ bjMl £«bJl 



i^iaJJ Jo^iaji jbjJi 



r JJ ** - 

oJlA C-J V j>-\j 




J ufc . (Proposition) olbjbail byu U ^ 

tj U’.U t 1 gT, ^ ...t (j jS\JJ 4 Aj jb ^o^.b bslS” A>-jJj A o -^.4 ^P ta^P- 

i}\£ bUi^t bJlbl t J b^buj Jj .y*“b sJP-bii 

** <H 

,bJkS\ «ika 2 ^ OVl Aj ^^*11 ^Jdali j!^p 



^Ub /Jl pbj 

The Structure of Proofs 



^1 -.(Conditional) 4_b? jj> ^ oU^-j J[ fb** O' 

^LaII <-^bl J 4 jbb j! lijjA-* J^T bl U S-^cf 1 4 s*k *0 ^Jp* jj«*J 

A^dLf w>h^ rZ^A\ *}Jr\ 4 (hypothesis) bbjb3 b J 



H i 



j^j* 



« 



,lg,....»U 



i*J ibi i _^jw_;( postulate) ^ (axiom) ^*UJa«a*IS ‘wi-l! o^U j J 

. ftkji UL» oL^ b* ?^- 3 j fi-; j fii* j «i 



<*) 
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** ** " ' 



H 



lulS* bi iaas C ( * j) 

.C Ji>ci Jj\£ H ( i) 



C Jl I ! 

+* 

H J (j£ J 3 ( 



y?yJi oVj-.aU o* (Jj . 45j->* f syrj £* . Lp^Ji JiS'Vl jj-^aiS ys o.u, 

^3 t ^2 t ^l ) * t — ‘-*^ 5 ’ bj . Jlii^ J-jr-' (J^ tjLSl jt ijdj-J*- AyJ> ji}\ J % 

. «C, t ( ( 

L f*~J Ujl* J_p bJU L* bb j ^xJlj ^Jl Ijj^ b; , 

jbi B dJb bl» j «B jli A IS* lib jUaiil? .(converse 



U^Vl 



(J^°- ^W>-jl (j’'^*-! tJj ■L 5 J r'"^bJ A*mj-£xa | ct l« j j 5 j jLil 

yU ^SO^p-lj iJj_JL« tjb.] *2i i 

^Ilii " 

A)} y...^.va.“Jl Ai' oLI 





> .. * + 



L \ 

■^> 



Q A, %** 



;b bi i^». 



1 



♦ i 



j Lilia; jJij _ : LaIo^i ; j* yji ajij as^aJJ oijU i]L*j . oi^isb. i 

- V"b» jj& t5j>-f SjLp libfcj . flB J jlSj ^JJ ^ Ab y* _ i^b ^1 £*-' .:. 

. jL*si£u jUixit obj&alb . _a 4 _ i-iis" a>- )jj eua^to b l a ^ l^ ,'1 bjci 



^W? . ■■- 



tA ( i ) 
. «B (^) 



J* -A-^f 



_$—i bfcllP i ^ la V ' _ *A— vS'LJLj _ ^e^ > rt j j 1 S oJl-& 









agruments) Jyd ^vJl 



bS iSjJ j~£&\ ^y> ^«*J) oLfejUJ a j j ,.'. /? Jg-wj Ij . L-L<ui jj—up 0 



U ; 



O 



aIpU^J 



■ -A 



tC H of oU'y .(direct) yblil jU^J 

j^_P jU jrJl tj^xJJl •jSlCj .C 







J4- 



^cllwjj oila>c 4 



1 l I 



:yiJldi OvAty 1 -'' 



^ Uflj) H of £iui«Jj lk^ C of LJJij (contrapositive) ^^aJb oU 
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(reduction j\ 



rontradiction <. 

i\ c jL k ^<JiJ <L$L-U jj u aia— ' -.d aA. 

■ W! Jr- 




: * J adabsurdum) 

-0 J&\ i j-fls 







^aislJL) 6jj^l> I j~» JjV jU/Ji aJ*p- jj^jlc jjjJJi -uikil U Sj^pj 

Jup Uiklo &?U-I o! jJaiU o***- ^ J ^ry ^ <y '~r£ ^ J* 4 

itll l Jr ^\ jU tiUjuj . aj i «xJ I J U)k^ w / a* 

. jlijull U* , ad lj oIa^JI 



CjJhv£?J} 0 ^p*> 



lila.wj 



*H * ■* + , ■ 

•y» ‘ i —-^3^S sJ- V <v ■ /? 

A__5j_dii eJ— & ( j/? , : fl * j 






' V. i^~ 






J- 










Sj— ^ ^ 





1 »/? > 









<L_J 






Ch> 



1 i Jai 



J ° 









sL J 



4j jXb! o^ijLsJtji J jp" y ^ * " '- > < ^ AppLsl-d ! oi& ^jtyj 

jPc «C jjj 4 H li]j) w « ^ -.^“d ASiUdJl Jjj^aJl . a~JI^! Ajb 






1, £jr f.^jl vJ> ^p ^uaJJ 










x ^ OjU t x 0^ lil f I 1 

■ £ %+ -Ft ^ \ * 

. x 2 ^ 0 djfct X *)* J^3 (^) 

%+ 

. X 2 =s 0 OjSj iuiiJ-l j\J*Vl j* x iAc, J£J ( ^) 

. x 2 a 0 jjSi x iJt tiV ( i) 






. LiJgi * LbUj t U-*JJ ^Lj ja\ ji 



o.- "i 



rOJ^ 



y3-j 
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^ /j^Jj <u^ij j.^iJl o'i/j-iS.l ctJu*i ^jkj 4 

¥* 

j! 6Vi ^ jUiiS ^jll IJla Jic o^l *ULa jUb“ V ^ 

4 ) a T /a\ \j ((X_>-jj llLus)) SjLOli iJaLLj . o^Jii! oJa ji 



t r- 



ij 



t - 

* t ((Jj>“jw 



.u 



)) L 
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t 





UJj-\ jlJLp'Vl lj'J 

* *■ * ♦* y 

Ordering of the real numbers 



(The Order Axiom) w— J jJ! 1 . 1 

* ** 









-J™*: 



[R kJ aJLJsjM ii-u-Vl tji ^ 
^jUx^i JSLxo _ IjlJj V 



. IR ja L^?U- (Subset) 



*t 



:yixJl ^I^Ll j£* S^l R^P aJjJ-I 4ii3l 01 :^jJt SJU- 



. F j xy j x + y OLs P j y j x 015" iii 



Utf 



aJIxJI oNjiLi 0^ 0 j& IR j x 

x = 0 (i) 

P j x (ii) 

■ P j -X (iii) 

4 * 

? ^ £ 

jij-jp-al -Cjjj I J— ^ bJS Ja^-'y . UL* Llp x P ^ —x 0^ aJU- J5 

oilp ^ L-* Or^J tN ^x-JssJl jL*y\j 

' *4 



” 1' 
«AJ U._ 



jlJ-pVl Jl tj_- .jJl j Lit N fOJ^j t {l, 2, 3 } ; ....U I I J, 






* 

- LJU o 15 nWflnS IpJU,w ^jiJLp * * 



t 
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R j y, x jt (y ^ ywft x) x < y ; J ; 1/ <-»>• 



.p J (y - x)j 



1 \ \ kJuc^ jj-v 3 p 



I dJl 

^ u 



Cr*J 



(y ( SJ^-^ j* j- 4 x) x ^ y iijiilj . x < y 0* 



u?~ 



( z u?*^ y dr* 



. CjLdl 4i*Apj w-J/Jl <UL~* ^Jj*l**L O^fij 



: (proposition) 1,1 ^ 

, X + z < y + z jls IR j z jl5j X < y 015 Idi 

** 

: jUjOl 

p 

j (y + z) - (x + z) Jju <. / y - xj P ii y “ x x ^ y 

* t 

,x4z<y + z ; oi t-Uj i P 



: 1.2 



xz<yzjli P jz t x < y d)l£ I i 



: jU^Jl 



P 3%^>\ oU (U J t p j Z ji dJ-iSj.P j y - X pj ^yj a < y 

t p j (y - x) z j! bJ (f) U** cji 

** 

< yz oj& J <yj tP J yz - xz ol diii oli V’^ ^JJ 



xz 



1.3 



* 4* 



^jJtA 



xz > yz jU P j -z j!Sj X < V 01$ Vs[ 



; 6U 



4 (1.1 Ajlp j 1 Jd^) 
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1.4 






x < z jli x < y < / 



W \ 



U 



■ l ■ 1. i ^^r ^ i n ^ii l I u& 



1.5 ^ 






? ? 



x“ < jU 0 < x < y jlS 



l , 




y J X J ij_« 1.2 y >\ JLi'yU olc-Ml USLc 



? 



i 1 -l ^ I ^ 



. L ' 



* ) 



(Jj - x ^ y oi 1.4 — 9*>LJ 1 — uiiJj — j j . ^s- 

£ j -***£■ P <ji jJ 4_«JL~« 'j* (i) <u*^?UM 

j jJUi ol^l <y fjj . JI \ j_*j . U ^ U * ^ i_si j _^ 






; 1.6 



j 



j *7 

i - 1 uy & 



.i j 



^^-tiil l-UC jUjJl J ^ w ; T .... J j 



p 4 ( 



X 0 + X 1 



: 1.6 ^ y > }*&* 



+ .... + xj j t U {x 0 tx, t tx } C P bl 



: OL * -4 s 



i>* (b ^ *J>- <L "'^ ■ ^ >wP o|i n = 1 jlS lij 4i! Sfjf Ja^-Mj 



k n 



** 4 — £ % ***>% * *& ij j W . \ 1 ^)j yxi . i . i fl .i i *^ 113.5 , «■ „, - - » 



t P ^ k + 1 






tX k .N (J ^jU^' 



1 ^ • 



{ l - 



] 



~ ’ j_*Sd -du cJLS ilj .( bounded ) l^li ( finite ) ^ ii)i 

iwr 

_jl *L^»-_jyjl jl^c-'ill | Jia ji .[(), 1| ^uLkli S/Liil v aJ> <Ci - 



; i 5 is ; 



<;: , 






1 



) 



. <U>- ai 
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( 1 ) 



(x () + X.J + .... + X J G P 

— !j P (J — ■* "> " k. + 2 (j- 4 4 — J_; 



,1 







•J i 



{vex,;.... .X k + ,}eP 



*0 + x i ^ *■■ X k + ? 



= (x 0 + ... + xj + X 



k + 1 



( x , 



+ x + ... + X k ) :P Ot Xj-^ y* 



t(l) J* P J V A 0 1 ~1 k 

^LsU . vrjll jIJLpVI k + 2 oti fcaJl ^ S* x k+i -> 

.P J 0>rTJ-^ ^ 

* 

. alJLp^l y> (finite) ^ l^>w3 








0 4^; 



J* 



L;_ « H 




|x 0 tX 1 t . . . t X n } £ ^ 



: 1.7 



JL 5 1M 



. P J x 0 X, X n 

:oU jJ! 

4 

(1.1.3 j,/ >;i) j > j^s £.ji : > a.6 j>jj* oUjJ jsu jU^Ji ix» 

: 1.8 J»ji» 



.X 



” < y" jlj L-y, L>w> IsJf- n _> lO < X < y 1 il 



: oU^t 



U JiM 




. 1.3 _i 

. 1.4 ^JAI via! .2 

. i.7 ^j&i cai - 3 




. x + a < y + b ol* a < b 4 x < y hi y , 

.x < y oli i x 2 < y 2 t P J x , y jl£ hi <ul oJ' 

S CJL5 h! : (Well ordering principle) (JlJLI ^ ' 

S ot : jLijI) Jp S jjj N y yu y 

dy^fl tj_x yM dlh iT = N - S ofj ywsf L> 

. (UU- l^U I yip S MJ ^SC. ! SU dUJLj t T = N ui hv~ 

LUl y*^! 1,2 



S jIjlpVI & . iR MJd 5 ^jl>JL 1 4 -JjJM oIjUJI 

y_4 0^ <_£? t[a, b] 4 — aLjtii eJJ — all jj o!j — & cJl S’ hi (boundi-ili 

** «4 ^ 

(lower ^J-jL-Vi xJ~Lj a iJU-l o*Lj*> {Jj . a ^ ^ b 4 ; > L- ~i i S „, -. 

. S M J (upper bound) JpVi jlJ- 1 b jJuJI 



LMJi 




^ — 1 4 2 4 



7 ) 






la S0<P<q ‘ P ’ qeN } ^ «i-JU-Jl* jj-~£l . lijXjt J4 

H ” 'TT 

i 1 y [04] . S-ij-K (Jhilj t [ 0 , 1 ] SyuftJl J Si 

** *■ ** *■ 

MIS' ^ -dV ‘S.>ja*£ 4^J R Mi jli fj yf l>lj yj . ilS" S: 

f ^ 4 ^ JLjJLjj 4 b + 1 j a — 1 N If-li jjJl [a, 

-p+ 

* ^ (J^ (J^ <Sjr^ 



<y* ® j^^-***^ S oU (^ J — 4 -^f -t>- L_A yJ Icjj) j&- S jIjlpVi iLsj jlS' h[j 
■ (<J*f ^ (j -4 Lcjj) Ji -4 »l>- U a\s hi Ji~-i y S j j£s Jj&Lj . i 

jj> Lp^Jj jA^Lj Jl*-f j* S^jJ^ P Mj-Lt ^iop^i <J& OU MJj Jp kw JLUSj* 

. Jpf y 
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U~\ 



a, b] SjUJl J Six* S % 

** 



aaj 






LL^I 



. c < a ^ s dj&t S j* s 




j*^*\ ^jU>- 



Alili Jui~d Jb- c jU JLlUj c < s Oj^i 1 -4 ‘J^jlLoX} JbJlj^ 
^•l bl «l>- Sil Late UJu^- UL>-1 jj^ij • la~>-j S a*aU Jp^I 



ojiiil of L:n ^ obi — 11 ZjJlo1\ Jj .a y* y-^1 0>& J-^ 1 ^ ^ ‘ b o' 

** ""^ 
sy>-j y£\X M ol ^w?ljJl ,y* *jl jf’ [ — 1 t.7] ftJIiJi J ol y& \~~^ 4 ~ 4 If 4 ^J 

(*^fiX LJl dJUi ( J^jiJ ■ "1 J* J-^l ■**" Xj ? O'* -/ w ^ J 



t 

. Jpl dp- 



„ X • 2 



ej" 



: jtf lil S &iU (Least upper bound) JpI a>- >o?b P *>a*il <y*—d 

tS Aiiil Jp 4 p (i) 

. ^ b jU iS <biLl jp-1 4 j- b jl£ lil (ii) 

. Lub S y JL S -bill Jx-f a?- y*e>\ 

.gib S y Jl d yju Jdl S AiiL (greatest lower bound) j^f ^ysj 

SJLiJi Jbll Jp .S j \j-** lub S oyC Of N UJl jl cyj 
V «uf jrJ of J^l . a < s < b oLdl J& J£ y* o^So' (a, b) 

t b = lub S jU lLUJuj (a, b) SjULj JpI la?- dj& of cfc b <y >^I ^ry 

"if 

.(a, b) Lbill Jl b j! a LJ ol <y> J-* <■ a = §l b $ 

. LJiJbM jIjipXJ _ pjb\fl Ixjj _ s^c^-Ml w-Jl! J[ cjdL>-b^.l «a* Lj iS^yj 



(L U B) JpI 




LJU* 



. Jpf Jj>- yutfl S J j jSL-i i( Jpf y» br* ^ I jj 

iy>-j o^fJsLj i *3j^a jl lai^x t J^l a>“ jA-^l oLw> jL^p*id J a^-^lbj 




j* L^L^I il dii^ *- -/* 1 ol j-s* 1 



r* 



U* J*i 3 L -» 

: (GLB) JaJ Jb- Ju^U- ; 1 . 1 



jf 



■C- t £ 

. ^J»it»»i( Jj- ^v!?l S J O^J"^****^ JbL*>»l ^*^/8 O.ij.Xs^ ^J}|«Ap j t "^fl 4»«J U>“ J'J*' 4*Ls JS 



- -u 



w'U 






a 0 L 5 lit <GI wL_S^> AjIJ-JI ijj . {““S ; s€E S} <£iJl ^1 j^#jj S* o' 

Oj— SCj -a OL 9 S A__Lil' 



.* .» 



jj™£j jt a ^ S jV ‘ S* -5 liJJ J_pl ! 

Ldij JLjJIjj i S oU kiJJJoj . 1.3 liij s 

^|pi Js>- (£ \j S* — s 4JI la* v lub S* J*i - 



\ *■ 



L* 



a =£ a s£ s of 






•4pA*4hAri*' 



1.3 Uijj . 



s ^ -a ^ 



a 



OjSL S 



ot (^1 S AaaS! fttX—ii » A “>~ S 0 ^ 9 — S 4 !LaU l A.^^i I 0 j>* a Q» oji 



. * * 



. a 



o > 



oLjipji !**A>Lu ^ji ciiij a <auw« 

((<h_x%&)} <^_ ^>AP ( ^J l^g t g ^ 1 C, j ^_«Jb U^jJ ( 



. oLaJ-l itxXpVi 



xl - 1 



^j£lJi>- ^JLp ^1 l> jl?Lo N Jail-1 1JL* tfl <Uaa J 

++ "* 

' jJW? 



jL-j Jp ^tiljjl Jai 
l-^-^*lj * *- — I i^/JZ SjJliUit A_jJaA) Jj_^P o^jJL-S^ 0 j£j 0 ! 

olol ^ui-w» 5y jc*~j UjU 1 JL3 o JJ5”! ^LA- 

M* »* 

V 4 '—#f 1 ( N 4,«, » . ^ ,.., l a, ! 1 il^XpS/t 4^4 j oT 3 

. N a Uoj^ n+l OLi N a n o\S lil a_#V ‘U> 1^>- Oj5v» of N ./*'. 

t ^ £ 

jJ^-l l*^>- o! ^ ;>t; -^ , Jf" - diii _ ^ji^il ( j^ Cr 



liJ O * 



4 j 



.,>* 







; dUi oL% 1 n <■< 

■ t ^ 






j\ ^jA\ — Is + JL! oL^ , ''jfl ^ y v S ^j^j L^- ^-v^- 

- ^ C«J»A y/t • i ■4 ta >n w- ^J ^1 ^ ftJlli 1 ^ y 1^,1 ^ ___ i 

l^jS >W«^J_J lOj^LwX ^j! iiUj 1 
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:U iij& 



. (Jp! ^jA S.ijJL£ C— J N ilJLpVl & 




4-£aU Oj& j! (_J-pi *U-L«i ta3jj jj-UP . ^Jpi Jl?~ N <£aJJ ji .jj * yu 

j! ju~>- t ^£ 3 j t n ^ p Oj-£> N ^ja n J -&3 t P jQj j-p' 



N 



> 

4 -JjL^ 1 I a_jIiS 3 1.1 ^^pjrwiLL 4 _j n-f-l ss oi ^cjo N l -/> > i n H— 1 . 

<_^pi wL_?~ j*> p ~ 1 o V— s *J yAj . N yn n n j 3 - 1 Jw * a>*J <, o 

b-^>ljLiS jt yc X llw ^aiUlJl ij^s , |3 ^J_pi Jj>- j_Jw?l jAj (.N a^jlU 

. ^Jp! N AiiU jf V (JbJLj . 5x*>w? jlS" 



iwUJi >\jJi\ Sil^ 1.3 



jJl (rational) (Aik :il) a^UaJ! jlju-Vl a-^Uo * »UJl Si* J Sj^Vl l > ^kJi jLcS 

o! c5i Q ; 




j|j_p'U U^l_*as j^l j 




..JUPJL, 

J (dense) *iJ5 & S jI-IpVI &j . Q = ( — ( n,m integies < m ^ o) 
% • x < s < y i^Lil Ji* S j* ^ x<y JyJ^ Ji ^ <J^ 'H R 

y-A^p jj-p {$$*£- ^ ^ ^ jU ^Jp ctUi \Sjj^sj 



.s 



<>■ 



: 1.2 

R <J Apis’ a^LaH ii.ApVi Cj 



: Ola 



vO < y - x jU JUxp 

^ E 

^ ^ 

m 4 >-j^> I^Jlp 

dUi yjb n jl ,j^yi jy\j 



x 



< y x,y ji 

0 'V 1 . 1 Aj ^IaJU 

m > — — j 



N aIaJLJ JpI i 
1 



(y - *) 



Ui 



‘jj 



m 



< y 



X 






(y - x) 



r r+ + 
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■ f*- 1 0*3 



imx < n 






n 1 $ mx < n 



n 1 n 

— - — ^ x < — 
mm m 




— < y - x Of jUpVI j i 
m - 



n 

— ^ x + 
m 



1 

m 



< x + (y — x) = y 



E 



n 

, x < — < v 
m 



(Jp tj (2) j ( ) 1 ( 



1.3 




, c. . * t t 

. 1 jf V' Ox j' l» ^£-1 Jl>- 




f 5JUI obiJl 












* J ..* 




_1 

2 



<2 + 



1 

2 




U n - 



1 

3 



1 

n 



< 3 + ™ ) U 



6 n + — I U .... 
n 





3_ 7 

4 ’ 8 ’ 



7 

8 







i 
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E= { 



1 



2 ’ 



1 3 

— 1—1 






_ _3 
2 ’ 2 



2 i -? i 

J—T «| * « * * * ■ 



F= (n - 



1 



n 



; n E Nj 



(6 



Jy- A,B jl^ _7 
. a < b jls t b E B 



.lub A < gib B jt cudl 



Liil >-p jIjlpVI 4 -Si jt cJl t (irrational) ^Lis V 2 jl ^y>jJb t _ 8 










• cA 1 



a 



a * a E F 



a < aE R - P 



a | ^ 0 Oj&t R y* a J 53 4 j( 



a b| 



a 



I N - M 






_ 9 



IR y* b ^ a J 53 <j! c-it - 10 



a + b ^ |a| + |b| b < a J 53 <ui cJf .11 



< 



a 



b| dj£> R y. b £ a JSd <ui cJf - 12 



U> ^bjl *1 jii-Vl ycu-l . 13 




Oj& Rj^ a { * a 2 * 



* a 



n 



a. + a 2 + + a n f ^ 



a 



+ 



aJ 4 - -+- 



a 



n 



: (Dedekind Cut theorem) xSJu* *ki - 14 



* UJ-s^ jf' A, B ji 
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. a < b OU b 6 B t 

b\s fy . 

. y G 



€ A A U b = B 



i c k A ^ Aa 1 ® •Aj*a^p 



B £ x £ A x<c<y 



33 








oUtii 

Sequence Limits 



LjUJ! cAJbil 2.1 



JjL-ii 'll 



(x, y) £l>jVl cy (*» jl) ^ Vf i> ■ 

^j- 0 Oj£z* iJ^JI 4i<i)l . JyVl j i^'*^ 



lJ- 1 -? i-Jjll ^JjjVl J (J 



UJl 



(i 11 ^ Lf^J 



C 1 ^ 



. ut** <3^ jbi jJl JtjjJi A^aJi}\ UlA J 

IN — {1,2, 3, ,..} Alii I a^o ^ l^SUaJ <Jb * ^a A-U~.l i 

** 

oLJbu LJ53 jul^j t !R aJ^>- ai$ UIju jj£j 5Jbu : ^ 

a_*aI| l ^Ua_> of Mil £ a — JL llil <J y_5^ai of oLj>"Vl (J ^ 

<y Uwilj jj&, iO^kJl J Lijtyr ._~J V 5>Jl «i* t {0, 1, 2, ... > 



. {0} U N j\ N y. JlkJI jt> -^£)l JL, 

C-^- n oj y-p <iV*UJ s n **_«£& jl jLjJ.1 l j A i IN j i" j S cJl£ 1 jj 

(nth term) jj_Jl jJ-L, s n t«JU-l ,i* J , S(n) Jljtfl .wdl , v Vx S iJljJ' 

.s iJtiaj 

** 

Ujfc Ali S OjS>* of J» ^ (bounded) S:>j~l£ S iJtdd ot J^aJ 
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£ 

iJLslI oUil iJldil . N J n J53 | s n | =£ B o>i c-r~ B Ijjp 4U jt Uy 

*+ 

ijoU j 5J bsll . IN J n J£J S n = C jl t Joa) Jp-Ij ^ Ul-U Oj^d ^ 

, S = C iS^y. n > N N ^j»w> i-Xpj C i-iP iiliA lil 



¥ 1 VimhAi 



^Jup ^ oLS 1*1 Ajt L iJuJl Ji (converges) yjLSS s aJL^I! ot : JLk 




> 0 



. |s n — L| < e Ji^>. n>N 

. lim n s n = L aJIh« s ^yfc*** #*Aa (j 

^ J^Vl La^jl>- <jb& ybdl of fSyti 0^ 

o&j (>• Ji <4*}i Js ^ 1 ^ ^ (**-> ■ 3 > u1 " 1 ^ Cr*^ 

s yjldi 4 _pIw? J_p (Jp ^ - i l jr* <Jj& *— < 



■** 



i> **$-*>• W^b 



. {sj < S 2 < S 3 } 



:2.1 JLJU 



:oU t s= {1, 1,2,2,2, ...} 1*1 

1 if n «£ 2 

2 if n > 2 



: ^ 1*1* JiDS ol‘ ybdl ^ y ^ ^ 

** '"■ r 

iim s = 2 

n n 

; 2.2 JLJU 

* s ^ > &» L, L, L, ..../ 1*1 
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s 



n 



'a 

L 



if n?N 
if n > N 




i* 






: 2.3 JL_U 



(harmonic) iJL 



..A 






1 



i — i 

2 3 4 



h-Mr}'-. 



,N> 1 



S > 0 (jf IaA *CJbjfC***> La 0 



f ^ V* 1 ^ n > 



mf* ^ .>■>-■! V,) 1 . N iliU J*t -b- bj£> V 

\mi - 4 

■’T" A X t k I. T M 



.iim 



B 



of grOM,.J 1.4 4_Jli n > N 

*■" 1 * 

: c5* t — < e UojJ Oj^j 1.2 



oU l 



1 *- L : 

UxxJ ^ | 



n 



l 



n 



i , 4 



w 



— 0 of IjLaj 1 1 — j — 0 



oU s = {l 



1 



< 0 * 



1 



< 0 < ....} 



: 2.4 jL_u 



iJlS iji 



1 



if 



n = 2k - 1 



s = 

n 



o 



if 



n = 2k 



J 



L-i >4 t 




tlim s = 0 

n n 









. N j k JUL 



.2.3 JViLl l*A^j N> 




: 2.5 JLjl. 



o wjuuj r 0 < r < 1 

1 



M 



00 



n= 1 




> 1 of Y?f . lim n r" = 0 of I -i-* r J j (4_*OCdj (() *■ 
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1 

i — = 1 + h 01 




\XSjbj (1.2 1.4 

;h ->iP 



( —j = (1 4- h) n — 1 + nh + 



n (n - 1) , 2 . u n . . 

— — h +....+ h > nh 



jLill J 1 ^ ^ ^ N > 



(he) 



tjj e > o ^ 



HiL, r"< t4 



(nh) 



Oil 

,2.3 



. (Divergent) LJipL> oLJLl <di«f 2.8 (J1 2.6 



; 2.6 JLJU 



{l<2<3<....} = {n} j=1 



s = 

n 



n = 2k 



n = 2k 



: 2.7 JlJU 



;0U s = {l‘0<2‘0<3‘0<...} cJtflal 



2.8 Jt-fc 



Ols s ={ 1<0<1<<J<1 <....} cJtflil 



S = 

n 



i + (-i) 



n4-l 



^1 0 j-SO aIS _/— j t jUiit N oi-Jldl o-L* ^ lit 01 

*' P+- 



Jy> o & Of JU V jjJlJ-I cJla ^ aJtp lip U SJldll J5 0U L w 

1 * ^ 1 1 
. ^e = Oij— ***^L| H— Lj t Lao?) L + ^ < L ^ 

J oULdl lit t JjjUl 4j oU 4_Jlii« COLS' li[ V) Xm**# alJ-pt L3Ld ^ 



t 1 r 1 

L + 3 * L 3 



. JJJl oil e_J jt» 2.8 .2.7 .2.6 iliuVt 

jt Oil j . Jli. J-J j -U^*> ot j& j> 
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»i>t 4»_JbJl <±Jk}\ 0^-i dAJj ^ ~ , « '&y*> . ^iX«Vl J— >" (J aJLh!' 

.a*U- 2.7 t2.6 ^1-Vl j SjjIjJI cAJldJ of S 



:2.i l> 

. SjjJu£ S 0^ t 4 -jjUl! S C^jLS^ 

:oUjJl 

- L| < 1 j^o n > N ol N jb>J ^ t lim s n = L of 

‘ kl < |l| + 1 of x>d dLii . L - 1 < s n < L + 1 *<jt£j li-fcj 



LoJIOp |s n | < |l| + 1 of J->*j diJi . 
i_lil_! J_*t |l| + 1 f-ij-ll jt 



L_f 4 n > N 




J*A\ v B jt J>jAS . { |s N + l| <■ |s N + 2|< ...} 

B = max {|sj £ |s 2 | * * |s N | * |L| + lj 



C-ijJl Jj t(s) J N ^ J*Vl J* Sj^ B j! dita ^ 



s I ^ B oli 11 liA . 

n 1 * - * 



S i s ^ 
N+l N +2 



j“ <-LalS a^Jl> 

•n 



U ^Ul 0^-i t-ipL-jdlj <— ' jlixJl <L^]aj jJ iJbjl Aj^laiil 4*^f ^y> ^-PjJlj 



^Sl i-jjjUJl ^ <lf U hja. Jl oSa tiU* ~*5 UjJ*^ fc lc^ 



t ^JU^j Oj^Sso s o*jLS* !i 



iuU^Ji 



V s of J— P of JL_| M . L y M ofj lim n s n 



of 



ju 4_iLJj 1 lijl — ■ E oi lit I 6 



L - M 



ui »i . M Ji VJ US 
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jt Jl t53j_i 

(L- 



n > N j 



N 



lim s = L jl 1 c . M , L 

n n - 









e < s < L + e 

n 



tit . (Oi- 8 ^ 01 M (M ~ £ ^ M -+- s) ojruaJ i <J ijj_£o 



. M Jl wJjto N s jj» ^jJI IJU . n > N cJlS 1JS 



n 



M 



< 8 



IwJoUj L^jjLdX OJitaj ^<.Sj*S I iJln* >jlij ^jA of '^ty Olj^Vl I (3 

% 

, 4 Sj j 4 tll iJlllll ^ jA SJLixIl iJLxll c-OjUb j ^ , A Ajj^A ^A 



ta.- 

jl 




UJli s. = 



- 2' n [ 

n L 



(n + 1) 

(n + 3) 



11 



lim 2 " = 0 



n 



o 1 .^-.1 .. -*-. j 



U1 L_c 






$ sS 2 

n 



- n 



IIS' lil JliLl J_- Jp 



(n + 1) 



oil . 1 J_SVl J_p 



(n + 3) 



"* £ p £ .T. 

(squeezing) eJLto . LjiA lim n s n = 0 01 ^ w vsO ji ^>u ^ 

. aOIxJS 4j>e_JjJ 1 ^ - 1 1 aOO«wS $ n t 



Oli tL < s < t Oj-50 n J50j lim n t ~ L 



,2.1 t3^ jfA# 

t, s oJl£ til 



lim s 

n n 



: Ole. jJI 



dLJi 



■4 . ■* 



Or" 



s - L 

n 



< 



t - 1. 

n 



Of c it L < s < t 

w L?t n n 



** ,1 * 



1 iS*y 



, 2 . 1.12 1 {_! 0 t-*y^ t J 



ijlS UjJJ 0 jSsj ^ lo iojldXli <LJtxjt 

, JavOfJL 4 jLaJ 1 ol^N 

* T - - 1 ■“ f 



: 2.2 



<* * 






iiyu-ijl 0 L Oi-0 [a ^ b] e^iit i_j S n Oj^-^J n iJ^fj Iiiti^ S n — L 0t— ^ til 

"*' p 

. Udoi [a * b] 
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I 






s s 



L ^ b o\ 



•y dUi ji . L =s b ji Sly 



v. . 



■ ij>| ^ < '' ^ 0 -^[ 



8 = I 



S n > L - 8 = L - (L - b) = b. 

2 . M 3 J jUjJl aJj . [a < b] ojUil j s n jt 



2.1 



v— ^ t* 

w ■ y 



Ap^jL-ij j^p o^L-S* 1^1 U (( j*wp 1 1 1 c? 




s 



n 



2n 4" 1 
n 



s 



n 




n 



$ 



n 




S 



n 



r 



n + 1 



n 



1 



t 



s 



n 





sin 



n] 



s = 

n 



S = 
n 



cosn 

n 



1 

n 




0 if 



, jC . 

. X ^JOw 3 j«' 1 X 




s. J - 



* 



1 

L*> . ' * 



is odd (iiV) 

is even (^jj) 
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s = 

n 



1 



n 



1 



if 



if 



n is odd(^iy) 



n is even (^jj) 



- 8 



s 



n 



l 



n 



1 



2n 



if 



n is odd (cpy) 



if n 



is even (^j) 



-9 



s 



n 



/ 1 

l 1 



l 1 1 

C — i — — 6 C 

2 3 o 2 



3 



3 



i 



■ + + ■ ■ ^ 



S =U)i\iQi\ il<0 <3- <3- < } 

n ^ / 3 3 4 ^ 



.(1.3.8) JH\ :iUjl) 



lim s = L 

ii n 



- 10 



- 11 



. 2.1 (i 2 ) 

.2.2 (13) 

0/ (a, b) (J s n Ob 2.2 L ^jUil J ^ysii Oi -^*4 (14) 

. (a, b) J oS+ L ji 

■M- 

Jji jIjlpVI q 5-JLs# L Jtu&- J-S3 Oi (14) 



. (1.2 iiLijl) . lim n q n = L (x) 

j—S' jIjlpVI {j* s x~>-jZ L $x~p J50 oi (16) 



Algebraic Combination of sequences 



oLS'jJi 2.2 



c s + t y&j O^nj jl ^mijila~i^ii i. t ^ s t Jlili 

t st 4_-> jjx Ji t s — t 3 • S n + t n j £ i (n-thterm) 
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V 

-OS 



uS . t j s S^i^UIi iJjjJi oL5 JO j*j -— 

* otJlii4 UojI -Oj^-1 oL;5jdi jli io jUj t d)JJ6j <jjUj s 






r -*~j l. ■■ t- 



.^jcJldl jw^kJi wJ *i 



0L * J_! UaL— oU>J ^ £L=Jl a» iiL* J-J 



V 



. OoldJ 



^mir^ ^-- l *44 




.(trivial) 4 — ^Ld! a — JL^dS — * j-d^aJ i J,l «— jjS — jJl <LJS :dJ , , 

tL 4 jjLx^S blf Jl k-jjUdl j*j:j 4£jUdS oUldil as-j^jz idjid it**-** 



* SJwpLvwil if jiiJ! ^ ^>x 3 



Ji * 4 



2.1 (lemma) 5 J^L^ 0 j*. 



Lfl^JkP Jbui$j LoJUp 



mi s 

n n 



L. 0 ^— S ^ jl c? L * 




ZJL* S 



jL_S l 



• Iim „ ( s „ - D 



; jU -, 



<-Jb 



Jf 



dr* 



id 



(s - L) - 0 



< e <_o 



LudJ iUUr 

4 

, jdS 



S n L| “C e o 






JtS’Edl S 



- ' VjiL 



1 2*2 4 j jMs 



• iJbza 0j5v St jli t^Sj OJl^U tj 5jjJL£ s cJl 5 



i ; i 



; jl* J 



jl n > N C_^ n . N j n J_SJ |s n < B oj e > 0 Of J>jJd 



: n > N dilj ^ . 



t 



n 



< 



B 



s t 

n n 



El 



t < 

nr 



B ( 



B 



= E 



. Sim n s n t n = 0 jls IJu 
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; 2.3 i 



1 



t 



jU <. t t^O^N j n JSJ La jIj 

t n >» ^ 



^Vj LjLj t C-jIS" iil 

.SjjO* Ubu. jj& 



: jL ^Ji 



t j' 






t jl w n > N 0 j-Sy 



l n Wl a 



jVl 



1 



t 



< 



M 



E 

1 t 

til 



> 



n 



i ^ j n 0 ^ 




ill 0 



V l 



** 



N jL >jj lim t = M 9* 0 jl 



M 

2 



Jl n > N jii 



3M 



M 



2 J 2 




B = max 



(I 



1 



t 



* J 

1 ■< -i 



bk; 



t 



n 



|M| 



} 



i 

t 



B 



n 



iojliJl oUUdl v-yJr oi CAjS C*/ Oj& SOpUil ob>JI «jr U*i-J .a~ 

j ,\ SiLjJ i_— il l i)U- j) • '^J C-^ Ij 4iiJw 

. ( ^Ull j Jua Jl ipLio tp- t iiy 



: 2.3 i ^ 

*>L5 jl* ‘ ^JU> c jlj L jlij y L* t * s 2 r* 
jU tlim n t n = M j lim n $ n = L oJi5 bl tU.f , cs j 



s - t j s + t y> 



lim (s + t ) - L + M 

n v n n 7 



2JJ .iSj 



lim cs = cL 

n n 



: jL^jl 



dr-*- 






n > N jl 

s 






£ 




; oH\ 



t 



n 



M 



< 



e 



N t jN sJ 



jl n > N t 



3 > 0 jl 





n 



L 



e 



< 



n > N, j 

t ^ 



n 



LIS' jl 



N oil . N — max {N s , NJ 

: Jl jlo>„ L* 
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(s n ± t n ) — (L ± M) — (s n — L) ± (t — M) 





t - M 




e 

2 



. lim n (s n + t ) = L ± M jU 






Jl IJli 



jU c = 0 oL? >j| *i\ N,i 

E £ ^ 



tlim cs = cL 

n n 



\ 



^ s -i 



jl 



N jbkJ . e > 0 j c^O jl 



:LoJ j^j n > N cJlS ^ j^l . 



n 



L 



ji-Jl * JL5S CS jV ‘ (trivi;iJ ) 

7^7 Jl &y. n > N 

I c 



< 



cs — cl| - 


/> 1 


s - L 

n 


< 


|c| • 


e 


c 


1 c 











. lim cs — cL jli IJU 



n n 



: 2.4 hj* 



t lim n t n = M j lim n s n = L jl J-5xJ tiajLS; aJL^ t, s ^ ^ jl 



0 ^jLj N t cJl5 131 Jl 



lim s t = LM j «u>jUj iJl zu s t jU 

n n n ^ “ n n c 

s 



j ijUfc* LJtw» 



n 



t 



jli t M # 0 j 



n 



lim 



n 






n 



t 



n 



M 



: jU jJl 



: L iVl jAkdi 



st - LM = (s t - Ms ) + (Ms - LM) 

nn ^ n n n /v n / 

= s n (t — M) + M (s — L). 
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€>» 



' 21 50PU.I ijkJl tfcjJi* s 4 2.1 ‘Aijk Jl il^U 



Um„ (t - M) = 0 



j 2.2 50 pU.I i .^1 iku,|„ jj| 



lim s (t M) = 0 

n n x n 7 



0_^j 2.1 oApL*I 1 L*djf 

lim n ( S n “ L) = 0 

st - LM of 0j& li&bj . lim n M (s n - L) = 0 Ju»0 2.3 bJkS\ j*j 

^ f i St L^l i, 2.4 Aj I a ja^*i l^__i Oij^j ^ *1 1 "tj ^ a 

(jl *X>u 2.1 SO^LJkl Aj jliJl um. Jl UU> , d.l lrrj 



lim s t = LM 

n n n 




4 lim 

n 



l 

t 



i_ 

M 



jf 



of o*j? of 



VO^ 1 P 1 ^ J^CLw jf 

jpL*il . <Umv»aJI jJp- ($ n ) | — j 

JLStJl l)U til 

A 






1 



t 



n 



J_ 

M 




A**Jb Lj 

-4* 





n 



t -M 

J\ 

t M 
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. 4 J j 4 4^lf» 4 5 .2.3 OwXp V ■ ■ i V I 4j ^ lj * ■ ! I 4 i ■ nlj^ 

J_,_^«jj| J| r jcu-L l oil .lim n (t n - M) = 0 t 2.1 SJ_cLJ.I i^kJl 

. ol-* jJS *juj 4>«£>«^0 ij (1) ols 1 2. 1 oJ^-LIi 



2.2 



aI JL^w**b tJ-LJij O jL_Aj i 9 jaJ 



s = 

n 



2 + 



1 + 



( 7 ) 

(±) 



(2 n + 3) 
(n + 1) 



<jt U*r! 0) 



: LSLi Jp s n ‘<*b5j xJ\ !Ju 



U*ji (^) 



| (n - 2n) y 

^ /'i 2 . i\ ' n=1 

(3 n 4- 1) 

. 1 jJ ^1 4jSjjiaJl 4*J jUi> aJIjX^ Oj& 

** *4 

of t2,4 (3 (3) 



, lim n t # 0 (^) j 



‘n^ 0 (h 



; 

, e-J J 1 if>>. ^ ( I ) ot villi 4 JLU *UaP^ ^ 

0 

0 J-& of j5Lc ^»uJl_pIw> jf of J-p Jit* ftlUpL ^ (4) 

Npnilll- 

, AjjUtL# 

oj-^i s — t (J y»31j s + t olS' lj| 4_»f <Jp ^j-; (5) 

. olijUi* t j s oli <■ 

^jA iO — p ^5 2.3 ! J i Jp t ^?L»j J I ( 6 ) 

: oU til t V,lfcJl oUtdl 
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■ 14 14 



lim s (i) = L < i = 1,2 i *k 

n n 5 



: oU 



k k 

lim 2j = 2j L.. 

n . .j n . . i 

i-l i-l 



:d\S IM cojUxil oUlxdi 

E **+ ^ ** 



lim s (i) = L < i = 1,2, < .... <k 



n n 



oli 



lim (s* 1 * s® .... s (k ') 

n x n n n y 



12 JC 



' iulbdl <^aJb olia*-« s a o 1 (8) 



k k-l . . 

a. n + a. . n 4- + a A 

k k—1 0 



S - 
n 



It It — 1 

b. n + b k . n + 



+ b 



o 



(_J— ^ ^ j i Oj^>i "il fUiitj b k ^0 6 a k ^0 



a. 



lim s = 

n n 



Ujlp 

: ol 



Infinite limits ott^dl 2.3 



( j>* ^La^Ji 4 J l_£ * hr. a LflSjJL* >_p yLdl l$A 0 23 La 

. . xJ\ \jjt> fy^y* j* JUiii f^Ail UU .pseudo-limit iA^di 4*ij ui-, 



LJ> j_*j_» jdlj u*— Af ^ L- * Jl JjjJ sb *LJU OV — a s 
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j| N sJs* Jotjj 4iU» iJLp B jt5 !3J <u! ^pu t lim n s n = ^ 



n 



> B Jt n > N 



y J\* U y jt) J! djy sj iluJ-1 jli Jilt 



lim s = — oo 

n n 



: j! N' iJL* wb^jj ijJLp (_$! B' j \S 131 Ait 

** ^ 

s n < B ' J! tPie n > N' 

N ao^JI cA*lfd1 oJla jji 03b ojUj js> iJbdl «Jla Jl« jt Jtfji jt *^il 

£ 

aJLjc^ J5 4-*jI tjt I . 2. 1-2,4 ^bux^l (jj^>j 

iJtdl . Jill J*- Jp j.j»l .iVVU Jl JjJj j^i- 

.{...4, 0,2,0, 3,0, 1} 



:2.3 



• ‘T* 



lib ^ 'M lim n s n ~ 00 «jp 4 S n > 0 * n J53 j! 



lim 



' B = 



1 



Cr * 



2.2 



n 



= 0 



n 



4-Jhl* s jt ^ JcS 



-W.5..* (jLS 



: jU yJl 



j-*x!l , e > 0 jtj lim n s n = oo jf 



: jl N aop iUN 



s > 

n 



e 



( y^aCj 



n > N 



(1) 



:*jl& IJU jls 1.2 a*wJ1 ik*\j. 



1 



< e n > N 



( 2 ) 



n 



lim 



1 



n 



= 0 131 



n 



* ^vSoiJi uU ‘(1) J! «pfe (2) uf Uj 
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00 



■2-3 jdjli 



. lim n (n — 5n + 1) = 



of (1) 



. lim n (n - 7 VF) = « of j** (2) 



.lim n (- n + sin n) — 



00 



( 3 ) 



. lirn (— s ) = 

n v n 7 



oo 



015 % ol5 lit Um n s = oo of .• 



o*S. (4) 



<J[ * + t Oii ^ M U J[ Jj>- yts. t < S J5 015 lit «;t > J»j! (5) 

. i.V'tf i* 

(jj^j s t oU t* t ^ s 1^1 4jf (6) 

• iW-^u j[ 

jl e j j y^aJb 4 olf» N U J,| Vjjj ^ 4 jf JlitlU ( 7 ) 

* ^ ^ ' s**- 

. hlf N ts J,} tijiJi J JJi 

jt o jj ^-^ aJLi jj-J N U Ji VjJo uf if £w?j ( 8 ) 



. AjL* 




Subsequences and limit points '4j>LfUl i «jj iJ oUlsil 2.4 



J5j iJb ^ yudl Of Uj .01 J J* io ’*£^1 4nJlllSkt £**• Ol 

Jp <JbdS (>*» 4 Vj 1 ^ ^ K^f- ^ 

\tap- Niiiiif 



3 b 



{(1 i s,) i (2 <s,)<....<(n<s n ) ‘-•} 

j! Ja^N . S ^ <^j>- t uU L ^>C^\ !Ju {jA jSr £i t cJ>\S \i\ 



t JUau . IN 




^ ^ s >r ^ l^Ua; d~>- *Jb 4 yi^fl 1$*-^ ^ t 



• t J^4i Vj^ 4 n <y 



so 



iijj (,L^jL\ jIjlp-SII j* ijJbljJ AJhx* Ljil Jp n Jl jjJti-l t>X* jLxp! 

Jjil jl=L) oLi t— ~JI IJU . tij ( n 2 < n 3 < <n k < .... li^- SjU 

:i.UJl «JU-I Jj t s„ k l— k ^*AJl tS n ^ t J 





is < 

Sn k 



••} {_ S n k / 



OC 

n=l 



ijjij t ^ J — JuJjJt AjUS " J^ s - *^h£ Oj£-> OL^*~Vl 

cJl5 li| ,s^ ybuJJ k JbU Jp aJ^JlU s n(k) bJU 

* (J?r^ ci^ ' (J^-^ Ajllc t ^Ay^jj as jjAji n (k) jl n k 








• '“A^wSLZ)! O^i.1 Ar^^-i iJlnil ijj 




. Ajj^I JJjtJ aJJjM A^lxdl 



Lf 









yixd! <j aJ oijj>-jil 4*^ij j aJj^I iJbdi jjJLp- ji ^jp jiSjJ 0^ Ju ^ 

. , . 4_J_i«J( jj^a ^Ji jL^>-i £—9 1 J L? » A~ a -US^LjJt S .XAj . A--JU^Vl 



J 



n i ’ n 2 








i\S iil iAS^j 



,S iJlsll 









: 2.1 

. j s ^ja aJj^ aJLxo J5 oU Sj jJls £ aJI^u s cJIS" \ il 



51 







.2.4.1 >11 



. Uj L Jl S Ajy* <Jls, Ols t L J! VJ Us aJI^> s cJtf til 

: oU jjl 

« Hi * 1 . .in. 1 ^^.isJiiJ 1 

lJ l^xil_) k.,) jA {* j ^ <? a i limit point a-jI^%JI a hi 5,1 a^j*^ j*j2j Aaj \^3 

oUfcU J i.VJ! ijSUl ljlji.1 JSLtij 



1 2.3 j*a 



m X s 4,2 y>- a 21 m« s J o 61 - 1 ? ^ <oLp aJsau X 

l\a e\ jt Cluster point Ak a\ ?Jk ,#a 6 j^JLk*X*~j >XJ 

JjuijU ljJb» ^jUJi 6 > j 61 Jb j I Jk . ajI^JI Akil 'Vju Accumulation point 

: iJbd.1 tJUll J~w< Jp . aJIzAI ajI^j aJI^JIJ ajI^J! Akii ^ kii-i 



s 



-{i 



1 



1 



1 



i — i 1 i _ i 

-J- l-'i -*- J 



.... J 



6 V 1 * 0 AjIjA U 



1 



lim. s-. = lim. - 

k 2k k k 4- 



0 



J 



lim K S 2k-> = 1!m k 1 = 1 



. AjwLpLu ^“V t Aj Ip Ik J&-JJ S 

<Jliil AjoUJI ^jIxJU 16 <J^1 I^a 
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. 2.6 



. JaJb < L » L ^ aSsa .) Us S Op a ^ jjUj aJL^U s dJlS " lil 

:oU j^}\ 

4 



t wL_j j 4 4 j J _ p - Lj jSs jl oUj ^ i / AjSjj]a 2.6 

* Oi*djl~ w ~ a jf* <jwt|i IjU tjCjjjldJ 0^^^* -^j-^j <Jl5U| ijUjj 






2.4 




> 2 - 4 o*j&\ o*j> (I) 

^j" 4 {^nk) ‘ShJ^ aJUuU 3 n k <cJU*«Jl itaVl 0^ lx .2,5 (2) 

; j! ^AJi ^^4 LoLd ^ Li ^A. C- i -yflt i 



.(k=l<2‘...) jsa n sk 



■ ^hjI^ ^y’r olj SijJj£ SJbd ^Lto Japi (3) 



. 2.5 ^JJi 11 ^*y ( 4 ) 

s <JlxiUJ Jaij -l>-j! 8 (Jl 5 .y> oUj ^» xJ! <J 



(-l) n n + 1 



s = 

n 



(5) 



n 



{ o <£ 1 < 0 < ^ 



i i i 

i i <o < 4 ( ~ ( 4 - ( 

2 4 2 4 



1 i } 



( 6 ) 



s={d<]<0(0<KO<0<0<1 i } 



(7) 
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2n + 1 



if 



n = k 2 



i k 6 (N 



(-i)‘ 



n ^ k 




Jp Ip J*XP IpJJLp l $ 4o J*P jo 





00 



(K 

Monotonic sequences h ^lall oUbli 2.5 



. n k JUi JJjdi of Ub-N ijjPt bOitv* j 

** *+ 

toU>jJb*ll oJl-a jj --jj 4_j Jj I j/uJl (JljjJL ol 



. w 



LJkdLt Jp 



: 2.4 ujb ^aJ 

l ( S n > S s+l) -!' S n < S n+1 (V^* jf) S jj& 

j>& jf jt) Jf j jSS s jls Jdu .n J& 

.n JSy (s„2=s n+1 ) 



s ^ s Ll 

n s+1 



iljL* oV 4-J bu ( y k — j s oLi 4 *JjVl i?j ylil ai* < 5 ! S cju?~ ijj 

j glaT o JlA . ly-jUjj 49 j*J* ^ Oj52 l-X&J ^ Ik".', a cAJtsl! 

, (2.5. 12 Jj J J^lji ^IsLiS ) 4w>L0 AXjj jCaj A). jJiJl 

(tejaii UUdl AiJaS) :2.5 Sj Jai 

. <OjJL£ Oj£> UJCP J aa3j [fiXS' oi ^1*^1 ^JbdJ OjLib Oj&j 

: oU yJl 

■ 

J 1 i 

!il j&j <,2,1 <L> UcjL->» Ji JL>-i <J O' Vji * 
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? c 

iJL^- 1 t I 4L& jy^ ■ Qj^sj l^Ls aj>j j\& s 15 

** t* ** 

<ULji-( «j_a jl lajjV) jJ_pi ^jA cJjJLj^-j 4_waiLjJ j\„p S Lg^i Qj 

£ 

4 .g ^ . ^ Udl j^p aJUxII jj5\j jl J !>juj jl (^jj ^ j- 4 t_r^ U^lj .(■ 

LJB *u_Lwa . ( J _<Lui Ij>- Oj— jl Uj ''i/ JjVl 1 _j*.a>- jV i ( J-ji.^ 



JbKJl 

uh / 



JyiJj s JlkJ ^^e-f JL>- 



P = lub {s n : n E In} 



N 



«*Jl lj_A . $ jjlxujj ^Jjpi l*k>- j^^J V P — 6 jli £ t - _.„‘>-j,^ 



n > N jlJ s iJLzuJLi J^t 



P j AjwaiLj jidP s jl Uj . s ' > p — ■ e jl d. 



* a 



^ */? o 



p-e<s n ^s n ^p<p + e 

l s n “ Pi < e J! ipj 3 n > N jU IJU 



. lim s = 3 

n n ^ 



Oi* J*--f jr 4 S cJl $ lil <Gt Jp jl 



. jl* _^l 



c 5 Td 



o IjLaj lim s 










uil? , ^L*J( OtftjOl 2*5 AjjjiJS aJlc* Ur ^£51 Ui5l bJ| ^JSSjjl 

j E E . Jl 

kta^^rv-Spj S oLs ^jA 4m^SLo S w~-u 15 

lj_* O^Jall oL-JUdl 4_j^Jaj { J^_o-<U-j jl jU?-^/S 4 j*,a*j <J 

. S ^Jllill 4 jL^. <^3 ^Jp- Ja^dsib 



2.5 



ij^ij 



If 



* Sj ^oa <LS 4-Jb^« JL>-jf (1 ) 



ri so 



{ n + iziq' 

^ n J n = 



* iJlll^JJ iJlx^a A>-jf ( 2 ) 
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= {o, 1,0, y , 1,0, j , , 



, 1,0, ...} 



: AJbuiJ j^p <£)>- (3) 



s= {o, 1,0, 2, 0,3,0, ...} 



jj> i-Jlzli Lfci Oj£s jjJl 5JU-! c*U)l J*vs»Lix] 



id I W t 2.5 I J (4) 



• o* k^j 



■ i»> * Ol > OV ‘ 7 J! 5 o' J 



S = 

n 



n + 1 



n 



( 5 ) 



r 5 s 0 



s = r 

n 



n 



(6) 



s _ 

n 



n! 



(7) 



iwaib; j^p s + t jji wit: s, t jlS' I j[ : (8) 



(i 



, O jix« Oj^-> Vtt» Jflpl (9) 

.uJoa yixia s ytsuU 0 $ jf idl^ s cJl S' iil (10) 



yui* uJ jJlu 



i 



il-uV) 3i>w yi^ s cJtf G! : ^ (11) 
. Jo- jjw^i A^Lw*a y3~?) oLdl^li j&J ijf C*-jI (12) 

L3.14 j (Dedekind cut theorem) ju£jlo ^JaJ i^liJ oi Jp (12) 
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iljLpVl Jl/ 

(Completeness of the Real Numbers) 



- ytyji kj& 3 * 1 



\ 4 *^ X**s 5 aaL^Ji! dll i^LJi Ijl-a 



jl c-T 

s-jJLSCj jl j^Sci ^LJl IAa oL^ jjJ of aSI^I J . (LUB) 

l S’ L-AjL^p! a_jjV! oj* V jf ^1 tR J Jpf Jo- j W? 



L-^ J^JUliL. IjjL-S , 1 ^ L ‘*-*^ - 1 ' L I ^mr ** 






4jJiaJ) oJ^klt (4_*»UdJ) i_Jbdl 4_j jaJj i (1.3. 14 Jjji) X5JUs *Ja3 Aj Jaj ; JUJt>ciU 

iUw JI jwJiJl j^ of 2 . 5.13 j 2.5.12 j,y J lusl jjj ,(2.5 

+• *" 

,*-$11 ^jA 0 j-& A-JaJa^-l jiJL_pVl <2U^a_ Ja ^i»L*jjf j^jhj JuJS'J . Jjpf «A>" yw? 



-^LAjJ S ^*L_xUw>>S jA L*j-Xa ji jf£* . 4 a 1 i >«11 oJla l ~ . .* < jf *L>L«JJ 

f <u -l — * jf oLot Jp iaJii * jLJi lJU J j-^ai ji LJlp », ^ SjJj <, R J i_jjUiSU 

. SJUJjM Vwij JpI JL>~ 

jJj£.j . aJjJjtj .1 otJLd,L J^auaJl 1 -iA £^jVl Ji^Jl oL Jai ^ja JjVl it^lajJl 

J oij Jpxll c^L-J I ixaJl! j^^j I <*JbJI <da>-jlLl JtSJj j) ll> 

iiUA ji U t U j&# J (duster) Ju^eS jf jU IJJj t (finite) 

» ■* * 

^^lajJi oJj jf Jju jJUi c* 2 j ji ij&ij tOjLsj yiL:.:.a jf a; 

, ArfJljl 4 -XpL— ll 
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:3.1 (lemma) hja 

£ 

. oi jk* iSy? yLo* J b-y ybw J£J 

: oU jJI 

(«tail end» subsequences) iJldJ ja iJL-jJi cAJLdJ **£ Mjl f-Aii 



4 £ 

#■ 



^ ®1 y ^2 * 4 4 * 



. ' { s n> S N+1’ ' ■"/» ****» S 2 l S 2> S 3’ ***/ 

,jyS\ j>- Lk S N ot ;c-^JLj jl 



jbj£- JL_>- 4j j| t j^jjp S N Of TW^jJ 



iiLoUJ 



0 jfSLf L» JCP 4Jl>d 



l g-— *S 3 l LoJ 2 p^ , (s ~ 

j\2*J j^lij . (ijjJ-l eJjfe (ju /w JjVl jA o$sy 



) Sh 4 jJLvv*JJ iAp" s. 



0 ) 



‘MU 






+k (l)’ S 2+k(l.) 



, .... } 



o[ <, L#-i o>- j* s k (2) Ol ( s i+k(i)“l s i 

4#t tS 1 J JwU ,jP Jbji Ot M j^l UO>- 6 Ls Sj ^ Uy>- 4J^ s i +k (i) 






tS 



1+k (2) 



J JlJ-4 jX S 



k (3) 



|jf ijk Hl^lllll * \ (1) ^ ^k (2) ^ 



k (n+1) 

fJLS^ .s 



JLJl juU jl^l yb l^s Jlyil Id* Jp 



S k (2) ^ S k (3) 



s i +k(n) j ^ 

Lois’ Ua .s ^ V y^- 4 ^ {s k y ^ j n=1 



k (n) ^ ®k (n+I) 



. Si Jaw aJ >- iJblfl S 4JI21JU 

J ^ * * + 



A- aj ^ a 1 1 ^"d oJlj^ 

l oJ t£ U o jlSJ 4 SojJb^ j^jp SijJ^ «* <J Lcu Liof JJtl * ^ <LftL*Ji 

*.b J_p sjl^UJ j! ^ p*-J\ Juo \j}j .Si^L* iJj?- 

, .jdSJi UL^- *Xa> jy^* 

• - jfljfiji *ij* :3 * 1 hj* 



a^. j j id" 4 ^j^~ Li 0 UjJcp aJ bo* s vO-> LS" ii| 
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% 

t Qj& of .t lij Ja^o iJLsL* S aJLsuI! OjSi 3,1 SJL^LJlI ^kJJ iiAj 



* Ap*j jliJ t 4.J lull 4 j jiili OJLIJbj i Sjrj *X£> S oV h 



(Cauchy Sequences) 



3*2 



a^jL^sJS 4-^jflJl jil 0 ^ 3 ^ 4-Jl**Ll jUjc* JlxJl UjAa ^y^SL* 

t ^ ^ ^ ^ ^ kwJJ *Aj ^ 1*aj3m)vJ^i ^ 4*3 L*wv^aJU' 



: 3*1 uii 



o yu 



ol 



# N ^ap 6 ^> 0 JJxJ Jb^j aJIxxx s 



j 



(i) 



S — S I < 8 
m n 



olojo n > N £ m > N 



■ lc^ 6^>"^ t3 (, ""^ i i I (1) ^»c>*^?t jku.J I oilpj 



S — S < £ 

m n r 



cT 



»,.^j:T m, n > N 



<JLUj AJjiAa (j| , Oj jJ AJ^j.5 Aob JlS 1 s (^0>- ol (Jj^l-| ctUi J J ' S* 1 



Llusx t L Lj* jOp J_j ji 4_>-j^ 4 jLi *_jjr\-dj s jjfcX>“ ol (_|p jaj ^oJl 'w.^jLftxl ! ^_js>jXo 

ol JulJLJl J LJpj . 4_X.fl.4- 1 jIopVI oLJbd ot-^l£^« *A«hA O I O 

. aJI^u <J j?- jpUbJ-l j 

: of * 4 jj J^~Jl <j** y^« s cJ\5 li[ 



‘lim (s , . - s ) = 0 

n y n+1 n / 

Ji cPJj ^ D+ 1 o^ of 0^ (1) J m ^0*31 o' OJLb 



S ^ — S < E 

n + 1 nr 
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JjV n+k 4 n+3 jt n+2 _< m Jj_™J ot jJ—SlUj . n > N oLS ULt 

oi» n S IS lil 4j I (jw \ jjbj . k *w-+>- j£ ?tv>W5 J Op 



Jim (s 



n v n+k 



s ) = 0 

n / 



S 01 L-j^« 4_*slS' a_j ji OUwvJ e^>-Vi 'Uv^U-l <sJlfc ji <JI aLli^l r -gl t 

. 3.1 e-ajydi j Aji^Jl ^jS jL** Ja^ jf 



: 3.1 JLju 



zJS Si! 



■ {° ‘ T ‘ 1 ‘ 3 



2 1 1 
i ~r + k 



1 



„ t . t . 

4 2 4 



3 1 4 
i 1 4 — 



4 ....} 



c.„,-J s of jyS- lim n (s n+k — s n ) = 0 o^-£i k OSJlop 



•(3.2.2 ^ ^oJS J ^jLaU JlilS 1 -Xa J-^Uj 4+L?) ■ l£*1^ 

. jJI hjk J! oU ^ J It; oUcw : J^j$ oUbd w»U- Jj (gjj cJ^j 

**■ ** " ■* 

. 3*2* o*^p ^2«lj 

. eij-U£ iJl^U S oU yina s cJ!5 !i| 

4P- 

: jUjJl 

N Jufj., viUJLj . E = 1 JJU- 3.1 4_i,_^dl ^ i_JUi. s jt 

ji „ l , $ 3 Awn l 0 til V l * | s m ” s nl < ^ m, n > N oj viv; 

of UJ L> |s N+l — s^J < 1 oL Jj—ajlj N+l _> m JSjl-^I Lo^Lc m > N 

: *<jl£o \jjij t n > N 



. n > N liU? s . — 1 < s < s , . + 1 

n+l n n+l 



i S oS-La 



s 



n 



< ls N+1 | + 1 Ji &y n > N 



tJi B a-UJi ^-Ajyo gjtf-* ** (s) J aj^ Jji Jp O^llj 
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B - max \|s 1 | J |s N |, |s N+1 | + l} 

■ n l s n l ^ ® ^ b*3 

: (ujjUiU ^jUdJ 3.2 5 j J& 

* #* 

. ^ijS’ aJIjj* j ^5j Uxp Ja43j U-Up a^jUJ s iJhdl j _*50' 



; (jbk 



Six* . e > 0 Of t lim n s n = L jSJj s of itoJl j ,jJ>Ju 

JI <JP>. n N u ■* -^t * N l;.;< f 

JI cpii m > N <jl J IJlaj . |s B - l| < — 



; m, n < N +...SI1 bJ j^SL (i5C*j 



s — L < — 

m o 



s - s 

m n 



k*. - l I - <*„ - l )I 

l S m " L l + l S „ " L l 



< e 



• isfjp y ^ <_** § viui* j 



■Sf 






Jj 

a^> 4— JLivfl S ^JU x JJ (jkj 3.1 4-j ^Ja_JU LoSjj , aJjJL-Si S 0 j} ■ 



Ji &y m, n > N jj 



j N jb>*j t e > 0 o\S , iim s k ,, = L 



4_Jbdl qJL* *_• U jl?- iL>-l UjS^c Iim s 

* ^ - * n 



k (n) 



L 01 



w t^~ 3 * 



S — s I < — 

m ni 9 

4 J Oj& J <ajJ^ 



: Ji n > N j fc U oVlj . 



k (n) 



k (n) > N 
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S k (nr 



+ (s 



k(n) 





E 

< __ u. 

2 



£ 

2 




■ L Ji vj 155 s W r o*j 



: JUI Up ^ U J£\ tut Uf v U,fj3 >J 



L*l*- 



'A 4jLi w . (L U B) <Jpf S>- Jp -U^m 



jf t J-pf 



jujlwa V - 3.2 jLia (J £W=>y* 






iju=rj cA^ jW*^ yi-^ 4 2.^-^waJ I U^i ^ J-pt jk^>\ <wl~4 

iiuiSsji ^ pjU'Ai i i3a u> ( j& 2 >cj y^iaiii i j***jj . y W* 

. XUI5 jJ> aa^j* Jli- Jp dOi £?J>y JAJ . (comp 



:3.2 JUu 



.JL-UJl iUpVi & G>^ 

** »* 

Uijj .Q Jl ^>y 3JIP y*j VT Ji woltt Q j r *J\za 1.3.2 ^ ^ 

+4 

I jJj yjUs Q J i.V J^-r ^ «it Jji . UU* r OJi 3.2 ijJii JjVl tja-UJ 

.(incomplete) aJu 15 jp Q jii viUijj - r 



The Nested Intervals Theorem iLUJtil oljUll *> Jai 3.3 



«_>-l j_j jl LUp ioljLUl olJL r.t IR d_y-p UUJI a*j laUl ’ 

^4 " F 

a ^ b 



viJp a 



ft . .. i 



b jj*J\ u^. ^Ual^-U 
; yU! obiii p *k< OU 
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to 



(a, b) = {V E R : a < r < b j- , 

[a, b) = {reR:a^r<b} , 
(a, b] - {reR;a<r$b} , 
[a, b] = {r£R;a<r$b} . 



JLjJLj [a, b] c SJLaJU (a ? b) JjVl £j-Ji 

t SJLaJLj j>1 <> 4 „ i ^****£ Ul olpj-jJ! Ut , otUil 

J£J y 1 ^? cM {l„} n= , olJUllJUtu 




7 






(X. 



4-» K +l c i n n jja our iib . i 

■ f - 



O 



[a < b 1 

1 n t\ l 



; q\ 5Jli-4 J * aJL^IJLxII 



n 



00 



I = I 

n=l n N 



^>cjj 



n 



oo 

I 

n=l n 



11* 0 y£s . I n oIJLaJI j y* Jj? (J jdl r j1»LpVI dJJj ^y» dj&± g;Ul 

of l*!* 0^ , (3.6.6 ^1>*1 Jxa C->1 4*Jl>- aJ^IaxJi 

j iJLdl AjjJa_Jl <jUj-» j (j-Sj . AaIjw Cj! JL i iJUdl CJ^SJ 111 



• *LJL*xli 4 j jiaj 4,1a 1 jj ^Jpf Jl>- ^1**^ ^jp 11* 

: #>-\xL\ ol JJl II i>J& . 3.3 



flX* 0 ou aiiii oi^Ji ^ ib (i n } n= 






IIS' iil 



: lU/Ji 



Cjblplt kit (J (jl . [a n , b n ] SjLiJS ^ I n jf 

k s n dUi J-* {b n } ii=1 j 4~*ail; ^ { a n } n -i 

jU k < n jl5 iil <uV s a.^ b j»Sd 

f K n > “ 
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jU dUJb j a k ^ b k ^ b n jU k < n q\£ iilj 4 a k ^ a n ^ b n 

(j^Ssj 2.5 4 j jlauU 1 (jS^ k=l 

: j & 2.2 ^JJlJS \ii jj OiS, . s;>- { aj n= , 

J a oi . a n « a; « b n o£> n JSOi ^ . n Ji a = lim k a k -S b n 



jt u^~> tjf oLS' 4 — Jlj>“ ^ \ Liii^ { 



n 

1 1 11=1 



1 



n 



:J 5 W Um n b n 



. ( 4 JI S lJc^\j da£> ^SOj 4 J 5 U 



I 

-1 n 



n 

1 1 n = l 

^S\j ^1 L-* 3.3 >Ji (jl l1^*x 0 ^ k-lX^ wJJflj 3.4*6 ^ 

, 4 jtLw 



w j4JJJJ jM ^ %> 3.4 



i! 



•jiili ol JLiil; ijUx-\L. R Jl/ tf. ^LJU IjU. i-JUt ijkJl (j L ^- 



£-Ua*Jl_) g jii j*JiA R ^jA 4*ij~>- «£i S 4 «_*jIS" 

j L*il j s j j^ls- J S 01 S' lil s LuD (open cover) 

ol^dii 4j JiJl 



■ K tO 4 



l^JLSLj# (J J*|S» Jj /jjj ((S (Jakj 



s C 



L^JLiJbj . s, 




eg 



I 



-Lm^lpV^ ^* 5" S of 0^“* ^JjIs 0'^' ^‘“^' jl ftUjipVl 

One-to-one -U»lj _ JJ _ U_sOj ^J?Lj j ^Ls-apVi oi_& L$jc« ip-jjJ 

. (B J>J1! ^1) N ~i co rrespon dance) 

1 1 L l "y» J^^_ 5 'l 4 ^jj 8 ^^V_i 



d-* 



4 li t i 



■ ((^vi') 



.(1881-1821) jlli iU Sjl>9l dl>* (Heine) 
(1956-1871) jj Jlf- ^->5-3 (Borel) Jjj jj 



(*) 

(*) 
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Lj^Lj c i-lp S -CjUJ olST tal tjliit ^J****** , S alLucj 4^3 4*.la.*"J 



i%*-ys »^_Ji -X>-Lj I Jjl t l ^y* <U *%dj ij-lp^il JJjtD l^oJa.»i 



: iJUJi 



; 3.3 JLJ> 



0^ S ofj t [0, 1) SJU3I ^sji 





00 

n= 1 




J! *iU>l 



.3.1 JS^>i 



O-# 





1 



(3.1) 





* i-JUi *>L> S Jai; g 




.sc 



( 




u (0, 1) 



( JLjJI jf) eUa_*JU 0L-«~o 3.3 JUj J s 0LJa*j uj-iUl •jvj-*^'' 01 

V v •* ■“ 

s ->^ 1 l** (t/r) Jj^r s y*-^ I3 <d a -^]± • g o* ( finite ) 

W V. **■ * *+ 
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: Jj jj. j i^ia 11 ‘ H ju 3.4 %>• 



g y* 0 ■A-^jd J gj 4 <ui*^ syi J c-AS" \i\ 

. J -ia*j 

: OUjJl 

g ofj i [a, bj <di*ii c JLdi! ^A J 0< j\fr ArfjlilJl A^tj of i j^ jAt 

0i~5y*r' jru* . (Jj >- iii Jjjd ^ J l^iU U-jil* *tk* 

r (a + b)-i r (a + b) -. 

■ L a > ^ J i L "* * 



<iV S g *L /asA ^jA ^Aaj ( Jaiu of l j^s V JiVi <Jp Oy^y^A u£a*N uyf* cS*^*"b 

!■ 

t^fr <yo*“ J Oi^f-r^ uyo-^A uyU**J' A&-y ^ uyJ^Jl <^**5 i j^ 

# d ** 

. [a, b] syuii (ij&* of) 

tiU Jj UaJC M JyJLiH Oyt-A ^A^l ^A Jj of 



ts dj^ 14 oyAyr Oyj^ Jl Jj p—^j tg y ^y V 

** 1 # n 

(b-4) 



£y*r A ^ i OyJ^ail OyL* ^^-1 0^3 jr~^ 1 Si 



oiyiJl t k T A*j fj ji ^ ,o. ^ VUj ,J 2 fjf a <Ljy£-! 5Jda3l oAa t y*lAj tg ^ cyV 

** *» 



dyk o£y yr oyo^ (J>! J n *jl* - **do^ 9 ~'i? 



(b — a) 



n+ 1 



ojUJl oJ_* ^S^ij .g ^y> Oj 0^ ^ 



• ■ >n + 2 ✓ ^ 



A__aJUdi oi jjb\ j, aw xj> iJUs* ji tp>. jul_. ic5 ^j N ja_ji tUJij 

W ** M 

V ^ oli SJJj J J Uhl m- t J n JS" j ^ aAjJI Aptj* 3.3 5j^ . {j n } 
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t o 



01 . (i e i = (c, d) t g J i u ijjb of jo 

(b - a) 

lim — = 0 

n 

Oj&c U*>«j Li IS ii-j Jo N aJbdi UUS JL>-^j 
(b - a) 

— - — < min (|x ~ c, d - |x} 



J N J M- ol U*>-j , I {j* JU ijyj p, fjv o*Jl Jit J N oU uU J j j 

Or* P ^ ^ .1 J US £ Of ^ J N Of JlS£ j*Jj 

:oli tix* ,L 






M- 



(b — a) 



N 



< (X - c 




tC<p of £~t 



- u. « 



p- 



(b - a) 



N 



<d - | x 



Ur c < p < d jUuUJLj . p < d 






4 lU_^ IpJzX 



|*J jA-Jl *UJI LUp J* 5U J N c I 



c/* JUj • g j-U oju oiia_u J N jt ul ju US' 
Upijui ot tJd 

. oL& ^/Jl U»jrf dAJJbj . (j <jt f_-_^ iUJI 



■* 

c * 



(,-c^ailUl 



jf AxlaL# APi^J 4~>“li ,jO» 9j\&\ J0>«J Jp uw> fi'^P-t <jlfc yJl l)1 



A>t*Ul *Jp ot> of <«— JUaJl ^. Ikt jJ I <JL>- ^ll o j_A _ AjU 

ijli ol^t J jjy t - U jU Oj-SC i oi-*^ (J {£j~* ji (J JjJlL! 



y 



ot 



l^iauii UjJLoIj 

t <Ja. k±\ Jijjj _ j. 



, A*_Uj oU-iaij ij^S 

ol^UJi <3U- J^j 

A^-pL>- Li OjSsj ( jii tiojjjtj LaJUs i)j& 

. 3 . 4.10 t 3 . 4.9 I j dJJi 
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„3.4 






M 



iUai s J L«4iP J ajiij 4*jj\jb S Sjj4>*ll <Jl^U '. i! 0«>l — 1 

.(2.6^11 I :Jlijl) . 1 *~aSU 
: 5JWI JZ£ Sjlteu s jl -2 

N Jb-jj k e N < £ > 0 its li[ 



J! S>y n > N ol 



n+1 



s I < e 

m 



^ * * 

iUail Jbli jIopN' j 0>-Vlj O-Uij ^ S jt N O-Ui j! (jy 

* ** * '“t* 

: Jbii 

+j 

...} 



s = {o i 



1 eie l < 1 <u<± <± < 



3 4 

— i\C — 6 



4 



, JjLJ! 2 — s n a. w ^o kuMtS’l — 3 



. u j lx? ji v-jjiio N u j yto o' . u - (o, i] o' 

■> * „ 



s = 



11111 

1 + — + — + ~ + ^r + ^r + 



n 



+ 



l 



l l 

+ + “T 






1 



+ ... + 



1 



n 



-I - . . , ■+■ 



1 



n 



. (jL>- o'j 

- Kw- 

.(I„ = ( 0 ,T-] ;iU, j') 



.4 



: J, |£ SUa» S Oltf til - 5 



y^~* ^ s (j* 

rr «* 

OjSJ it c/j iUlJtdl ol JUJI iJlo ill liU. ji- olJUJl CJIS til lit jli< an - 6 



? Jl>- jf- ^JC oli ijSi it iW-idl oljUJl iJtd i>* (J* -7 

* 

At Jal {j iilill o' ^aJl N (<i n ^ 00 ] AaUlL' oo -j o' O' Jb£ ^ 

^ A* 

yia- obi iapl ^ tiJuO'OlI' o' JU)I 
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. JU- »j*Uj oii o [aj ^ ao) D [a 2 ^ oc ) D .... 

£ £ 

'V g U-j^Afl *UaP uyfi- t(0, 1) SjUJi J jf _ ( J 

■ J Ia^ g *>* t>V tJj>- 

•■* 4* 

^ jf 

g L>-jXia <-Uap j\pj p = (0 £ oo ) jf ^ J,\ _ |n 



£ • 

ijj* 



'v 



. ? g i>- J^r 

* sf 

g tlki> <j\P$ R <J V ^jUi^S 5^3 S jf 

■ S g jr 4 (jJ^r j>- £^- 

n JS 3 ol IjjUs aJUh s jf ^ JJd 



. \2 



i s # L = lim s 

n n n 



i£\ ij**i V ^ S^g 1 >-j=a* 0>-jf s Jl yj, S jlj 

* S iS^ g jr* 
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4 

iLadl Jl jjJl 

Continuous functions 



Continuity JUa^l 4.1 



s N isiJl JljJ J_e . OU-Vl Ji« j - ljS> L.^1 iiUt J 

t c l gilloi (JjjJ ^_4 UloLju <Jp ^ajC 

. (JljJL- 3l l jjt ld_J> oUi— pil Ajjla, > j aJ jVI . OR ji Jg^,la >• 

J J a ^5 4 ^,, s .kp ovi^pU^o L o^LJLjmII 4_*0 j j ^ja l^U^ . w x S~i \ * 

. OL^Vi * J Lp-ljy-* ^iJlj (delta bJj _ epsilan jL~ji) £* 

O^Sv a . OR tjl^3 L^jILu a_J|j f iJbJl <u£jthll 

. f Jlk <j J^l£JL> (a - S * a + 5) l j<* IaUjc* «f ^Hai 

. f * * * 

l^w. 4 .) a O' i£^ji ^ a ^y* 1*1^“ L_ x Oj&j L« jjp ii f 0! *j * -b\ Upj 

.f jUaj J 



; 4.1 ubyu 

(3LkJ J>-b a jJaJI 0j50 Of k^JLj a J up iUai« f 0L> <J jJai i a^Jp ^Jb f Of ^y> 

l of >0 ■*■'>«-> & ji A p b JJxJ (jlj t i 



x — a 



< 5 o^^-j L®iA!p f(x) - f(a) 



< e 
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l^i t a X* a-c, f a** D WJI j a JUS Jfl 



fj j! <Jj — &} tl^sUa-) (j a iJP J—Ip a1»^£J# 



j^_p) discontinuous AJUaii* f J jJu 









^jJh aJI jJl J aJJs Aij jjc# 3 jaU? LmaJ S 

4 * 

jjJl JIjJlJI jt la ** l)| > ({L^slIaJ jJ 4ja_JL ^ X l^lS" a lia *„1 i l $ . “o . : * J,| 

jj 0j-^j JljjJl «Ju*j caJ L ai* Jljj dlS 

.^LJi 4jlp 

4 ** 

qA (A~j jl j . o .^ Vl) jLvaj'if! jt ^jA 

t Jlj Jj>- ^jA L^JlP l3 ydj (M Vi t ^u)i Joi^iij J^uxii j ^j\ji\ 

, Ui«Vi ,*a*j J < JUojVI e — 8 JljXU-t dJJjj 



; 4.1 JL_U 



, OR <Jp f J^i f(x) = mx + b cJlS \>[ 

. e > 0 jlj a jl ^y> jk$ 

4 * ** 

: JV\ JcUJI ^jxJ 



f(x) - f(a)| = (mx + b) - (ma + b) = m 




.xjfl |f(x) - f(a)| = O < e jV * J~Jl ,*: J3 m = 0 jl? 61 



dUi 0 iJ 



x - a 



< 8 





■' Jl lP>. 



f(x) - f(a) = |m| |x 



< 



m 




,(41 JdJi J*>\) 



n 




f(x) — rnx + b 







1 - 




e > 0 jt ^ Jjb . aL^Ia f jlj 



f(x) 



lAlS" lil 



:j^\ J-UJ1 ^jJcJ 0^1 



|f(x) - f(a)| 



2 2 
x — a 



x + a 



x — a 



§•= min {l t 



(1 + 2 |a| ) 



} 



' * 
^yu 



JLJLj 



x — a 



1 1*+aJ O^Ssj | x a | < 8 ^ 2 )ju«o Ia^a 

: JJ Iaa . a— l<x<a + l OU 



x + a 



a 



+ a < 



a 



+ 1 + 



a 



= 1+2 



a 



x — al < 



(1 + 2 Id) 



Jl i £>i 



x — a 



< 8 LjA^tj 



! Oj£j x a | 8 <3 



f(x) - f(a)| = x + a| |x 



< (1 + 2 |a|) . 



= e 



1 + 2 |a 
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/(x) = 3? 



.(4.2 JSUil j&\) 




IIS bl 



(0 < 00 ) <Jp <UaX* f jU f(x) = Vx 



: jVl . e > 0 vUL 3JLS'_5 a > 0 jf 



|f(x) — f(a)| = |VT — Va 



|Vx~ - Va”| |VT + Va~ 

|vsr + vT 



x — a 



Vx" 4- Va 



1 



Va 



x - a 



Jl cP>“ 



x — a 



< 8 jli JUI j 8 — 8 Vi - yc 



f(x) - f(a)| = |VF — Va”| 



< 



Va 



Mevr) = 



.(4.3 JCDIjJBI) 



f(x) — Vx 




( 4 . 3 ) 



|f(x) f(d)l A jl 



|X>~ a 



° J 






j JxC OiX-i 01 \\ ^yt 

f(x) - f(a)| = |g(x) 



x — a 



cij 



a 



ol ;^pJ 

<8 Uxp |g(x)| ^ B :JJd t ojJ^ g(x) jj_& 



■ J! ^ a < 8 o(s 4 aj ^J aJ! e-i^- 



B 



<>* 



I 8 jU>*j 



• |g(x)| |x-a|<B(^-) = e 

h 

e » • u5*J t S al* ^ ^1 '•isi'Jj ^ >=H li* jf ^ ^Pjj! Jp 

4^L_JuLi JljjJi ( _|p jJi-iJU ciDij iib^laJl »<x* ^jr*^***; oil . aS jtx>*l tSliuc* 

• U* ' * "'* vj 



Cr-.J U 



. 2 Xp aX^u f(x) = 



1 



X 



. 1 xp U*x* f(x) = 



1 



(3x - 2) 



. 4 Xp <Uai« f(x) = 



1 

v7 



^ o*s. - 1 

do** -- 

d o»s. - ' 
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. 2 XjP f(x) — 2 ^ 

X 

. S/Vl Jl jjJI 5JU JS of y>j> 
f(x) = X 2 + x - 1 - 5 









f(x) — x' 


.6 


* * ✓" 


f(x) - x n 










f(x) = - 

Y 


_8 








II 

'*ih’ 


- 9 








f(x) = 2 

X 


. 10 


i 


, 2 
r X 


if 


x < 2 




f(x) = J 


2 + x 


if 


x ^ 2 


_ 11 


f(x) = 


X 

(x + 1) 






_ 12 


SI 


M 






_ 13 




, 3 

( X 


if 


x < 1 




II 

A. 


) 

i 2x — 1 


if 


A\ 

X 


_ 14 


n 

iCf 


\/x 2 + 1 






_ 15 



The Sequential Criterion for continuity 



JUIOU Jtdl jU* 4.2 



Jt« oUJI |_s*~-d CjbVfJl J*- -^V 

of . oLJkdl 2.4 Jl 2.1 ,j» oUjliJI icj^ j)' l/’IA 1 ^ 

( jSUl ^ ^SOj t jUI J-A*i)l 4 f/ 8 ‘ e oi * 
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4j jka 3 U 4j jjflj oUji ^ia^ljj $*Xfe j^XSsJl ^jUu 



#■ 

. L^jL^ j iJliili 



- t ! ■ 

,^U 



JUoj^U JldJ jUdl : 4.2 <i±u 

«* 

: jl^i'io* jcJtJl oli Ujup . f jlkj Jj^h a ufj *3b f of ^ yiJ 

. 3 JC>P aJwju^ f _ 1 



jU fc lim S - a ()l f s3dai J iJl£* s cdl5 li[ 

t n t ** ■ ** 



Um „ f(s„) = f(a) 



:0UjJi 



if (jUa; j JJfci* I^t s i£ >0 of (t) ,yvJ 



( 1 ) 



:0Ji Jldlj 8 > 0 jUiO t (f) 
x — a < 8 0 &*> U.Lp f(x) — f(a) < e 



lim s — j 

o n 



J! n > N 



j N )Lx>-1 aJoImJ Lili t lim s 

■ v * (j * n n 



of u 



. |f(s n ) - f(a)| < e J| &ji (1) <>. U*i* lj C Nn ^ S 

Jl* (f) jf Jp Ljh^ JLi O^J IJl^j lim n f(s n ) = f(a) oli IJLA 



■(v> 



* ^ i iJl uIa^-j J>s 



0| *11*."*^ S AmJLw> f-LuJ ^aXiiitf jdr O^Kj (jf jj jf 



a Jlip f of JLsi Uf LjCj * lim n f(s n ) ^ f(a) 



VjSGj lim n s n = ;s 



±ry oil . J=iJ jfi \^A i l 1 Oj^i ijji 4 

:0l» S= ^ 0! JiJj vr^ 1 8 ^ e*>" 

• |f(x) - f(a)| < e * Jl &y V l x “ a ! < ~ 
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*c.. "1 



o[ x = s n : J&Jj x ^iiUJ wi oil 






s — a < 



c ** 



f(s„) - {(a) 3* e* 

s iJl Zj> U ij* Ji o jSu 4 N J n J£J s n J «i> jUx^-U 



• (k - a l < 7 lim „ s „ = a 



. n J£! |f(s n ) - f(a) 



jV Iim n f(s n ) ^ f(a) ^ 



. J-SI M OUjJl 

(SCO lopUai U j*) JL^TAI JLdl _,Uil o! <y 



dJi 



, aUeajco 4_Jli (JL^lAjI 




,b! 4 4 



SJb JUaII oU^ 

.•jwi Jdi 



: 4.4 J1_U 



: oilJ lit 



f(x) 



M 



x # 0 



ju^-Li . (M jjP jlaJl 0 -Up tjli 



t lim s n = 0 l-iij s n — 



lim f(s ) = lint 

n v n 7 n 



.(SCC) ^ (ii) JiAV f oU lja 



, Jluj p L ^ , ji tJ kill l*Lft 
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f dj£> a <SjZ£ I IJ& J 1^-jJ 4 j^ t a JUP aLaI* f iiljJl Coils' lil 



-I J* 

: jUjJi 

j\-^ Oj-^j f Ols if JjLia— > (j a ^ o^j~^3 1 ■J*"*' L J ^ ^ ' jt ( j^5> jr jaJ 

ojrt_a]l jap f Oj& t H J^J jli ^iJJj ^y>j .a <£y£- A >-j!aa 5J\i Aot ^Jp <bjJL£ 



4>- 






, f i , n 

1 = !a — — 6 a + — J 

n \ n n 7 



S n jt Cr Jai«; LJ1» d n J_* |f(x)| J Jpt Lb- O^i jf^ M n j-bJI of U 

j/i'P- ‘I„ J 



oV) lim n s n = a djSL 0_*y s «Jbb li* . |f(sj| > n 



{ f(s„) } U&J i (k 



a 



1 



n 



li_J . a -LiP SCC (i—») ^ f jLs <_****Jl ! j &> l^V $ N 

^ 4 

. a JLp ^ i -/* a - j f (j 



. iji j tJ t . ^> , A >l «u& SCC ^bJt <JliLl f 



: 4.5 JLjl* 



; cJtf lit 



f(x) = 



sin ( -M 



M 



if x 0, 

if x = 0, 



. (M Ujj ■jt' JkS\ ^^Aiu) 0 JLP 4JI J <j f jU 
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t = J s „ = 

r it , 1 mr 

L 2 n'TT+ y )J 

n J^j 4 lim n l n = 0 4 hm n S n = - 0 

. f(t n ) = sin [2 nir + ( y )] = 1 J f (*„) = sin ™ = 0 

N f( 0 ) of Uj . lim n f(t n ) = 1 lc-^ lim n f( s n ) = 0 V-r^ ! ^ 

ja/ V f jt 0 ^ JJVl J-p t jl S ^ ^ 

.SCC^ (*-») 

OUjJl 0 [ . aJUi j ‘W? fU ^Juu-L J&' ^ OU j 1 ^ 

.( 4 . 2.8 Jtjt) 

; ^ 4.1 a*luJ 

. • " 

t, S jL:Jl :i» OJ L>-j b) . 4 SUaJ J^b ^J-e- a <jf> t^b f jt 

; j a xuH Jl 

. a -Up aU^ f t Hm n f^) ^ lim n f(t n ) 
j* (discontinuity) jL^ai^^lb J-* s jj-^ - ^ 

: 4.6 JUu 



n 



zjs- jJ$\ = [x] 



f(x) = [x] ;({^>w» ■>-*— p Lilj» f 



_ . ^ jjp JUp a U aiu* OjP f uU 



. n 



t. = n + 



1 



s = n 

k 



l 

k 



j^,v^ 

Jl>-U 



t k > 1 J& j&j 



lin^ = n = lim. t. Oj&i *2ib (j-* 



.f(t) = n < f(s k ) = n - 1 
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• !im k W = n 6 lim k t s kl = n - 1 

. n Jup f u ^ 4. 1 



Combination of continuous functions SJUadl JljjJl cA+S J» 4.3 



J 




oLJbuil olpl o>i S C C ^ o^l oijii ob- 

, ^Jwodl lyb aJL/? iSj 



:4.2 ijiij* 

* 

g tf + g JijJLil Op 4 a -Up JvjJbaX- f, g JcJUJI ^ K ^ SSI 

f 

.a Xp <i.bax> — <uiJui OU g(a) # 0 obis' ii^ tOJui <Jp 3 j* 5 \p .a jlp 5JUx> 



f-g if 



: 6U jrtii 

<J! liLt-Li . Iim n S n = a Oj£j *i~>« f, g j, J-J Jlk; J iJbi. s ot 

bjj jjS^ see 

: 2.3 ijkJ! 4k~l* I J£* I lim n g(s n ) = g(a) . Iim n f(sj = f(a) 

Lim » [ f ( s „) ± g( s „)] = f ( a ) ± S») 



\2A 



Um n f ( S n) g( S n) = f ( 3 ) g( 3 ) 

2.4 ijkJl Jl tg (a) * 0 cJlS lij tUJ 




n 



g(s„) 



f(a) 

g(a) 
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JJ S C-C (^) W.ULI jf 14 , jJ j^ Uli ia ^1! < 4 Ip s of U 



Jljjd! ja <Jb J3c 



f 



g 



f ■ g tf + g 



. Si J*p SJuk 

f 

of Cjir^ i 4j j j Lp^jj a * ^Jp UiU — U Ji-bw j 

f . g 

(j oLJlxxll ^lijj Jaii jtjpl <^jj j-jjl t — <]l>- (J SCC 



^jikl! yt IJlaj g(S n ) ^ 0 ^ n JS 3 jf i Jla . a yt ^ JJi j jdl 



f 



(JlLu 



V 4jj~A*/S> j'S' g(x) jL«) . 4^1 ||j ^JlJIj 2.4 4j iji^Jl ^y> jaJU 



<-*fr j VI Q^a_» |l 4 JLJ Oj*Pl oL-^JLSU jUx» 

, AjjAsP ^/P A-JS J S 5 ^>-j iJlijl A^>i,rtX)Jl . jUjrJl 



: 4.1 t 4 plu »4 4 ^ jib 



3 o I a.. a ij g(a) > 0 j a JLp 4I ya:* g ajIjuI lit 

.1 J x J£J g(x) >0 Qj& 




l)I «Aj V a p aa Sjjj jf . ^Aiwi^Vl jp- 



S^aJl j^i til J£J t ^. 4 >j .^, 4 - 1 4 ^~j .Jpj • g(x) ^ 0 



(. 



!-<.* i) 



n 



n 



X jAP Jp 



SCC jLi a Jup aL^jo g C-JL5 - lij . g(s ) ^ 0 ii~>- s Js-»u Jp ^ yai- 

lA 

\LJ> g(a) ^0 jf 2.2.3 t lim n g(s ) = g(a) jf J1 



ja 

oLS* i^j, OLi ^ 



P *mWW 



Jl 



SJpLJ. 
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:4.3 hju> 



J-e- t(f(a) < c) f(a) > c ta J up aL^a f aJIjJI cJl $ lal 

■ I <J x c (f( x ) ^ c ) f( x ) > c a iSy^ I A&~jpjha OjpJ 



; oU^Ji 



Ja£ g oaj . g(x) = f(x) 



x) - f(x) - c £*xl LOU lAj^kJi j f ^ 

I A>- y*JLA bj*£ S>~j} 4 4.1 a Apt 



Jad 1 



Oj& jJl 5JUM aaa^J .1 j x J53 f(x) > c of <^f t 0 < g(x) = f(x) 



• h(x) 



f(x) AliJiil Jp 4.1 SJLe-Lil <jJaj t f(a) < c l$J 



<1 ./a~u <p(x) = c <JLtU! iJljJi of <*bj j_jc# jA 1^-5 t4.3 Aj^^laJl ot*^ (J 

JLSj; 4.2 ijkJl oji ^-Jl lii . (m = 0 iSU J 4.1 Jlill j dUi oL‘l ji!) 



f(x) - c i-JI-UJ Jl I l t t-*WS2j I 4-*J ! Jl Qj^^Xo 



— c 



I 



» 4 -p 3 Aj ^^js3*rt3 1 ^ j 



l*i_A jLj^ . (composite) i~S I JLJl Jl jjJl jp S 



La pJ—Aj 



J^aiJl j A-ly^i olJLd! I^aj jUaX^-lj 4 Ju45o3lj J^Udl s^aL* gp» j 
a* lA O^lS* U^. A-V“S J* J*ail ^ dlii j-* ^ , jUi 

VjJ^ 2 ! *>* 0^' g 0 f j^L, ^ >-jiJ f g <>* aJI jd! oU Aib f, g 



4 JU 



g o f = {(x, y) : (x, f(x)) e if and (f(x), y) e g 



j (x, y) olb bl .g Jlkij f JA J* j of Jb V f(x) l JJh e oU dJUi ■ 



< 0 ^ 



: bJU t g o t 



(g O f) (x) = y = f (g(x)) 
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iJta J Ut* Liifo 4~L>»*5 ^j Ja 

oLS ' f LSLi C~Ja_P I aoJLp JijJ <Jp LJbj aJUp U$>4j 4.2 Aj^iaJt J . ^ ^>4 



JL^Nl yU 0*4^1 ^>Jrl ^IjUl ^ *4lbl L^j 

jf U ^J>jJ j}\j i^AiUJl 4 jJkS\ <*~i* ^ oIa . C-olS' Jjft 4*“^ 

JL^CU^I aijb 0^—*^ Oj . JljO-Jl < -r~^S <JUa>^ 

. S C C Ji *L>dN! 0 J> l ^L> JUj^ Ub yd ^Ui 



: 4.4 4$^ 



iUaio <jb g o f oji f(a) JUp iUiu g *HjJI j a Xs- SJUax* f iSiJili cJtf b[ 



.a 



: OUjJI 

3 — * ji»L*P 0 ^} t f(&) ^ ^ * E ^ 0 ^^^.11.4^3 



( 1 ) 



(2) 



. |z - f(a)| < &' UXf |g(z) - g(f(a)) 



< £ 



■o\ 



t 5 * W>*>* ^-4 ^ JLP JU >- y 4jIj ^ 3 JLLP f of U 



x 



a| < 8 U-Lp |f(x) - f(a) < 8' 



«U j-iJl f(x) £4 (2) ij \ ^ o|-s t jx - a| < 8 Oj-^i L-«0— ip oi[ 



:dl)i y>j t(l) j z J ^JLkll 



■ |g(fW) - g(f(a))| < e 



uU 




1JU> 



(g o'f) (a)| < e J1 |x - a| < 8 &[ 



. a JUp iJUai# g of 
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One-sided continuity 



Sy£ {JL'&j jl 4.4 



,<_JU M JU*;V1 p^jc ttUU dJLL" cJUJtsU Sj>dl oU, : kJi ^ 

£ * 
&JtA j 4_i5l!j i JL-s^NI s^jLjjcJ Ijl^ 4jLL« iwji> ^jA o\ 

jJl ikiJi ja Jaii Xj>~\ j l-uI> J— P iJljJl (jUaJ j JpUJ! OJUU jS^ 

. jLMajMt LaJUp JiSj^ 



. 4*^2# w«j4j 

i jUJl oj_Si of i A a ikUl xp (^Vl jt) _-Vl ,-jU-i :i „-. f ijiaji j ^ 




-j^j e <*~*>-j* iXj> J&S J aui Jlk J (([a<a + c) jf (a-c<a 
jf) 0^3“ 



x < 8 




|f(x) — f(a) < e ip_$L~ > 






. (0 ^ x — a < 8 



t j4 *^o^_a x (jw ((0 ^ a — x < 8j w.a.) jjcJ 1 Syo^Vl SjU*Jl of Ja^V 



* a dr 4 a cr 4 x ^ «0^x a<8» lr^ t a Cr 4 yw?fj ;t 

JljjUi ajl*x 4 dljJL-t »wis4»j <J J ^A4 



4 L<9" < (X (^jL«j jf ^4 



f 




: ! 4.6 JLju 

mp = [x] ) f(x) = [x] iJijJI 



Zi^a'.jt [x] of 4.6 JLJd.i J Lk^-'if Ujt jib 1 0 >w? iJp jup ^jrowJl ^ r * 

. jn*>w? i-ip |i 

; 4.7 Jl-i. 



^ 0^^ *2 Jl_P jLJI ^V* '*** iJb f(x) = 2 — X 



iJIJlJI 



UjU»; J U>-b ik* o-J 2 0V ‘2 
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4.4 




Z >XiP 



x + 2| 



(x - 2) 






Jjjj-i ^ i_u. iJU- J 4.2 ^ .1 f-L. »4i^.l . 2 

xpiUi.^ f, ^ f 2 ^ .... 4 f n JS OJ 1 S Iij 4 Jp ^ ^ , Ujj, jf 



. a -A^f- <1 <J!j 



n f 

" — 1 

1 ““■ 1 



n 



cLUiS 



j a JLp 




<Ji 



i=l 



Uli 



• ** J* (Polynomial) ;>jJb>- ijdS <Jb J5 ot Jp ^ . 3 



:uf / 






f (x) ~ 



1 



0 



if x € Q 



if 



x G R ~ Q 



f(x) 



x 

P 

q 



1 — X 



if 



. jl^L« J5 <j l\.f*a‘.A j j 



: $ <> u*J - 5 



if X Q n [0 i 1] 



x [0 < 1] ~ Q 



1 

2 



*■ _ •bfi' ^ ^ 



:jVt S' [0 4 1 J J* f Ot ,>>J .6 

P 

q ^ * ^ x ) “ ® j*-* x OL^ bj 

ji (^f) 4 a_*w» J*L* uirrj^ ji«s*Ap q ,p -dj& UJU^* 
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(J JA J^-LP AJUdlaj 



<j i„va 4 »^ f 0 S 



.[OO 



aL 






f(x) = Vx 2 + 1 aJIjJI of oU jJ 4.4 ijkJl 



f 



1 _ 7 



4 



4.1 




*** 



A*y 



_ S 



AJb Oj-Ssj h(x) = V f(x) oU i. AJU j^_p aJUoi- <31 j f cJ\S" bl Ajf 4 




& I 4 Z^-yJLA 0j^—$ A; l_S 8 > 0 J a JLP iJUal* f CJL£ bl aJI ^ J> 

. |f(x 1 ) — f(x 2 )| < e 1 1 J Xj ^ x 2 iV dj$H 4^X1 



10 



. ALa f jU t [a i b) J p aL^lu f cJlS bi <jf _ 1 1 

. ^ Ajjlij^ f 4.1 a>«mmJ 1 



Function Limits 



ijj^Jkji oAjlf* 4.5 



Aki J 1 




Oj£> Igiflii jl-lp aJIjJS 4]j-L- A4jj oVl— ?Lt ^ j /»• » iSjJ Cs° 

>ji\ o>Ji <j*j uiJiaJi aii,» 5 y» juu Lw, j* .aui ju* j c_J 

«■ ** 

(J jVl L^-p . aS'DLaJI cAa jJ P C--4-; .U 4jj-*^i^-l J^aiJl tj 



jj-* ciLJi jj*j ^-b£j jf C-3jJi U-A jJ (j» . i^^iauJl oAA 

Aii A a jSc] 48 > 0 j bJLP a ob lij : aJAM AiiUI J ^jJI oAA 

: (jVl _p«J! (Jp oliajcj 



A = (a - 8 < a) U (a < a 4 - 5 ) 



: 4.3 ^ 



dj** 



f jf a Xp L a^ U f jU iobop a, L jfj Aib f j! ^y>jcS 

‘ Oy^> viA^fc* f aJ b S^-yiy 8 L# ^*^yA jJjtJ A (_|p 
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A a j x JSJ f (x) = f(x) 

vizis ' j t a Xp iLa> f 



t 



■ f(a) = L - c 

t 

. lim f(x) = L aJU-I Oa J 



x~™>a 



ajj Oil o[-® Ww»lj f t3Ua_i (J b-^0 



aL^x'.a f Co 15 bi . 



L t . 




lim. f(x) = L 



g aij ® <&£ r cJl— ofr ^ 

5JU- 4_jt j : jjVi 



. lim f(x) = L : Ji ^ jUaiflJ-U ^55 

“ f* 

xjju of l— o*x! li^Jb 

1 $...ai f Jl^L of £ 

Jhjb JfuJU ^ O-Uj . 



liin f(x) - f(a) 



■ 

A * & &A 

rjv 



?a JUp iUsaiia f <jf Hm a f(x) — L Ife* dj&> 

f(a) of IJlp \— > 4 Jt— oaj'ilt js»j j J-5 f l«JCP jfi* tiLJj j_^P (J\_*^» Ja«of 

.f SJljdl Jlk j izyry jf a of <jf 

:*Jbi1 aJI jJI j dlb 

: 4.8 JUu 



lim f(x) = 2 o^ tf(x) = 



(x ~ 1) 

(x - 1) 



Ul5b[ 



J[ f(x) ol— 9 X (5 >-f 4— $ tf <^1 iJf^d ^ 1 *->' C^^' J 

i^b *_ ^ uu .x + i 



^jS jkil) . f (x) - X + 1 



(4.4.5 



.lirrij f(x) = f (1) = 2 Cbl 

fi a- 

aLoia JMju AolaJl j CjA $ cfc f yb iiV *J*J y*} ^ 
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% 



sxjjtl . M JiJ : j>A ajtp J[ f (a) a jup iSiaJl jXi I 

. lim a f(x) = f (a) j£3 j M # f (a) o V a Xp iUai^ f ols J 

: <urtll JljjJI <J oJla 

: 4.9 JLi. 

:ofj f(x)=x 2 jf>>J 



f(x) = 



1 , 



if x^O 



if 



x = 0 



lim 0 f(x) = 0 f(0) ut 

LJjf f OjJLi aLo^-jJI 

** Ht 

tjj- 5 gJl pj&j t (nearly continuous) 

^dJi MJaj'ill la^-^H < |Jla tji -/* 

* (Jl (t tuyiJ)) ^tLla«^ail , ((to 4i./i."«)) ijljJl 0 j £ * b»-AlP Jaii 



ilia «i I 



j-J lim„ f(x) = L 



; Jtj 



0>P ^ Lfjj l «..i ; a ikjJl -U* Jui f iJuadl ijljjl -,p ^Jt£ 



lim f(x) 



Ji 






(Jp l y>^> jii . f cJLS' iii UaJ cj^>b>- 

/y> Jajt$ j !5 tCJLS' ISJ 



t_ijjjCj wiitaj d jL/ig.iNl <S^j|b ^j-L-t ^Jp IJla <J Cj^ • a 

removable JuLiii JUaii Vb) o^_AUaJl oX-A J_aa 5L . <j*ri 

v¥- 

. « discontinuity 



JljiJl ol^J Jldt jUl! 4.6 

The sequential criterion for function limits 



4_JUill oUl^j Jtj-di oLLjA Js>Lj jl fj s-^p^ UiU (j 

ij • Lj3J^ j^a 1 d> . L ja Ua oUlji jJ jlpL-j Lt 

■ Mb- 
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L iU f iilJdi L 3 -Xp -of aa -Up a»V ^ f » ^ 

** ■ ►+ 



{f(s„)} 



.a -t* 



: JljjJl 0L.V 1 J^dl -M 1 4 - 5 

** 

jli .A* , v. \fi r t 5 > 0 jfj a 3 JjJ A a J-p IgiUaJ iSj^ &>&•* f 01 

\ a^isOu oj^i 



. a Jup itljA U f _ 1 



jli lim s 

t n n 



a 



jj^5o c.w>*j A, t J a— JU i* s A1 



u 



, <Uo jIAj 



: oU jOl 



^ f f jt ■ lim « f(x) - L a j-^p a^V U f jl { j^ j— iJ Yjl 



fOii . A., j f (x) = f(x) j 



f (a) - L Oj-SO a -U^p iJUadS aJIjJI 






lim s 

n n 



- a 0 «-& A. s J s AJUu ,SCC 

^ ** ■ C\ ^ nr >tr 

(I) OLi ^___Jl lJL_i . lim o f(s n ) = lim, 7 (s n ) = L ;S C C ,y (y) w=UJJ 

L j-jb I JL->-j iiJiP lLDIl* o \ ^ j >*j . (^) ^ ^ 

jXjJJ i,L-. i.V isijlfcJl {f(S„)} iJUiJJ jjSl 1 a Jl i-ijU; A a J s 



T# O 



lim n f(t n ) “ L t jf c A a J jrw-JL_^ s, t cOL-T b! a_; 1 i! . L 



.U — ^ tj ^ S 2 ^ t 2 ^ } A_JUlil OVl * ^ m n 

• ^ {f(u„)} 



s 



01 <*-3yu (y>) y> l ^ m n U n _ a ^ U n ^ 

: {f(u n )} iJbuJJ jcJUJl Jw^-1 jjCJLdl 



lim k ( u 2 k~ t ) = lim k f ( s k) = k 



lim k f(aj = lim k f(t k ) = L 



2k 



hl^}\ Jl ^jUx; 01 Ju y {f(u n )} ^jLa> aJUxI y>+' olJbdl JS of 4 j 



■L. = L . 



of 
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f (a) — L . * — 4 — A_fJi 4 — jj — SsJ f (a) 




OV 



tSCC^y (<y) f 01 £-^jH (V) ^ ■ A a (J-p f (x) = f{\) 



. a xp f 0U JO’. , 



J! 






* (1) J1 lPjj (*— J ) £- 0 >jj 10 a j a XS' L U f 0i# OJJJo 

JUu JijJJl oLLjJ Jbdl jUi! jU^I ^ 0U S C C j ^ 

.SC Lyjl 4.5 i Ox. 






ol a «»w o > JI^Jl tillfcJLli Aj LjO 1 1 1 j j ^ ^ j LJLp"^l 01 Jl*-> 



^UJl 01 jU-i c-ijJl J .oLAfdJ oL^jOl Jbcdlj 2.4 <.2.3 ' 

. jOl XS y iJLi . JLO-I (J|^jCL^*!)U ,xy^ y* 01 ^j50c *001 

^ 4.6 4j yXi 

tf H~ g JljjJl ^ja JuiO *uLi t a jlp ajI^ f, g juiljjl JSO o\S 131 



: o&j aJU -1 cOa Jj ^ a xs* ajL; 

** ** 

lim tl (f ± g) = Hm a f(x) ± lim g(x) 



J 



lim a (f g) x = [lim a f(x)] [lim a g(x)] 



j a Xs- ajI^ 



0ls i Htti^ g(x) 0 0l5 " IjI ! 0 j 5 j < 0 JJj Jp ojO^p- 



lim 



(x) 



Km, f(x) 

Km, g(x) 



: 0 U jJ 



.4.6.6 t4.6.5 ^4.6.4 objj^l jiajl 

ja OLi 0-U3 ^~a . e — 6 jL*. II i^j_?cJl UjUju <JijJl oLl^UJ UiOilixt J 

14 — a . La oL_^4*x>cX**ft ^O-Jl l. aj j *0 1 *a aJIjUI jOaIs i a i yts } I jil50 (O' - "* o! -> g *■ ! 

.-yiOl byx}\ [£y£- jA 
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:4.7 X,J& 



o^i t ^i*iP a, L j 4 JI .5 f O— il^ 

{. 

. lim f(x) — L _ 1 

; (j\5 b! Ajl lL-pxj 8 iJjP «a>^j Ajli f > 0 q\S b[ - 



f(x) — l| < f ^ f (jUai j X jU 0 < |x - a| < 8 



: oUjJl 



f (a) = L • * a A 



JL. 






4 5b f j! (i) ^yij—A J \>f 

C 

a 



e > 0 jtf lil . (a - c ‘ a) U (a < a + c) = A' J^U- f (x) = f(x) j 



:oi 



S < C Sn n-i ' a ~ jA ■i.Xtf' 



< 01 $ 



(1) 



, 0 < 



x — a 



<5 jU US If (x) - f (a)| = |f (x) - L 



< E 



: LJa»> ^jJlj if ,J* Vx f ot i(l) j x _ a $*~~*^* 



, 0 < 



a| < 8 015 \ c iS |f(x) — l| < e 



f . £ 



* ('rO Cf^ 3 ^ ( ) ^ ^ ^ 



x^a J£j f (x) = f(x) l3 j -* J . jwa j ) Ol » iviUi ^ J* 

Ol_!.L;j 4.1 f ot 7«-->ljJl ^ A-JU JLJL .7 (x) = L j 

. liin f(x) = L 



Variations of function limits 



JljjJJ U&dl ollfJl 4,7 



UJU Jbli 



. aJIjJI oUfd! SSJLi* plyt sjp Jb-y 



u 



tlim f(x) = L yjJU ^ j*ji3 ti^iV ^ ^ J! x ^( x ) 



X — * CC 



J,! x > N o| C 






N 





e > 0 uL_£bt 



f(x) - L 



< £ 
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(Jtk-ii IN XJLuli 



7^>u4 Jl jdiJl 



I 



y* y - L Jail I oU ; lim f(x) = L Oj& Ujup . (a < ») ISLi 

*_p p*j"i '** F 



x— *■* 



jJ>Lc . f 4 — !U — Jl j^A _ Horizontal asymptote _LiVl ^jLiJl Ja>- 

. a**aj ^jJL-VU lim f(x) 



one-sided J&~\j ^U- Jtj-JlJl 

L ^l - 1 1 1 -ill *■ i f* +• 

a 



X— 



L»L(i ^IjjI <— s^Ju j>-\ dULj*> 



a 



j 




j-wVl v-JLU f *JWU oL J ^aJL, < — .(limit 

r “ t f . _ J ft y V ■* * ^ n <t| ( . . ^ t 






*ryj ( a 






J j — 1 



f (a) _ l t ( a - 8 i a) Jp f (x) = f(a) 



;0>ue^l >jdJ 



lim f(x) = L, 



x~~*a 



im f(x) = L, 



a 



iUL.wj d 
■ ■ 



.f (a -) = L 



• ^ ^ a Ajl^dl v_ 3 ^aj L^hmAj aa > ^Jail 

. f (a+) = L jl lim f(x) = L <, lim f(x) = L 

a x — > a * 

*hz >~ lj ^jjy^ 1 1 /^p 4.6 i ^jbJ ^ ^ * 

*A^lj ajL-^JI aJL>* ^ 4.6 aj> * 1 \ . ajLjA ^ L$ x 



2 

0L& jLi t ^ L* x <Jj^ L 4 4.6 aj jJUjJI ^^4 1 Jj>- ^ 

.4.7.8 t 4.7.7 ob^Jl j ibjik. oy--i«Jl .2.4 4 2.3 ol>Jl jJ 



.4.7 jUi 



2 jup U f jU 



f(x) 



(x - 8) 
(x - 2) 



CJK lil d ^ 



_ I 
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2 JUP aA^ f jU t f(x) 



(x“ + x 



oJl5 lil aJI yy 



a JLp a>V U f 



f(x) = 



/ n 

(x - a ) 
(x-a) 



oJLS’ iJ 4jt 






[ jU 3 JJ^P 4jt|i Li § f Cr 4 ^ 



lim :i ± (f + g) (x) 



lina„ f(x) ± lim g(x) 



I jU 1 3 AiP Ajifi Us g J f y* l)^ t AjI y&y ■“ ^ 

lim a (fg) (x) = [lim a f(x)] [lim a g(x)] 

: 0i> Jim., g(x) ^ 0 jaJ^il^Ugjf jd\j}\ y J£J o \$ Ail yy - 6 



lim a ( ^) W = 



lim a f(x) 

lim. g(x) 



E. 

, JL>-i j y* oULpJl 4Jl>- y 4.6 aj j , l a u 1 > ijUi> y^j^ ~ ^ 

. ajI^* 'bf U djyi x U^x*^ aJU“ y 4.6 Aj 1 jkzj y^yj y^j^ ~ ® 



. lim — 

x—* x 



^ y*ji ~ 9 



; jU b 7 ^ 0 ^ a 7^ 0 <1)15 U| aJ y y 

n n * w ■>* 



10 



lim 

X— >30 



a x + ... + a. x + a,. 

n 1 0 



b x 4- ... + b. x 4- b n 

n 1 0 



f (a—) 0 y>3 tlR J a t OR tj-*' y f Alt y > j- > , - 



O^SJj R j a J5J jU JR Jp (iJjljj j? v^^>) f 

. f(a+) 4 f(a — ) 
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00 



Ijlj ol5 bl lim f(x) 
j [^K t |f(x) — 




= L : x - 
< e o! 



•UlfdJ ^jS 



J£j ia 



y > B < x > B 




; Ji \S lim f(x) 



00 




x-^a 




(a, a + 6) jl 8 ^jup c :Op B 015 bi 

. 0 < x — a < 6 <1)15 \ c i5 f(x) > B $ 




lim 

X ’" ¥,,+ 3 




lim 

X — ► 1 





jl5 bl lim f(x) - oc 

x— + 



OU t x J53 f(x) > 0 cJL S bl -ui _ U) 

1 3,5, <1)15 bjj 
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dtfbyi Jdilt 




JU*^I 




(Consequences of Continuity) 



aIIjJ) 5.1 

(The range of Continuous function) 



4 — 2 _Li^o — P l_ 1 & — P a L/s iI \ ^ tJu& 

. OJLjJl «w^Ul oLj jJ ij t j*e O-Ltaj R (J^S* 4 w?L>- 0 Lp LiJ j Ju>jjo cjL 1 

4phJ>"j 4*.i3 01 Jl ^ JLJSjj 4j >jJ| J! 

« ** 

B lLLJ^ ^V_>-js lj| D 4™ldJi SjsjwL-^ f 4 lljJl O^j • . /a j . /^ -L S 




.D j x J53 



f(x) 



^ B 



:5.1 bjk 

l$JLe- S^jJb^ l^U [a, b] S^uLSi. Jx- £JLai« f aJIjUI cJi5 lii 



: jU «J 



£ 

kim t [ 2 , b ] f" O' , J 3 Hf b J o *A^- -^3 f 0 ^ 

* i 

p njj>3 01 if ^jpf !-X>" dj£> 0^ (0 ^^ ^JLp J^-j^ 



HJ 



jV Sij-t-^- i_JL^. s Ol—S i_S. 



f (s n ) |> n o; 



[a, b] J 



s 



M 






s -J 0j— ^Jii (3.1 S^rwii^%3 4j jjajJ li3jj . n a ^5 s^ ^ b 



C 0\ 2-2 Lijj OJJ*iSj 



im s w , 

n k (n) 



C JJlOj i 4.o jLdJ A*j 4J l^-* 



O ^ 1 li ^ ^ 4 j ^ ^ ^ \mwww 4 0 ^ j ^ ^ t) j ^5 
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Jbll iiijj JLJLj jf y J'J'jj i lijSf- jf {( V) )} n=1 

it ;i ^ JUL.J i. c J_p iU^ Jji f jj_sj (4.1 SjjlaJ) SSC JUljU 

*■ 

.[a, b] 



SjUJl jt 5.1 ijkJI J ,>y 



: JUJ1 Jlill (b_^i Wj -?b bj^d ((jya-iflJt) b]i 



: 5.1 Jl_U 

.(0,1] Jp f(x)= - 

X 

.Lp IL^ji f jU ^ULj t yu ^ I IJp jiSLa J5 (J f 4.2 Uij 

a# ^ 

. (0, 1] Jp SjlJ-X^ C- f jl I^Jl ^*3 1 f ( ) = n (0, 1^ 

j jJsj N U! Jta jU ejo J-P aL&Ia *Jta f cJl£ til d? ^UJt Aj^^aJl <j u±r^J 

s * # * 

f(x) = x sjbUdi ajijji j^sj Jiili sjuii jt j « oil 

jf U J„pI Jb- jjw>t <Jp V <uf ^?ljJl (0,1) 1*1 Jw« (j^Jj (0, 1) <Jp Alyal« 

. S>- ^sf jJp 



; 5.2 hjk 

b c, d jbJuJl Jl. >-y aJ^- 5 [a, b] oil*!! ojuili jJ— ^ aJIj f oJLS" tij 



: jt 4 [a, b] J x JSJ f(c) ^ f(x) *£ f(d) j^SJ 

f(c) = min {f(x) : x 6 [a, b]} 



* 



[a, b] 



f(d) = max {f(x) : xE[a,b]}. 



; jU^/Jl 



i? 

i^pjlJ^ oJL-A f 0 5.1 JajJJ Liij 4 jU [a, b] J_p 4JU0I4 f j[ 



Li 



J jt L__£L_c (LUB) J_ot 




[a, b] J d I 



t I SJjj .3_aLiJ.l 

iJL> jt ji—j jt t-jfj . M = lub (f(x) : x G [a, b]} 
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jZs N M - 



1 



n 



jli n 



?**£*%*& J-i— P f(d) M Oj^“^* O-..-. 



t B t f 

; olol! JS4 [ a > b ] j s n jlSJ ji U5o: iJJj t f (5-ii <Jpi 1-b- j£-b o 



M - — < f (s ) ^ M 
n 11 



yUla lyrj „y\ yjy 4-iJz* oli a 



n 



b jl vl 



0% . [a, b] j d 01 2,2 ^JA\ U -6>_j 



lim „ s k(„) = d J-^ 1 ^ -M 

! Ljoj n ^_«,>»^9 j>0p J52u 



r M - 1 -. 

L J < f (W « M ; 



k(n) 



ifij • lim „ f (s k ,„.) = M oli laSC* . 



f 3 t V i^ ^f iS ft ill ^ ^ iun S| f l (J _r W -f i . 1^. . . 

^ * n k (rt) lT ^ n v k (m) 

.lim n f (s k(n} ) = f(d) djSj (SCC) JUaJ^J ^L^JI jL^Jl) LSij UUj 
of oLJtj .f(d) = M 0j£ (2.2 <Jtdl L>\+ Uijj 

• (5.1.1 (Jij ^ 0W C& f iS^ J gl b { f W - x e [a, b]} 



5.1 



jdj 



If 



<dl 



l a > b ] (J - *' ^ f f OjIS li[ :5.2 o^jaJl oLfe^j *^^51 

«fr 

. [a, b] J x JS3 f(x) ^ f(c) djZL> [a, b] j c jOp 

5.2 — ; (jw j ti ' /al l f(x) a3(oU ^ j ,,, » , va . i l j L ydsL*Jl ol Jw NtJU Japl 

• [ a > b l ti aIHsj tjA ^5! J} Ui>Oj of ^Sbc 



& 



f“T^J [O’ 1 ] (~b-jJ of N lyii (ju jf) 4 JI 0 J Sill* iapl - 3 



A-b — *Jl \ gOU^d J,! L ./at f(x) = 



(x - 5x + 3) 



(x — 4) 



. iitjb 

aJIjlJS of cjf _ 5 



■ [“ 1 i 1] (J* iS ywaiij 



J_p g j^aJl L^uJ JJ J-vaJ f(x) = X 4 — 2x 3 + X + 5 4 JI jJ! of OUu 



. (lim f(x) — * 

X — » ± 00 



: aLijI) IR SJLiJl 



“1 
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il 



^ Ji 




(The Intermediate Value Property) wU 5.2 



u* * 



f - 




- 4jl ^y* IjCj _ JijjXi b>- iJUil ^3 




» JuaJ 



U-L*- . Jt j~0l oJla 



^ aJU<3^ 4»«Ji53 UjLx> 4 w« 



iSlj-Jl ; (jLJt twAs^^Jl ls>ij ©jLp bjli <j oU<a>Ni 

« <* 

V dJUJuj .Sjj_JJaJS ji *-»j jji 4 * w j o^£ *L#A\ 

^jS" asjlj 4~^LiU oSa j^juj . «Aij <\y ^ hs jl <j£- 

, f (^Ju» <J Uj 5 ^J jl LJ; 4 — Ai |X Ols i, f l£~U fj ^SJS' (j ^ A|fi - 5 -XP JX bl • (Jj 

** ^ 

J5 J_p UIju> jJI aJIjJI ^ JUj ^ t (x i-ul! IJa Ji* ij 

JljjJl O' /J-c- aJUI <u^JajJl jr^ • i_^ Xwl, _>^ (*t^^ 

, aJl^xLI 

: Ja-yll will *ij& 5.3 i,Jii 



£ 

taJL_e- jx OlSj 


f(a) * f(b) ^ 


- [a, b] oJLiil J> ^L<a^ f iJljJi cJ\5 !i[ 


.f(c) = fX 




c ^JjJ! tJLita ^rji f(b) ^ f(a) 

** 






: jU jJl 


S jt ^ j-ij . 


f(a) < jx < f(b) 


01 jO^S - Oji - bxSsX 


t j-Jj S jj ii 0 
■%*■ 


U J^jl 1 * . S = {x 


G [a, b] : f(x) < jx} : Jj \<S 4^*li 

* t- *+ 


01 , 


c - lub s 


. b j>-L-*3Lj ^J-j tS ,j-« i S 0U 






f(c) > (JL ^ f(c) < JX 



JU 




i f(x) = JL 

J 

j 4.2 "Aa.-L I **1 -*- *V ^ 1 . t(x) ^ ^ ^ J 4 * ^ ' 4 * 3 1 

L_$JL>-b oL_$L* J-_J j f(x) < jx 0 j— (c - 8 < c + 8) 

- OLJ IJUj J (c + ■“) < M- 



<J 



o- 5 ^ iS j 



C + 



2 
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jl ^5 j ujjj o jlj . S 4., ,1a Li J_c-I J— >U c jc-o ^a$L_w Ur c +■ 

Vwii - 



> c 



(c — d * c + d) 3ji 4.2 ^jUli ^ jt~\ > JJL 



Jl <£*$> x > c - d jLi j-SJi^p . L$Jb^b oLSL. JU j f(x) > |ul jl 



iiiJJ .Ut Jb- 



d ^ ^5i x ^! jL 

U^l «_. ^iibi USiiU L 



f(x) > (X 



d 



£jui-J ULs f(c) > |jl j f(c) 



< 



M- 



** 

*- ** A 



,f(c) = M. 



j_* h^j, f c-itf lii d dijji x-jt j^i i^aji ijij i.ui vj^ 1 j-^ 

0 L* ^Filla a i lllSlc Ajli ^4j>-yu2*a * ^ -/J * ^ 1 AjflJuc^ t ^ ej\3 4j 

i 4— ^ L v^Vi c^Lih [a, b] uLLJ^j .5.3 *0 Jbuii a ? b jjx 

a, b 4 jV ul jl IilS^jC ^lU . [a, b] Sj^aj I di.^r * f j\> 



f(b) t f(a) Oii >-. 







** H 

/ L 1 



5.3 4j j.la-„'.J 1 aJp ^jjJlJI jJLb J_Jb ■* ^ U 1 *.**1 - y 1 LeJUtP Lj jJl> J5 I^Sj 

f UljdJ C-)L5 b| (4_»Ja_jJl ^^jJ.1 jrr-wUi Jibo Jjt J*UU jl 

./a~t 4 N 4—ib-^fij ^ 4 \ ,/t~a j j_£j jl ^£jj yUil J^9 4.».Ul Aw? 

. JUll (countere example) iUoll JliLl 



j 



; 5.2 4JUX4 



f jJJ ij J-JL t . f(0) = 0 jx#0 cblb lil f(x) = sin ( — ) 




. ^4*5 ^ l ^1^ ^ mmfi l IJT1 ^ I * ^t^ n Ofli iJn ^, 1 

^t) jA»d.«r ([“1 < 1] jAj) f J 4^J J5 jt ^ j 4 jut aJi J j>- f (oscillation^ 

j p 

e jl5 1^* [0 ^ e] cj3 J (f 4 JIUI IaJUL.. 

4» h* ^ 



SJjJj^ 15 U I a u5 5.1 ^5.2 t5.3 oL ^laJ 1 

p* * **■ 






cfcj 

■ xJ* 3 - 



: 5.3 



, iuiiw e J\i Uajf Oj^o UlA» jj^j iuijw aJi ^j£> l jLp jjb JUaj f cbl5 13' 

^ ^ fi fi t 

._ J a la U^Ui bJLp v2 jl d^Ujl pjo J_? ^aU> j 
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iPji IN J n, m 

w* ■! 



VT = 



m 

n 



j* VI jl dUi J! JlmsjjJI 



j^ j 1 ^ ^ ^ ^1 ^1 

, j*x*Jl Ijjfc iS^y^ ^ Q o^ c^LsjI U^U^f h2 4*j j& ^j&jlp- 

Ujfaj , 1 Jjb ci"^ 0 l5j Ol O^N.tj tjl 1 4«**oij I 4jjj^j eJ^ U ^jTj 

, A^jj <0 1 o^ o.*.*.**.^ 

:5.4 ijtii 





iJLc- -L>j_j <Jli IN j n j ta > 0 old !il 



.c 



= V 



a 



oM 



n 

c = a 



:OUyJl 



J-* iLai* 0_,-£ f jLi -bj-fc . f(x) = x" *ibUJl O^J.1 f iJl jJl -jJj 



dUJLS 



J ‘ 



f(0) = 0 Ujtj S [0, 1 + a 



f (1 + a) = (1 + a)" = 1 + na + ... + a" > a 



P 



^JUl u*>*j_Jl (ww>“^ll c oT d w ' c 



n 



a 



of t^t t f(c) = a 






tb 



n 



olj 



0 of 




U a_^jjI. ,_^:_1 1 6 -L— > 4 Jdd 



O^i dUJbj 



i n n 

tb — c 



0 = b" - C n 



(b - c) (b n_1 + b n '^ c + .... + bc n_z + c 11-1 ) 



n -2 



n -2 i A n -1 



dU-bj t C > 0 * b > 0 jV HjAstf (^jLo ot jWS J-«l*JJ V d~ 



, b -*” c 



5.2 



j— dJ 



li 



. (0, 1) J 5U- 2x 4 - x’ + x 2 - 1 = 0 



ihUJJ jt c-<t - 1 
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■1 



„ * 



j Jufi F(x) — x 4- 2x 4 7 ^ flljg »li F jl 

** 

. (f(z) = 0 0 j£j Z iJL*Jl yh f «Ji jdl 



O^r) 




*icJl 






. (5.1.5 






[c, d] C [a, b] jfj [a, b] J_p ^JLai* *Jb f jf -4 

[a, b] j |A i^p 



f(M-) 



f(c) 4 f(d) 



J_p aJUsx* f cJl—S 1 lit ; «Fixed-Point Theorem» lsA\ *k JaJ I i cJi 

[0, 1] J c 5ia_Aj» jdJUp UdjF [0, 1] Lftlju jLS'j [0, 1] 



. [a, b] j x JSJ f(x) = g(x) jU [a, b] Jr jjp 






. (g(x) = f(x) - x :iUjl) f(c) = c j^SL. 

f(r) = g(r) jLSj [a, b] Jp f, g ^y> JS j\$ Sil : <01 cJf - ^ 



(Uniform continuity) *Ja£ll JLaj^l 5.3 



(Pointwise Jb iaJl Jl ^^L_j oVi jj>- #1 ll JL^aJ’Vl 

iiloJI JU:l of 



■■ 4 d * t _f*“* , **i 



JSLio aJIjlJI JUajl jl Jp Jl-^LU iUJLS' .continuity) 

^FcXpVI iJUhj . lim a f(x) ■= f(a) :<jUaJl J *\» a\ Jp 

. 4-JUl 4jJuVl J jUaJ’Vl j« £ O jk^jl _ bjju JbxdL fJfiJjt 



5.3 JUu 



JJUsJlj a JUp UUajt jLJ ^x <uU f(x) - x' 



uis" tii 



|f(x) - f(a)| = 





2 2 










x — a 


= x 4 a 




x — a 
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U-rJ ‘ 

J! 



min 



{l < e/(1 - * I a l) } e "y> 0 * a ^Ap i-U A n < p 



x - a| < 8 jt ^ j — 1 jl 

^ } ^ 



^<4A. 



Jl 



8 




J 






. |f(x) - f(a)| 



< 8 



^ jkS j^ij . Jp e i a Jp XOju 8 jLi>-l <jl y> l>. J^waixJi 

tf jlkJ j a jjbLJ JiJjlop .[—5 * 5] v,5cJj L« oJLaj J_J a_$ f JUaJ of 

««■ *+ 

*JU-I eJub j . 8 = min { 1 ^ — j- j| 5 jLf>-l . |a| ^ 5 

** ^ f3 ^ t ^ ^ '*■ W ^ 

jL^aJi yt jdi Jli a J t Jl AkJjl JP JijJl e J* & 

*■ 

ill-Ul 



: 5.4 JL-i# 



ibxil5 <,f(x) 



1 






f(x) - f(a) 1 


_ | 1 1 1 


x — a 




1 

X 

1 

hO ^ 


|xa ' 




. 8 = min { 


1 a | e a^ 

2 2 * 


lJ j6 e > O 


^ Ap 


: dUJbj 


it 1 a 1 

M> ' 2 

2 

e a 


Jl P>. x - 


- a < 8 Oj JOp 



a/2 |a| 



Iju» *- Lj&; a_jj , «■ J— p e j a Jp 8 O' {£ j-J ® 



i^jJ «iui (J " 18 jA— i. 



a 



xa 



0 ol <*-jf List?-^ 



7 

Oj— ^-i of • O^ 4 .M yj l)^ , 3 i ^p oA*^*j O^^^J jxa 0* ^0 



Os— ! x 0j> £ ) of Ji cpj — * |x a| < 8 oL-i j — » 

[!<») cjLiH, jlJU f Jik; of O^b 



6 « 



a 



3a 



2 

a 





0* 



J 



■j__j J S jl J P Jl-aJ f Jlia 1 J Jaiol 



104 



Or* 



8 = e jU>- 1 U iSUj . 



xa 



2= 1 



x - a < 8 015 lill? 



oV 

1 



x — 


a 


xa 





1 



< 



a 



< e 



x — a 



* f 

0) ! v 






J t 4«U-4 j ^JsXAj 5 I JL^yJ ^UJi «_iy£il UJ JiSL, 
t>Ui» tsli.il JpOUl ^jjaJ jiljJI j^Sv; .f jUai ^ iiki iaii j 6 J iiL* 



** 



:5.i l-jL^u 

■ji ^ > 0 0L5 !i[ D aIaJI J^c- (uniformly) ^IkJL f aJIjJI ^ rrf 7 

: D j x 2 i x, o£i ti_»u 8 ja* 



f ( x i) “ f( x 2 ) 






X i “ X 2 



< 8 



Ulj [“5 < 5] J_* ^IkjoU iLax* f(x) = x 2 Of Li~jt 5.3 j 5.4 JU> jj 

J x r x 2 tjjj* 01# 0*^-' Jj . [1 < 00 ) J~* fUkab <Ua^ f(x) = — 

' X 

4jl_*l) *>-T <JLl* Laj .w^JjrtJl jJp x, a ^ja j 015 ^UkuL JUaJV! i_ 4 » 

• ^ l3 ^UkoVl <c5J * 



OU'JLi 



t 8 = 



m 



; 5.5 JLjl- 



£ * 



. e > 0 J f(x) - mx + b 0L5 S3 



: Ji if>ji 



x, - X 2 



< 8 



f(x,) - f(x 2 )| = |(mxj + b) - (mx + b) 



m ( x i - x 2 ) 



<|m|( 



m 



E. 



. R jJp *Ukut iJUa^ f 0^# <JUJl> ^ 
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A^i Aj! p,ia,r.ll JUW AJL* D Al$ AjI ( ^p ^Ja~dJ Jts(ay*in 






UjU- L* \i\ jjJ-\ 1^-f J^i Aaj \g_-j \ tr$J ■ '-k a* s *“*■*? 



. l*- it i a l.^Ta Aj!.jJi A*$ 0_^5 vj (JltLuJl jSf^j 



:5.6 JLju 



Uli' W 



(0 < oo) ja J-S J_* *Ui^L. aJUi* f OU f(x) = 

j m 

<j\_j J yJl Oj-^j 5 AjV <jC2dl]i (Jp ^UaXib aI^sCU f {j^J ("~°° ^ 0) j 



Ui 



Jjudl 



dJUi 



‘ 2 



X. 



8 

4 4 Xl 



• l^xj - f(x 2 ) 



= 2 



. JUrVl l ^y a — ip^j aJW- A&v^jj IftT*A 1 Aj ^ fla LLpU3 



aJIaJ! ij—fc OJi L* <& J-p ^UaiJLj aJu^u 



AjijJi 



0^^ ^ Lc£ t (J^LxH IdJ^j 



. i*piA 

:5.1 J>}*a 

*JU> f jj* D J1 ikii a cJlSj t D £i)l J* fUaiL iUi. f aJIjJI cJIS li[ 

. a JUa 






P 



(X_j X | iJ 1 A . 1 j JUiauVl ^ 4 j AjIx^j aIsLwj . AX-Jo L# Lo ^jjj V 



* a “i x 2 



&jt D j X Ail ^>U 8 ^ry» iJp e > 0 jtf lij 



( 1 ) 



|f(x) - f(a)| <6 Ji |x - a| < 8 
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. 3 . XS' aXh/sXa f ycdJ \Ja \jjt> 'yO * 

01 li*n a f(x) *— <*jj — *j (j Lw^lj^—sl < jb 4 ia_ 4 j UUpl 

^ mr " m¥ 

Oj_£l Of a 01 J alia JjJL> OVij .f (3^*j (J <tJU-b aIsJu a 4jaJaJi j ^50 



4 jj \ ( i ) us~*m oi J -* ^ ^ * v as ^ o-j a«i viui c * . t 

t 3 Uaj {J X 0 j -50 jt L*^>w? 0 _^SO JaJia c-~Ua~> a JUP 4 -— w 3 0^0 

v — A i *0 a i tSj^j . 0 *b f(x) Ia -AJLP 0 ^ 3 ^ X a-JsJ laiLs ^S t, t 

JUaj'iflj SJp-tj <L?-U oLjI^OJ 3 ^ai>J.i lu-iiLo XS' ^ ^ 



. 3 Jl >-] a < u>-u 






i i Jak Jlj pkdi JUaJ^I ^ 4a%0! ^ 5.1 ^JA\ of JA J> 

^yt AjwS*Lj>- yb t Ut'AI j L^T ^i ; U^P 

f s>; >; ot U* ^ JijJi li* j* s-^j . *yt^\ ^ 




4_*L9Lo»« , bJi of . D <bi j aUs-JoU oJudXa 0 j-iv of (j <J1 jlJI 

J — P A l l a , , :' »' — » t- >-- :l .^a. l o j\ p i f(x) = ^ <, f(x) = — 

£ X 

(J— p S-L-o^jca 0l£ § -J UjLi?0 of Jaia L-w 3 yeu**l JLaJ . iw«*J J%jl R ^R — {0} 

«A-dl . a ( jp < 1 a 1 w^ 5 /^SvC N 4_> I t juj jjJi 4 _aj jiali biL^O i Jlaj . a <UsuJ 



ULijj tlpjJUoi Jp AlkJU OOJwiu 



u J 0V1 



ULij 



IXai Ujla — a S/jf J*aj 



^S0j . Ua_j>- jt «j>w> *bf 

^ »* 



Jadi jUaJ'ilt (negation) 

' «4 



l5.2i.Jayu 

(S^ <Ji 0u->^j e* J^J lit D iJili j*ILjJL <Ua^ f ^ 

: OUi^ D j x r x 2 Obop 6 ^ 



|f(Xj) - f(x 2 ) 





<6 




: 5.3 (i) JUu 



^ kXtBB^&prt^VWsJ ERs L) f(x) = x 



Ji 



/jjJiJjJl Jia^U 5 js ^ '. 

M 
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1 






x. — X, 



is xp 



• x > = i 



i X 



'J 



i 6 
5 + 2 



|f(x,) - t(*j)| 



x. + x,| |x, - x. 



2 5 i i 5 

T + T 



? 



> i. 



* IR 4-U<s£^ C — ^ f v_Jj j->j 



; 5.4 (!) JLJ> 



I 



(0, 1] (Jp ^UaX)b 




f(x) = — ir^> ^ 



= VT Jb4 0 < S < 1 j! • 



1 






5 ^ V&" ut ^ <i! x 2 ” 



6 






X 1 " X 2I 



< 8 Jb\JCP .0 < X, < x ^ 1 

Zd 1 ■ 



|f(x,) - f(x 2 ')| = 



X, -x 2 



X, x 2 



> 



1 




.[0, 1] J* 




li,, j u» ■ D J* r 1 ^ 1 JUa3 ^ 1 

■* ’ ** t -t I T J . t* ^ i itl 



LUB JpI 



? - 





* U"'*'' 



w <3 uui ut j* ^ 



• JiJ* - (V. 1 * 
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; 5.5 



■ [a, b] Jp JUiNl Ut-i Vi» [ a > b l 5 -^ «> f lj ! 



: jU J 



J c J-£Jj t e > 0 01 b l J c J— ^ J— * f ot 

:u[c~z>*j 8 >0 [a,l 

t ** ■ f~* ^ 



|f(x) - f(c)| 



< 



cil Cpji 



x — c 



< 8 



; <->N 



<S = {(c - 



5. 8, ^ 

Y~ c c + -y):ce[a,b]) 



*-Ua_P ^IiSLjj C J* ^ ci j-> [fl, b] C _JJx 

Jaiu ( % (finite) J\+ J ^ hjk . J Ui jj .[a, b] SjUL‘ 

«4 *» ■*♦ X^l 11 



:, UJj [a, b| 



( 2 ) 



[a,b] C (c - 



, c , + 



U U lc - 

n 



— ^ C + 



n 



8 \ 
~ri 



y * 

A Lhi3^^m) , S ^ 8- 



(J $y»-j~A Xj 0 l» 

! OU 



X. — X, 



1 v ‘ 

1 1 



< 8 jl5 lil oVl J 

8 

< -1- 



. 8 = min 



{ 



8 



n 1 

f 



2 2 
0j&> c. IJJj i(2) j n ot jUll 



x_ — c. 

2 ii 



=l( 



Xj - x ) + (x + c.) 



X 2 X 1 



■"I" 



x n — c. 

Z l 



<C 8 ~{~ 



8 



^ 8 



\ 8. .x*AJ 1 ASsjfc « 
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e 



J 



e 



f(x 2 ) - f (c. ) I 




f(x,) - f( Cj )| < 



2 



: Ji if>ji ^ 



f(x ) - f(x )| € |f(x ) - f(c )| + |f(x - f(c ) 



< £. 



* [a ? b] Jp f oji OJU Ju J 

1 buy* ^1 4 ■*■■-* ^..^y..^. J a iLilxJ. 1..1 A.l.. J L.^>. Jl .. J d ^|lS* 0 ^ 

^niit ■*■«! 1 c)b^ 3 b^ill <Wajj .iJLXA Ob 0 ^ ^Xn^lsJi 0*^-3 * D 3 jaA^ l )^ 4 



olj au. i 



f(x,) - f(x 2 ) JyJl Oj£. of k-Jko Ubyd\i J ~»J 



t JL-A oi , <*iL£ 



X l " X 2 



JyJI 

^•LAm^j t Jaii ol_£l O^A_xJl odft 01 ^r— ^ 

* 

L* aJIjJI Or* urJ *01 \c? I^JLp OU jJl 

# * ** 

, ^liaxL aJL^U 4 J)JL]i 



:5.7 JUu 



L*-tj L*-U f ii!jJU of y , [0, 1] ^ f(x) = Vx~ 51IJJI yjX 

«/ujsJ 1 Jsub 4,ili</a,l4 f oV [0, 1] mLJvP jUaul aJI-XU *^S X ~ 0 



« - * ’ s aJV-Ljj 8 _1 Ai *^A_p wAj ^ *,i,l t ~*a o — iL»>» Ijla oLI 0! .[0,1] iiJUii 



. (4.5.7 ^>1)^* U-t^x 



Jadi JWaJ^J Jldi jUll 5.4 
(The Sequential Criterion for Uniform Continuity) 

(0^ (3'-^^ a^v£> l>o iUil iljJt jf J*. JU.->U Jtdl jUll ^ 

2iLj»j .^gJill j <j iJbi* (into) j _ ,J| D <jlkJl >0 “LjjUj oUbu (mapping) 

£ 

. OjUdl cAJUdl y Vju yj5 oU 0 > ^la:dt JUaJtdl ajUo* uj: 

: *i&if JUaJ^U JUdl ^Ld' : 5.6 \J& 
; OUiL^la (OjdUi^ ^..tjlall i Oli R y ijjp- Aii Dj aJU f cdt£ ii! 
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. D Jp flkJL f 



m 



* ^ (3 S Oj 15 131 (t 



: oU^Ji 



-^~j—t . £ > 0 d)ij D ^ij5 <Jbi* s ol f j& yhj i ^p>w? (i) j! yi) 



jU D j Xj, x 2 d)l5 lij <Ji (J: 



Ji Jijk 



f (x.) - f ( X 2>l 



< 8 



<J! is*ji 



X 1 “ X 2 



< 8 



; 0 } <Lvv>w N jLi?M IjSLc t ^ jS s oi 



s - s 

m n 



<5 J[ m, n > N 



}jj> 






■ .! , n > N liU> |f(s m ) — f (s n >| < e 

{^ S n)}, Ol» JULj 
'ry . D &iJl J* i»UaXjb aJUo^s f jf ^ yS ySUllj 

: oU*4 D j s n , t n obJLP IN ja n J53 j ^53 t* 



' ^ 



l f ( s „) - f (‘„) 



6 



s — t < 

n n 



1 



n 



s J &y>r yis* *yrj ^ hj* ojJi^ D jl U 



: j hy^> s - t jl lr> ■ lim n s k (n) - L 






^k (n) ®k (n) ^k (n) “It (n) 



S k rn))’ 



. lim t. , = L 

n k (n) 



of 2.3 AjjiaJl ja 
(i-^T cSi dU3 D JJ o j5J 'V jS L 61 Ji^) 

; Jj u iJLzLl <_»yu jVlj 



u { S k(D i *k (!) C S k(2) 6 ! k(2) 6 



} 

4 4<4 i t 
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. D J u 3.2 iJiJJ Uijj \j&>j t L u J j£. OUlj 

+* 

: n J52 



| f (u 2 „-,)- f (U2 n )| = l f ( S k(,» _f(t k(n)) 



3" 8 . 



(ii) 7 %—^sj M uJJJ-j ■ 4 — (^ n )j^ oL-j U-i — jj 

1 Xir n ‘ l 

.jUjJi 

■ 

iOAJnLJj . (ii) (0 d>b»[ ci ^ y^j*^ Px 4 < j *~~** J ^ J^l—i O^yj tj 



(ii) of d>L2i jJj . ^yS 4JLd» 0 j& (JUaJ <_£l ,Jp aJSjJI of 

M- 

. ^0 JUij-* s - i Q ; . Wtl aj jj Z' D Ux u.* I (i) tjpy 



jSjj U^Lc jLi» JtU£j .oijAiiyJI oUUaJI j ^r’w’ J? l-i* Of (*-#^ 

(map) (0 Z)N f j&, .(! 5.3 Jli.) IR J-f- pUiOL, *L*> o_J f(x) = x 



2 Of 



j^laO J L_dijj . s 0^9 Z“.Z OJOia s 1^1 *jV $ ^0^--* 

0U JUl J . 5- jls U*t S 2 OU 2.4 



ijls. ^ {f(s„)} n=) = {<}„„ 

Slk*. U> 3 b of oU jJ y*U* 5! J jA jjsdl JU;*^ Jbdl jUli jU bjj ^ 



■f 



\&>l 




5.4 



U-iJ 



12 



, !R ^UaujLi d^~y f(x) — x 01 d~ol _ 1 



J^_P : jLijl) (0, 1] Jp ^UaiL 3LaL« C«J f(x) = cos 



of d— if ~ 2 



0 _^d 

( K) - f ( s „ + i)l * 1 



(o, i] j s^s yu^. 



[o 



1 



1 



jj_P la-i l.j A.! </ 3 • a f(x) j ^ 



of dJ 



.[o 



i 



n 



jp iUa^- 






f(x) = tan x Of c-Jl - 4 
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, [1 ^ 00 ) ^Jp ^Ualtlj Ai„./a.7.^ — ~ b)l 

X 

.oo ^ Moo) j* f u#L a-*=* f(x) = vr jic^t 

4 — (Ucl^VU <*iLSij [0 < oo) iUiu 2 f(x) = VF of C-jf 

. (5.7 JliiL jjli) 5= - — jl^lj 5. 1 ejjjjjLJt 

.ojUli «Jla J* SjjO^ f Ols (a, b) Jp ^Uiul aJuii* f CJ15 ijl <uf cJ 



. [a, c] 

^Uaob ^l , L . ^a i 7 .4 f H" § oli cD ^Jp ^UaX>L> f, g 






tlim f(x) 

a^ 



t lim + f(x) jLS' j (a, b) j ILaz* f oJtS' i i! <uf c-if 

a 

i a, b j_ip (i^jjj„Aj oips ji) f ij&i cy-^y^y* 

* [ 3 , b] pilat *l_i 

oLJ (a, b) J~p ^Ua_^jLj <Laia f cJL 5 |j[ ^jf f 

, lim f(x) j 

b" 
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The Derivative 



J jilt r j\j>- 6.1 

Difference Quotients 



a ji ta o^ij! l$£UaJ iSj^z ^ iiljJl ~*jJU 

** T. 

l^L Q a . SjLiJ! aJub 4Jl>- 



Q a (h) 



f(a + h) - f(a) 



<Sti oi ,f ^jLLl-j ^ Oj& 

-M- 

) f-** (i*i ^ '->-» O&J <■ ./«■*> ' 



(-8 < 8 ) 









! 6.1 yu 

a-jI^ Q a J jLS' li[ a JLxp (differentiable) Jb-^UiU ^LLi f iJlaJi <jb JUj 



‘ k—*sS^i aJL >-1 ajjb j a “^‘ 



V (a) = lim Q (h) 

i a 



h— i-O 
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.a f iiljJl JUajlj jj Jwj ^JuAi <J>*di oi 

- V -f* ^ 

#^L>- o'— ?jl jl Ojijl**^ji p 1^-*j**j 'if ^jjji jjOjbl (J'_j*^' o^S (JUmJ 

.(6.1.2 Jjj£ jlaJl) (£l JuP J^UJJ ills Oj^J 



0 J t ^ d . /^ 1 I ■ 1 *. C r i .^1 lit 1 1 dil l t 




1 



t |x| Jl±» J(jj j£}j 

\ 

. *-L«iJLd j^p 0ipXa u*>Lu?««0 



61 C— £j l y/1 6" * &JwA ij» jj 

^ Ua i jli ! Jo> . f'(a) jJjJJ i>jL-v* a -Up Oj^> f ; 5 Jj-U>- ((<SuLa)) lib 

. f Jlk ^ 0>- & OjS^ f ' 



.f UioU JjVl Afcill 



; f U!jlS! 



: 6.1 JL- U 



: Lu jJ o tdJLSS . a = 0 Jb^tlj f(x) - |x| o' ^ jiJ 



Q ^ _ 



|0 + h| — |0| 



** a 



• u^dj'**^ jf- i£ H ■ jf" 



if h > 0 




if h < 0 




lim Q 0 (h) 

h-*0 


jLs OJUJJj 




1 6.2 ol" 111 *^ 



.f(x) 



= A/ix 



ji ^jd 



L>j} a — 0 -i>-U i£y> S^* 



Q 0 ( h ) = 



v> 



+ h 



- Vm 



V|h| 



Qo 00 



Vh 



1 



VlT 



h > 0 ob" iSI 



** ? 



1 



'if Q 0 oU tiUS j»j . js- Q 0 J ^*-11 i-A^dl oLi 'SI t lim 



= OO 
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y ^ ->Ali Ji h J yy Ujup <A^ ^ o*x 

* Ol*jJ (Sjj r- 1 



: 6.3 jUo 



.f(x) 



1 



X 



;\s lii 



• h iiyw j^p O 0 (h) jLi iaSUj 4$ j*j» f(0) jf ^ y 

. f'(0) oil 

ii;Li Ujjl j^fc Jt f JUaJ j a JOJI jjX jf 5jj ^ W; jJHII JUJ.I J 

■ ^ £fy- ■ a to Us iJlJJI j J& jf J& 'jj . 



: 6.4 JLi- 




2x + 1, 

4 , 



if x ^ 3 

if x = 3 





2 (3 + h) + 1 - 4 
Q 3 (h) = ’ 

h 




lim Q (h) = oo, 
h— »0 



: oU JUL 




j >Ji s^Ui Ot . v-Ui ^ 




f(a) jj_io jf ^y>rj JUII IJL* U Ju 

* t »— -tta fr j h*( <2 i 3 1 i=»l . .. i f* ^a) l gi , 
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A , j J S . * / 2 1 1 



ia^Jl i 00 J,i J jJj iS f a?0>- OjOj abjj Ax, "" wA ^ £0^“" 

• ^y» Uijt Ja*«*Jl of Oj N ^0-* 



Um [f(a + h) — f(a)] = 0, 

h— >0 



il$£st& L* jt 



lim f(a + h) = f(a) 

h^+O 



la* J ijjtii Jjt JJ Uali r'Lii-.Ml U* .a Jl^c Jl^^U 5isL^« «i* Sj^-Vl ijlfJt 

. JUJ^b <3^^ ox. J ‘J-^ 1 

%* ^ 

:6.1 ijfci 

.a JCjp f jU ta ~Up (J^*** 1 ^ aLU f dJlS b[ 

: OUjJi 



. e > 0 l 




,jl *C lil 4_j| 5 L^-y bJ— P jl ^ ... ^ .I qT ■ - > ^ ^ 



: oU 



|h| < 5 



|Q a (h)| ^ |f'(a)| + 1 

; jj& t Ijj jJ> Ob' bl til) a ^y y-^f 5 of Uajf 



f(a + h) - f(a) 



5 < 



|f'MI + 1 



: r^LjeS |h| < 8 



f(a + h) - f(a) 



h = |Q.(h)||h| 



< 



{|f(a)| + l} 



e 



|f'(a)| + 1 



_ g 
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. lim f(x) = f(a) 

h — >0 



j\ lim f(a 4- h) = f(a) jli 

h™>0 






Ji sj-i 



>JI) <jL^*J Oli (f(x) = x" : Ob ot oL*I J-^Jl ^ 

cjbLpJi *— j j * ol ! 4.6 4^ jla' . J i ji dJ.i 6.1.6 ^ 

1R 'j* <d ajaj JjT Xs- UjL 5 (Polynomial function) i ^ jS iJb LS" o' 

■ (6-1-2 ji^di jki) 

(3 U .w i *>^ ojIiaII iJjrvj 1 yi}\ o' jA j i <jLLoI ftliapl 

. oiA f Ji « 



: 6.5 JLju 






x sin 



f(x) = 



in ( t)> 



0 



if 



x ^ 0 



if 



x = 0 



J-^Vl 4iAj ^ ^-iUJS jS- <kdtj . 4k& <_$! JLJc- iUaX* f of 



0|* JbJbj 4 |f(x)| 



< 



0 ^ vj 4oU 



lim f(x) = 0 = f(0) 

x -+0 



sin ( — )| ^ 1 jf Uj 



x 



: 0^ x ^ 0 olS* I b\ i JlidiN' ^y > jii 



f'W 



.(M x I 1 \ M 

= sin ( — ) + x y— “^r- J cos ( — 

X 



= sin ( t) _ ( 7 ) 



: UU a-0 0^ bj 



h sin ( “ 

\ U 



0 



QoflO 



sin ( ¥ )' 
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lAA , jd* 




lim Q 0 (h) 

h — *0 



ji o>u (-&<:&) i^-j^ijj^j 

Oil .oljll j» *** _1 J 1 us 

.>*J1 jup aLU jp f jji 

: 6.6 JUU 



; jf 




if x 5^ 0 

if x = 0 



: ify * yLpJi -Up JUui^ iLtf f JjJt ^J15 x a*— J l J»«Ip aJI^! »ua (J 



f (0) = lim Q (h) = lim h sin 

h-»0 h >0 





I t-pL-ji- a**uL*>^I jUuui'yi jJp ^\ c ^p'ili ^ ,3 a , " ,««» Uili x ¥■ 0 -Up 



f'(x) = 2x sin 




f aIIjJJ jliJiVl (5^ f' aSIuJI JjUxul UaJ a~u ^lu>uu-i ^lai — > 

L*Jl.ip j (, j a, ./a, Si J-JP 1 J_p L* Jaa /J \ JJ P aLSwu# N . f , a3 J— «jj (^-LJ itj 

\jjb f aSIjiU <w--i £ j\>- u^i i a. — 0 




r (0 + h) - f (0) 

h 



f(h) 



h 



= 2 sin 





oLs ^tJLJjbj t j ^ ^ ^ 3^y ^ j\m& O 0 ( h ) O ' ^jA 

■ Si ^^ QiC 11 ) 

. J*~A 1 JUP aJIS a£UL* U Lr J t ji^all -Up aLI* f 6U lii 
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6.1 




J 



L 



^U-tj Q x (h) f'(x) J iJtJI JljjJl y> J5J jL>-jf 

: >MaJl Ji J jy h Uxp 

& & fr 

■ U>.^4 bup n j j& Lxp f(x) = x n I 



f(x) = 



1 






f(x) = vx 



- c 



[(x + h) x] — ( \/ x + h — " Vx~) (Vx~+ h + Vx - ) : jLiji] 



, f(x) = 



1 



Vx 

• f ( x ) = ~T~ 



- J 



f(x ) — "V2X + 1 



.f(x) 



(2x - 3) 



- j 



- t 



^LJ P(x) = a n x B + ... .+ a lX + a a ^jl^U 




t s- 



^ ^ O t ^ j 




. P'(x) = na n x n 1 4- ... + 2a 2 x + a 



jk^\ Xp f VLUjtj JUa;^l 



f(x) 



2 

X , 
0 , 



if 

if 



x > 0, 
x ^0. 



ijjSjUxp f<->(0) < . . . i f '(0) <f'(0) ja J5 zy-j ±5U .4 



f(x) = 



n 

X , 



0 , 



if 



if 



x > 0, 



x ^ o; 



^ ^ 5 * 

. bJp n j 
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1 1 








. h*-y> iLUj bJu\ y jjr iSljJ (jt 




, jUxJi^ jbJjU ObJb f, g jt* ^-UJl £* 0?b^ s>*^ - 6 

.(f + g)' = f' + g' - ' 

. (fg)' = f'g + f g' - ^ 




(fg ^ fg') 

2 

g 




j^U- iLJjJl AJiL^U Jw-J f 



(fg)( n > = f< n )g + 





I^Ljcs ^Lp 



n \ 



k / 



j f aiJll] k JLJjJl ^ ijlill !> f 00 JJri ^ 
f<°) = f i (binomial corfficient) 









Chain Rule UJUl Upti 




* 



^ \ ^n'J 







i^US ^ ^ ■ J»^b 









\r. r 1 1 \ ■ 






/ \ / 



(f O g) (x) - f 



[swl 



g(a) 2\*a'M J iji ( _)^ f t£y£ i j 
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: (UJUl SjlpU) 6.2 hj* 



iilJLJt d\s tg(a) jlxp JUcJi'sU <LU f j a ju* <IU g oJLS li[ 

:j ta jlp iUi f o g z^s\ ;j' 

^ a* , -f 

(fog)'(a) = f [g(a)] g'(a) 



: jU J i 



* t 



uy.j jo 



"i*i^i*i' 



U .a 




f o g aJIjOJ JjuUI i*~3 p U Q a (h) jt J>jjA 

\ iW 

* <-*. ^ g ^ f 

V^ n ■ 






G. (h) 



g(a + h) - g(a) 



h 



F , , (t) = 

g( a ) v 1 



f [g(a) - 



t 



f [g(a)l 



t 



:jS\ Q a (h) 



Q a 00 



(fog) (a + h) — (f o g) (a) 



h 



f [g (a + h)] - f [g(a)] 



g (a + h) - g (a) 



0 



g (a + h) - g(a) 
h 

if g (a + h) ^ g (a), 
if g (a + h) = g (a). 




a g( a 1 h) g(a) t ^ * A—— ^ 

:Uj-0 dj£j _g(a + h) = g(a) + t 
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Q.( h ) 



f[g (a + h)] - [g(a)] 



t 



0 



t 



F S (.) W G .(W 

o 



if 



if 



t ¥* 0 



t = 0 



J-g— Vl k f[g( a )] g f ( a ) J1 Q a ^ ^ ^ 



: jciU- 
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\ Jui. .(1) itaUll jla-Ji 

: (!) 55U*1 






oil . A 0 = (-8 < 0) U (0 c 5) J h J— £J g(a + h) ^ g(a) jl ^ 
iLU g ji U . lim Q a (h) W-^^**-* jp! S-U^Jl LUJi Axwail 



h— *0 



*!-/».* g jli 6.1 o *kJi bL^-l . lim G (h) - g'(a) jli a 0 -^p 

& ‘ " J h~+0 d 

: k'd 



h* 



0 - lim { g(a + h) - g(a) } - lim t. 

■ ' ^ twO 



h-»o 



: j ji! 



lim F„, , (t) = lim F 



h— »0 



g(a) 






g (a) 



(t) = f [g(a)] 



J-*L~ ^jU F (t) G.(h) <~j j-aM 5dV 0i» I J! Jj y h ^ 



■ V J* 



ji! 



lim Q (h) = f [g(a)l g'(a). 



h-»0 



(^) aIU-1 



c g) u (0 < 6) iSy^ ^ ^ o! tj^y 3 ^ 

bjJ jjS^> h* aJLft y* iwb»lj Ji3j . g(a + h*) = g(a) j 
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G.(h*) = 



f(a 4- h*) - g(a) 
h* 



=0 



h j*-va3I S' Xs~ \jJu 0 a ijA g aJIjJU Jj jiJi a_^J> ^jL>- ^ 

oOa i^>.j ^ . lim G a (h) L+A j-a >^Ji jLi o^| 

.a xs- JjUiJOU aLU g jV ^L, 



h — >0 



J_£ J j}i jA*a Jl y« h >XjJS\ \JS 4j| g; ; : j (1) Jl jiaJl *g'( a ) 

^ ) l — | lj_ Aj . 4 » jL_^UJ A — > j , 6 > s >\\ A-^olJl _*?- n J | j 



( *> — ') aJU-I b»&^j «x> o j£j iJLj-j 



-v o; r^r *6 w “ y ^ if 

Afwr^Ojj i [ j) j ^ ■ tf i l j ^g^LJ 1 ^ i . * 

g'(a) = 0 oV if' [g(a)l g'(;i) 



9 l .^ - 




^ ! J 



JjlJiiJ.tjU aLU> h(x) = 



O'-— $ 



.©• A * 



n j JL„-^">LJ iLLi g oJL-S' 




g(x) 



aLL_j g OJL-S' !il 4JI 
— 5 Lj h(x) = [g(x)] 

■ h’(x) = n [g(x)T ’g'(x) 



* f 

.(I 6.1.1 :jLij|) 

OLi ill* g oJLS* I j| -cl 



. (g(x) ^ 0 j ^5 j U-up) 



.(*--> 6.1.1 {*x>%Xa>\ ; ^L-jl) 




a— * 3 *—- , i 5 T i » i^_J aLA, ,» A_Jta g C-sj l__S" ioi 4_ j 

. JliLiyJ iLU h(x) = V 





(w^ 6.1.1 \ 



: jLsjI) 



£ J 

ji tf aJIjU a_**^S0J1 aJIuJI <J> jfj (one-to-one) aoL>-! aJG f j! , k vl 

: oii ocLU f j «l> cJtf lj| J . f [c|»(x)] = x 



<|>'(a) 



f [<t»(a)] 
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n a* 







jl UJuJi s-xpli 



- 5 



: jr* 



<J>(x) - (f ° fj. 



o 



o 



f.) x = f n[ £ n-J- f 2 [f l W - ’ J 



The Law of The Mean Ja-jJI *ij* 6,3 



Jjljj jydl (L-yJ ji) j' -M '•** C ~ !at '\ li 11 

- _ AjtU jl ddJ J JiAJJl jL ! ^ (*c* y '-*^b bJs^ 1 . 

£ J 1 i I ■ t 4 



j^pL- j 100 Sjl~- 



ia_*j jl 



L£J *>L* 50 jj-£ jl Ju M illjJ' J dz* 

. o^Ul so? 

j jlJjj ^ UU .JjlL. <k-jJi) ^ba) j ^ a Si jl 

b»ljJI LS.lJj.yj* [a, b] :JjJI Jj> f J- 1 " • J*^ lj 

lM - -h .- f _L _ 



<kiJi , 5 , J[A\ )a± , U *Xj*U\ 






^11 Jp La AhJ^ jl J***J>\ ^ 



JSLiil J&\) 



J-*i . [a, b] SJU1S flb 



A^taJU 



iV)L. jt Jbu L_s iS b. . *k£ tjt j Li»i W'-'-f jj& bjOlil iJljJl Jb! J_. 



# «4 

oJUt o«^ 



(relative 



Ol^J <JLfcA*J DIJJI vUi ^1) ( smc 

, y*Mi o^* 1 - y ^ ^ ^ j ^- 9 



‘ 6*1 4 j 

» U»j (a, b) <J-p JUi-i'iU <LU f Dl-01 sI«jL 5 lj[ 

.f'(M-) = 0 jls 4 (a, b) j jt Xp extremum) 

: jU^Ji 




jl JL>j LUi 4 (maximum) 



f((x) j! J>}& Jjt! 0* 
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Ja-L jj-i jj>J . p, SjLi J jul + h cJL? ^LS" f(|jt + h) =£ f(|x) 



■ (Ji Cpjd <■ y> h ^JJaj LaJULc L>-y OjS^ ^ Q (h) 



Q.(h) = 



f(|x + h) - f(jt) 

h 



^ 0, if h > 0, 

> 0, if h < 0, 




(, jd.^l 

• a A* OU c|X JUP j 



f'M = lim Q^(h) = 0. 

h -*0 ^ 

. (minimum) i*J %) Ujup JLiiULI ^ of ^ 

^.2 oOpUwd 

[a, b] J_p iLvai^j (a, b) J__p J L , 5 , 1 J ^^LJ £LLJ f JLJIjlJI cJLS \z[ 

.f'(\i) = 0 d j$S ^ (a, b) jia^jbry^U tf(a) = f(b) - 0 , 



2 



: jU 

■ 



-t-ali (J^ y» 4_>U 1 4jj6.» s a } \ aJIjJS f taj 

of 4 . (a, b) Jp h jLa . Jl aJIjJI cu-J f ji y ? yd . fi j ^SLJ (a, b) j sJs> 

^*JaP < Uv 3 -L>-Ij f <ji bJ y^Jaj 5.2 AjJed\ j^S [a, b] a 1 . /3 , " a f 
£ * 
i)(j f oV) 1 il OyU ^1 j^i JiVl Jpj . [a, b] 

jop ^ yw» i_»j ji y>* “U-J oli f Oil . b ji a -Lp o-W N 

,f'((x) =0 jf ' i. 6. 1 oOpLJ .1 <u jlijl . (X jj^li j iJL>li Aajsj 



^ j 6 .i js^i j yk j jj i-,y jf io^kj* y } y y 

*A '■‘^ ** — 

jw L^ijJi i*J-i j! il scAi^Ji jj~£ Jp ^>^JlS b\yl\ l^aii i*Xs- i^U- 

■* f* 

^ Luis 1 LLl-^* La^x*^ ^hIiJi j * ^,„i*in.*i^ 1 1 fciA ^ ^ * 1 i 

X- 

A :c iJijJt o^Sj ^ Oa-j- 4 *U)I aJUJJ #Jufc j^l *^j«j . f '( jjl) = 0 ^ 

f 

. 1 y+p ajj ~d l» it^dl yJoAi 



; ( &*«> jdt A^.aJi 1 Jia»') 6.3 4i Joj 

iU a>y t [a, b] Jp aJuox^j (a, b) Jp U*U f JJUdl cJIS W 

La JlLp o ( a, b) j (x 



f'W 



f(b) - f(a) 



(1) 



: £>U jJl 



* otk*lij 0 4 JI jJi 



4 >(x) = f(b) - f(x) 



f(b) ~ f(a) 
(b - a) 



(b - x) 



( 2 ) 



ijLp 4 > jf U . Jj_j i>y j JiA 4 > jf ij» 4 J*- Jjj ijl*. 

o* ^ 2 r* Ja± ^jyr y~Sj ^ 
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ibUj iLaz. f CJIS \JS iJLUj iUx* «i) of Jl'j 




(J)'(x) = - f (x) 



f(b) — f(a) 



b — a 



(~ 1 ) 



( 



I 



!> IJU . <t(a) = <t>(b) = 0 



Jj>Oi 



I-La (3) At It, . d>'(,t) = o 




(^’ j f 1 bi JSjJ J Jj «J jkj jjj 



L#*-' 



0 = - f(n) + 



f(b) - f(a) 



b — a 



H) 



* ( 1 ) lOA ij| ^hls<3 I 1 < 

01 «C oU A, B oLS" tiju JSbiil jJp <o La^ \JS 

^j-U oil . ^Ja »li ^ t,y>- J^S" of iliv 



-h 



: ^cJL’ 






^Jp f Of {j# . [—1 £ 1] SJLiJl ^Jp f(x) = 



x| 0\ ^jJd 



^yif ^*{1 ij-JTj V il 4 V Ak^jd I o ^bj^l of ^ t [-1 * 1| 

.{6.2 JSjJl ^i) 



/fjt) = !. 

♦ 




(6.2) JSLS 
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: 6.6 JL.U 



. iJLp j6\ <!b [x] t [0, 1] Jp g(x) = X - [x] 01 

^ j>-\ 0 jA . [0, 1] <Jp j*P t (0, 1) (Jp iLli g Of {jA p-P^JL 

| C L ,*H ^ ]a jJ 1 4_*o-us3l 0 jpL-S jA ^ O^-^Ai 0^ 

,(6.3 



g{x) = X - [x] 




(6.3) J&i 



.iLJLi 0^5 j La ^ IjyS ji oliuUi! Ja-^l L^aJI UjJtf 0} 

. A>«jLj {y> La*j <JLl oljIaJtj £jLJ1 J 

. tj j^a *— j 6.3 tl 6.3 ^wbJl ^1 

: t 6.3 IJX 

jf JLj N tSjLJl J_5 ;Jp yLaJJ UjUxo I^L^Uj dj&t o\ 

. SjUJi dUL“ jJp ott iJb 




Of 



J* f ^ J ~J-« M' ^ 




t i 



f(a) # f(b) dj&i 



:ol d 



(a, b) <j (x Jp t [a, i 



W = 



f(b) - f(a) 



7^ 0. 



SjUJi Jp Jtfb o>£ of N f oji 



6.3 



1 c*Jl5 bl iLatf cu; U Ijjs Jp JlixJi^U jULU okJb 

*■ 

- kil» Jp ^jcjjL— « 

: jt* ^ 

3 ^ij! 4_Jb Jp f 6.3 4_>wjt jiu *j t f' = g' dj&i ti«>w t jjjJb f, g Jb>-LJ 

. f “" g 



aIIjlJI o^^* <o~ J i l 4_4 maJI o^k ^—«i.»..Ij <■ k5~ 4 JUJI 4jk^x*31 (_/vj 

. «h.^ajsUj o •* 




6.3 kw, 

* «■ 



ojlii c~!lS" b!j (a, b) Jp JUki^U aJuISj [a, b] Jp 4 JU 21 * f i)!oJl cJl^ bj 

• [ a » b] Jp Sj J aw *3b f jU 4 (a, b) Jp 3 jJca jr%p t 



: oU jOi 

s 



j 0* : 1 a tf > X p X 2 jl^j— kjj t(a, b) 

ikdj Oj-*b J[ bku*»l 



j x J^J f (x) 5*0 of ki 
. a *S Xj ^ x 2 s£ b JiJ t [a, b| 

'■Oj$i£~~ (x,, xj Jm 



f(x 2 ) - (X,) = f'(M-) (X 2 - x,) 3= 0 



. [a, b] Jp a^I UJ j& f ol* bu 



131 



J-* 



.[a, b] (a, b) Jp f (x) « 0 cJtf \>\ JiLlj 

^ 4—0 U Oj— L* LJIp 1 0 <-iiiljLA 

^^Jaj LiU 4 a *j>-j1aa iji} ibis f c*sl 5 lj] : Jliii « 



^ £ 

jx y^z ?** jj < x < a 4 jl> j [x, a] jl) [a, x] S^Ajl <Jp 



a j x 



f(x) - f(a) + f'((x) (x - a) 






J LlP f oU JIaII 



* 



a 



ft i il Uj-jtf J! wt J » 1 Jjlwil {jA ijU*J 

. 4*Jl)Ji 4^t««ta<jl iwU^ ^s^ Pyj . ^LAma'^U 4_LAi (J J iS 



: 6.1 JfiJ** 



.sin x < x oji tx > 0 JiS lil 



: OUjJl 

: Jj£j (0, x) J (x SUJiJlj OjXp 4 f(x) = x — sin x oJl $ I il 

** ^ ® 



f(x) = f( 0 ) + f (|jl) (x - 0 ) 

= 0 + (1 — cos |x) (x). 

4 1aS\Aj 

sin x = x — x cosjji. 



x — sin x = x cos |x, 

. 0 < cos jx < 1 oL-3 0 < jx < 1 sjli t x ^ 1 jl S lil 

. sin x ^ 1 < x jl {j* <cls 4 x > l olS - iil . sin x < x jl 
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to 



6.3 




iJ 



U 



- yuji Jjj AJ j\ s J^umj}\ Ja» fj. i 






.log(l+x)<x oli t x > 0 jlS” iil 






+ X < 1 + 



) oli 



. cos X > 1 



a 0 j x > -1 jir si! 

X 2 \ 

rj oli a^O jiS lit 



e a (b - a) < e b - e d < e b (b 



a) oU t a < b d\S lit 



4 



(i + *) 
. x < arcsin x < 



2 T < arctan x < x jU t x > 0 jl£ lit 



VI - x 



i 



Oli tO < x < 1 jlS lit 



jyJS iJb P(x) - a n x + a n _j x n 1 + ... + a,x + a 



015 Si 



1 



n 



n + 1 



+ 



n "■ i 



a 



T 



1 



+ a« = 0, 



n 



■ (0. 1) J JiVl Je- 0^1 J jJU U P(x) = 0 ^jUil jji 

jji iiibij.1 4-ijJ-l jjjJ . | j, k 0 li p( x ) = o |^| 

■P- fj 

■ *^1 jjM-I & k - 1 JiVl Jp U P'(x) = 0 <Jsl*ll 



,s 



:oJ 1 S bl 



f(x) = 



1 , 



0, 



if 



if 



x 5? 0, 



x < 0, 



F'(x) = f(x) 






*■ i t 




ojj,a„s£. 



F 4j|jJ 3^>-j 



- Hi 



.(a, b) 
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Cauchy’s Law of The Mean 



Ala** ^ll 4o.p.ll ^ ■> 6.4 



t (6.1 AJa^jjdi l*~a } J tijad y> 6,4 Ajjkd) ^4^1 jwidt jl 

l L (2 ^>tAl Oj— *J_A (j (j^J 



.a < t < b 



y = f(t) < x - g(t) 



; (J^ji 1 Oji«) 6.4 4 j>5 

t (a, b) J-p jUxJi^U aLISj [a, b] J-p *L& g, f 'M 

;Ujup j jSi (a, b) j ^ £k2J <- ( a > 6) j t J53 g'M ^ 0 j\£ 



£(m! 

g'(M-) 



f(b) - f(a) 
g(b) - g(a) 



* t A* A 

AiaHi 






; 6 U jJl 



^1 ^li f l^<H M ■ g(b)^g(a) Ot^^l 



(a, b) jt* 



ff+*\ — 



g'(f) 



g(b) ~ g(a) 
b - a 



[a, b] J_* 4> 5Jb . g(b) * g(a) oil . g'(t*) * 0 ^3 






4>(t) = f(t) - f(a) 



f(b) ~ f(a) 
g(b) - g(a) 



1 [g(t) 

J 



g( a )l 



jl j J of a 4 ‘tW* Ai - 

j^t jJj- , 4 > (g-) = 0 0 j& *^rr > ~ ( a > b) 

* (6.4.4 J oAa) . m- AkiJl t ^ 



Aka; 
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j 



ol jjiS jJlj (5.3 Jx^ji I ^ Sjlil JU;MI 2“li ol 

5 ^ 

(J Uijl Uj5v IaI^U j ijSjjJ (jfw ^1 4 U 3Je <J,p aJU* 2 JU iJljJ! cbl5 b| 

4 JtjjJ 4 ^! l 3 Li » t Lfti jL-y* 

JJj 4 ^Igin^Ji 4 w**j3pH ^iw ^y* Jijjj! 4^ht**£*4 (Jp 4-JllSl 

jt ^ ^ JojJI opl i-^U^i ouo’ 'i j]lj iJLi)l Uljjl ji 6.3.9 J. 

VHT ft 

. lb Vi <uit» j 



: 6.5 i>; 

J* Ja— l~ll ooU f SJtJkJJ Oi* tb :p j F lb Vi Jjf lei. f oils' lil 
b, a c ru p. jjlp -b-j-i Ip t f(b) < f(a) Jv bJL* r olS bj of ^f ‘ i pJl «x» 



.%) 



OjSL i_: 
^ «• ■* 



; 01 a jJl 



:Xxj> . 4>(x) = F(x) - rx Slkxiij $ <JUil ^jjcj 

<V (x) = F'(x) - r = f(x) — r 

**** 

^^7'“^) • bj 3 (Jbj |I f)^ ffi') 0 ol o' 6^ 

j>-tj l^U t [a, b] iiUll o/utJi Ai,^a,',a <Ub 4> jf Lc . (a < b of JbJboJl Jj>~I 

£ 

(J o> j * • & jl ^ ia_P 4 — o-J (j> oXj> 4 bl . [a, b] (J <_£ j™i^aJlj ^«Ja_*Jl (jvJL+Jijl 



(126 ^ 1 ) 6.1 o.U-UJ .,1 ij^iaJl oV dJlb {J[ bJUtfj JL 3 o j^Ci (a, b) 

t ^ iiloU 2 ^u»ji3I 2 pj i»u*i of ^iSC; l«Lij . iiljt <Jb $ of -.^' 

* cilb oU? j5> . Aj L jPj 1 ^ia.A) JSS' jk^a}\j 



if c 






. f 



^ ^ O 5 ) j iS j *-* 9 



(f> iu-i j 



4> '(a) = lim 

h— ► 0 + 



4> (a + h) - <t> (a) 



^ 0 
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j <!> (a) 2* ^(a + h) dH 



<|>'(b) = lim 

h— *0 + 



<b(b -t h) — 4> (b) 
h 



<0 



I—* t, f(b) ^ r j f(a) ^ r ^1 c-i— & 

. f(b) == r 4 f(a) ^ r U*Jd o (v) ^ J J^ b J ■ f ( b ) J f ( a ) ^ r ^ 

Oj& (a, b) J (i iS J- ^ ^1* w-«-3s ^-U 

#+ 

.^'(m-) = f(M-) - r = 0 U x* 




a iiJipNt jj-& ol (£jj y> 



4j 1 4 6.5 J Ja^-yLj 

. F = f 4 JLp dj& jJt SJUU 



yyl 

r ^Vj b, a jvjto oV Aif j a-^-aJI Jt 

*» * 

jl>- . b j a u>f r w -Ub f tftJdl jU f(b) t f(a) 
*JU>-j-Ji AAJ^kJl jf 4 (jump) JUaajJ li JjSvj 0^ N A^liM 
^ J* ijlfJI OjSj o! j* 7*5 >w> jd> limf(x) = f(c) 

w - « X“*€ 




LJ 



I^J 



l>- 



,'y» 9 



J dj-& 

*+ 

i ju>-i t 




: jUl G ji -1 

{(x,y):x = t 2 ( y = t 2 < 0=£t«l} 

jl_ll , jf- — * H L, jlj— • G Oj-^i ^— s : > ~ (0. 1) j aU_P 

.(1,1) I (0,0) 

SJL» J-c- aJU a_jV a_ S: A * C — -J f(x) = [x] j! - 2 

:jt,>>J 3 
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if x^O, 

if x = 0. 

.yuaii iSy£- Zjj> a»[ jjp *Jb a>V Ad,:,.!* c— « J g(x) ji 
diJij (6.4 t ^la <L*JaJj o jJli (jLte jJ <L*lx)i o^L Jap! _ l 

vf 

.(6.3 4,^) AoJij! j^ti jU^ A^liC 




Taylor’s Formula with Remainder 



^UlS XA jjLU 4 ju^ 6.5 



^ya-^yi A^JiJJ 2)i c6.3 -Lji j C-^Jb S^£ji J| *s>- j JUjS IIa j 

** ^ta **** 1 ■* 

. Xj a < jyj )X ^ ia -A 'J P^) j f(a) A3 j™*jC diJij f(x) Lda_P' 

i>l . a Jy. U ij3 > JjVl ifjjJl oli 6/^5" Alao»^ f Jb Ji UiS yu. 



^ I j i ^ m i * i j a j_ip f aJIjlJI ( j> k ± UUr jUl t ji aw 

- Sr 

i J-dUxU AJjVi 



P,00 = f(a) + f'(a) (x - a) 



(1) 






;liil 



^j-Ut i o ^ l , -,p ji 



r vJb" a t ^ 



P 2 (x) = f(a) + f'(a) (x - a) + - - j- (x -a) 2 , 



.f 









: U^-l bs 



( 2 ) 



: oU 



P 2 (a) - f(a), 

P' = f (a), 

P''(a) = f'(a). 

P 2 oLi**d jli t, XJjjaJLj .a ^ JaiJi Xs- f <>\JLa ^>Xa 



b P 2 
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kJcJ^a U> f of o^l . Jil dUjSj t a JLXP j-Laj^I f j 



^ i M i ^ * 1 — it l **j 1 cl i ^ Ij . n 1 ' ^|k 4 lAm.p^*' I o f *\t j ^ n 

;jb>0 



P n (x) = f(a) + f'(a) (x - a) + ... + 



f* n) (a) 



n! 



(x — a) 



n 



(3) 



P'(«) = *'(«) 



P„(a) = f(a) 




\ 1 ^ ^ ^ 



JUo f <JlJd) X* ^.jJB s P„ Of 6s dJi ^ • p l n) ( a ) = ^(a) ‘ j 

#■ 

1 LJL-j 4^jaJl t a^j jJl iJU- ^5 * a J&aj 

^ n- 

, P^ I^pS^ f (a) [x aJaaj ^^jL***^ tai^p J^l.a^l!U ^ 

/ \a) *^il» OiJSj n 4>-jJ-Jl i)l>- <J ^_gjL«iJl ^ 

iXjhj . x,a ^_jSj l l^a J*JxJLi SjLjotf' |JL La f^ (|Jl) A,^a 1 Lj 

. iJUl i. ,kJt .jjy U l*-oJb 

+* «y * 4 



* js 6*6 ^Jsu 




f <n) j [a, b] 




f (n 1)< if' if 



i)b f 



■i M 4 






:OjSO 



(a ? b) ^ |JL aLl&j JaJUp t (a, b) Jp 



f(b) = f(a) + f'(a) (b - a) + ( 



f"(a) 

2 ! 



(b - a)' ... + 



+ 




(n-l) 



(a) 



1 )! 



) (b - a)- 1 



+ 



f'V) 



n 



(b-a) 



n 



(4) 



: oW jOI 



* k 01 



f(b) = f(a) + f'(a) (b - a) + .... 



+ 



f*" ‘’(a) 
(n - 1)! 



(5) 



(b - a)" 1 + -£j- (b - a)”. 

1. i * 



: IfL <j> . (a, b) j n, |_pa*J ^"'(ji.) = k Of oLil xj 
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i t i i 



4> (x) = f(b) - f(x) - f (x) (b - x) - ( ) (b - x) 

Avf ■ 



-( 






- 1 ) 



(n - 1)! 



(x) 



(ft) 



n ! 



(b-x) 



n 



^ J ^ 1 1 O jii a ^ 1*1*1 ^ liA*J 1 0^ i - - - ■ r 

■4 

JjVl X^-\ . 4> '(M') = 0 (a, b) j p, zy-j IJLaj . (6,M 

! L^laniiit (6) f| ' ^ <]> SJIjlL 



<>'(x) = - f (x) + f'(x) - f (x) (b - x) + f(x) (b-x) - 



f ^OO 

1 (n— 1)! 






l^- ^ jp3 S ***, & . ! I ^ o*xa 6.6 4^ *j 

^^kjl) (wLj o jj j«0j) 6mU ^Ikp] jOu j .6.4 j t6.3 ob^kJ' 




6.5 




.6.6 AjjkJS jL*^ <j J^Uxil J^sl - I 

illjJl O jjtJ 4_>-jjjl ^jA <iyu!? ^Jp (J^sd^feU J^Jj Lj 4jU-yi3 AwCPxX^l - 1 

. ( (4) &U11 j a = 0 Jb^) . Vx + 1 

** 

^ijJd iJJUJl j* jjJlJ-I ijJS J_p jjJLLj _ < 

.log (1 + X) 

4_*jl_«Jl ^ jjjU-l S^S£ J_p jjLU iiw> aXJ^a\ _ 1 

. sin x 

. C 4 , - 1 n ^jA e ^Jp (_) j ■ ^ JW 1 i ^j^LjLj ^Am,^ _ ’'' 

; O^i t x > 0 01^ 1 jj -uf - ft 

„ X 2 x / X 2 \ x 

1 + x + — — < e < 1 + x + I — J e . 

2 v 2 7 
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. jf' e of - 7 



jS i j 0 jLJ\j b = 1 t, a = 0 



f(x) 



x 



J 



jL>L-Z 



■4 ■ 



J 



*j') 



(n > q 



(n — 1)! J J£Jl ^ e = 



L’Hopital’s Rule SJLpIS 6.6 






la^.i 



U- Jb^t <jl 



o v 

0 



I Oil .yUJl Jl wJiJS 



* 

4j Jj (j Jj 01 ' i j*j jl ; L> j£- jCju j 

i 2x/3x <lJs?L*wj . ^_p 0^ L_Cj a.».j 4^»— jsJI 

*$$ of j* -jdud\ Jl x ijjy UJup [x sin (l/x)]/x <, 2 x/x 

' 2 



o J & 

2, 

X /X 



J-* 00 J Oj y ^ JjVl oUlfJI jt Vl 0 



0 






J_SLi Jp 

.ol.VJl 



t g'(x) t^O ja ^ i£y£ 5^3 j jdLli <jjJb f, g cJlS bj 



lim f(x) = lim g(x) = 0, 



X“+a 



x-^a 



<w ^0 



;l 5 bb 



x~+a 



lim [ 

x-^a 



f'(x) 

g'W 



]-L, 



ib. 2 M. . , 



x~+a 



y lim jl lim 



lim Jl 



x— >a 



■f 



g W 

,5 4 jh^|JI dj> 



x-^a 



uli 



0 



Jlaj 0~>- -oo jf + oo jf L 4^J , lim j\ lim 

X— >-» X-+ + = 
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: jU J 



y* 0 j£> x, a SJuJl £+*>■ a ^ <btja5\ii -ui l_c x jf i:i 

(jl . bjA+a l)j5o V g ( j J i a u s^U iLU g. t 

jh 

. o^Sj x, a jju |x aIslaj jl^- 



f (x) 

g(x) 



fV) 

g'(M-) 




a) = g(a) = 0 jf Ja^\l 



* (yj M' * a j » " j ciJJi otd x — * a j x, a jjru jx Lc 



f (x) 



lim 
*-■ g (x) 



lim JM = L. 






g'(M-) 



( 1 /^ y* «■> aa »1 « i.Ji A - jLS’LJkl iji ^y gi 

U-ilp l_ /5 iu v-iks l,Iu x > °° 4?* jdi <JlsU Uf .jvJbM ^ 

1 "‘ ’ / 

;^Ul iSU-lj aLJLJI SJLpU u(t) = — SopUJ <J1jJI ^ 



L = lim 

X "- > + ^ 



f'(x) 

g'(x) 



f 



1 



= lim 

. t -*0 



t 



+* 



g 



(7 



lim 

i->o 



- f (l/t)/t 



g'(l/t)/t 



lim 

t-»ir 



f'(u) u'(t) 

g'(u)u'(t) 



- lim 

i-> 0 * 



(fou)' (t) 
(g° u)' ( 1 ) 



lim 

t ~ H >0 + 



(f O u) (t) 



(g 0 u)(t) 



lim 

t->0* 



*(-9 



t 



g 



d) 



lim 

X““+ oc- g (x) 



4 '~ Aj iAj^kJL 



X — » 



00 <Jl>. j jU j}\ 
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; jf t 00 _J L lii JjVl iibU Jjws»UJ 6.6.1 J 



f (x) 



lim — 'fr 
x-a g (X) 



— 00 



f (x) 

Ji «* 7w ' " 



J .*[ t^pL® yt ^_JUaJl 5J -^ oLiJsu jf (j*ri 

: aJIiSI Ut*Vi j S-xpUaJi oJl* 






lim 

X — »1 



(log x) 

(x- 1) 

(log x) 

(x- 1) 



; 6.9 JUU 



ot Ji*v* 



; jii 



.. log X 

lim 7 

x-*l X - 1 



= lim 

X — * 1 






lim 

x — »0 



(1 - cos x) 



jUJl J-JaJi j aA^\ *yrj V* ^ 

L^! IJumI .oLJl ill Lpk 



, 6. 10 ^]1mhi^ 



JSUJi UjJ 

*yr J Ji 1 5*}i 



iUJI 



I ^ptJl Jp cAjLJ~1 J r^'j 



COS X 



sin x 
lim — - — 
x— >o 2x 



lim 

x— >0 



COS X 
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J {£jj t JjLJI Jliil (3 \^S SJpUlS Sitpl <JL>- 

J-p JLdtj jJt> 4_» jkJi jU NL? “ LjJJ of *j* J* 



:aJU)I iJU-l **> 

Nii^i 



u. 



: 6.11 JLi. 






lim 

x~-»2 



(x - x - 2 ) 
(x 2 - 2 x) 



lim 

x — >2 



2 

X — 



x — 2 



x - 2 x 



lim 

x-»2 



2 x — 1 
2 x — 2 



Him — - 1 

x — >2 2 



j t “ ^jLj 

ij 

(4-1) 

(4-2) 



oi^ ^ ,wJ< i j—i 4 



lim 

x^a ( 2 x - 2 ) 

3 






JjVi *M» 



; jy\S 4.6 cJl> 

t 

[ Ji JLoytSJU-UJ ijJ&\ olLkli 



ibj_j j*Ullj Ja*~Jl ^ J-S” *2x>- <*-*3 ^jU*- J<»-£j JSkJi ^ja j>~ 1 £y 



k^ x* L^LU: S^lk! ok* «oc/ oo » OJlii JI --- « i , OjX 



L*Jlxp 



y = 



( 2 x + 5 ) 
(x 2 - 2 ) 



; JJL# \ • -SJb asymptote v-j^I oi) 



r-jL>- of of J-^J! ja J&j « JI Jjjj k~Jl ja JOS' Oj-i x 



0C 






00 / 00 



JSkJi 



rfr 




• f - 

*■) e 



.x 






5 JU- j .2 Ji JjJj 



SJl_pU ^iJLku-l «^la :...) . X 



00 



Uxo* *jLpJl <u-j tlr* < 0 ^^ 



J-* xj e x oU^* aLJjj toU^Jl el* Ji# tiJUi ^uJaJl J tS>-“ 



lim 

x — *a 



l 



= oo 



Lku Lr JljJ 
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: ( itjU) 6.8 itjU 



lib ‘g'W * 0 



j a iSj^~ ®,/— * l3 0 ^"'*''^“^ LJi^^ tjyJii f, g 



cJl£ 1 





Hm f(x) = lim g(x) = a> 

x^a x— >a 




x 




0) 

j 

( 2 ) 




lim 

x— >a 



f(x) 

g W 





I^S" 1*a x a aJU*^ eLJaPi ^-*sdj t^)t , 

^jA 4jl_pJlj ^jA AjL^JI aJU<- (j Asx^Ptw^ 0 ^ <J t6.7 

fi 

ol 1^5 , X— » — co ji x — > 4- 50 4_Jl>- <J l^aj! O* iS 



4 



— 00 




+ 00 




: jU 



(i) ^Ij j > 



lim 

X+^QO 



f (x) 

g(x) 








if JljjJl (N*, <*>) Jjp *1 ii^- JjU£JI «j U ^5 N* 

(N*, x) J (j. j^r-j 6.4 ijjkJl t N* ^ x JS3 .l^> g’ ig’ ig 

■¥* 

:JS* 



f'M 

g’M 



f(x) 
g W 



f(x) - f(N*) 



g(x) - g(N') 
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f'(p-) 

g'(^) 




f (N*) i 

f(x) > 



f (N*) -I 
f (x) ’ 



f (N*) _ g (N*) 
f (x) g (x) 



1 



f f (N*) i 

1 f (x) J 




fM 

g'(g') 




f (N*) _ g (N*) 
f (x) g (x) 




f (N*) -i 
f (x) ’ 




Lc I j~S N* \JSLj 4 Lj j ^i>jl J J>Vl J.UJI ot ^ (2) ^ 

(3) jl oLI oil . iU£Jl «_» 

X ^ • t f I* It H 



: oi 



lim 





: jt ^ ; jiL. ^ lJu ^ 



Mm f(x) = lim g(x) — 00 , 

X~“* X — > 00 



Lj _3 o 

oU 1 X > N 



f’(M-) 



OL-i 



g'(M-) 
ol5 U5 Cl 



M- > N* ol£ ytf c; 0^ N* ^1 Vjt ct J«-*V 
-N* iN‘ c-S JL~ oil . L j* 

.jL, ai\ Oj$o (5) J _j_j — £J i 



, 12 JLa* 



bJjp n j e > 0 O j£*> Ujlp lim (logx) n /x e 



1 






;yUl otLJ-1 ij 



lim 

X-*<» 



(log x) n 

_ ] im 



n (log x) n 1 
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n (log x) n_ 1 
= Urn 

X— ► *> c v e 



n(n- 1) (log x) n “ 2 ( -) 

_ 

W C I 



n (n - 1) (log x) n 2 



2 £ 
e x 



n! (log x)° 



m b 
£ X 



= 0. 



= lim 

X — > ^ 



= lim 

ac 



obS” SjLp- 1 ^3 jLtll L«f t6.8 AjJojJI JjVl ^jL^JS o\ 

* jS 

JjiSsfcj AjUS^ ^ t6.8 Aj j , l a lU o U . ^ Ja. 2; <*iUi JSj . Jaii ^L/^T 



a 6+ 13 ^3 immMPV^ 



n 



Jj jJ ?jl_g.l.| . 1 ■’> - j-a 1-iJLp H Oj&i W-A2P 



lim 



X 



; in oljit 6.8 



lim = lim 

X-> oo g 30 




U>s ^Ik: N JlSLiVl .JU jSJj .« . 0 j »% 0 ° Ji. 5 ij* jk J£if ilt* 

JlSLiVl J^-f j l$x>b5 SiUl Jl5LiVl al* *dUa 4 SApUJ yM 

| . aajLJI a^-b«ll j^f- 

i 

f 

1 



.oJUl usJid.1 JskJi ^ w 

+* W 
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: 6.14 JL^ 



w y 



lim x 

x-»-*cr 



: J* 6-7 <*^1 . log y — 



lim log y 

x— >0“f 



= lim 

x— »0 



lil 

(-4) 



= lim (-x) = 0. 

x-*0+ 



Qog.x ) 

(I) 



lim y = lim e l08 y = e Um ° og s) = e° = 1 



x— >0+ 



x— >0+ 



: oi ! 



Ju>-Ej n f'JuJ . lim (l + 

*■* -u ■"■"i 



r = 



M 



of ,■ 



UH 



oc 



,1* vf^LJklj^ Is j__ycdl J A^uJj LljJtj (j^^» t Jai3 ■/> 1 



: oU dili 



- ( J + t) X ^ 



log y = x log (l + (—)) = log (l + (—))/( — ) 



log (l +( ~)) 



= lim 



X““ +°o 



: 6.8 



1 + 



'-) 



j im 

X — 1 
1 + — 
X 
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lim log y = 1, 

X — * Ot 




oc 






. 6*6 




^1 iJlil j 6.7 i^kJl OUjJ Ja*t 



lim 





lim 

x->a 



f'W 

g'OO 



— 00 



* 18 (JJ 2 ^ 



j 4JUS ol^Jl 




lim 

X ™>0 



lim 

!jC 




2 

x 

[log (1 + x)] 

3x 3 - x + 6 

3 . 2 - 

x + x + 5 J 




1 + COS X 



sin 2x 




lim 

x— »0 + 



cot X 



log X 



lim 

X — * l 
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lim (x log x) 

x-»0+ 



lim x 

x — *0+ 



sin x 



lim (sec x - tan x) 



cos Vx - 1 x 



• Ux c? >w> b.u- n dSo Ujup 



y] — > cc 



log n 



x e — sin x 

. 2 

sin x 



logx 
- 4x + 3 




lim 

x— >0 



1 — COS X 



lim 



X — *00 
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oUj yss 

The Riemann Integral 

o 



L.O iLUJl Jl jJJl j ilc j 7.1 

Riemann Sums and Integrable Functions 



i,, >1 ■ a ^^>v4 t. ..Jl la 1 i Cn3^_iJ L* k— »J i 1 *xA j— 1 1 1.1 o| 

. ULOi £^*U**1U ajIaIwkVU ^J-olScJt ob- kl»~ > - 

. <Lj ^aLI *_**l>ait y Ua£ tk-db^ y li^Uaj! 4j ^jaJi bfcj 

^JJS (Darboux) j_»jb JxLScJ «• jlS^a ^jux«J jLcj J^lSo of C& 7.3 xJi j_j 

. LJLaJ 1 ^Jssu^lj.* inJ&jAj 



^IxX^Vl# {jj i j&\j^\ ^jA * j oLjI ^ <Jj&i jj r&* OtCj 



^ ^UVl 4 — j ^ kJU j— . > i^slju (JjUxJi I 

" ■'* 4* (i 

. AdXJtJJ JayljUJ j^!l <>c*wJi i yj 

SJLjjJU P (Partition) . [a, b] AiUtli SJuJl l^iUaj (Jj U~ *Jb f of y> y* 

: otilil ji/ ji\ ■ {x k } t=0 i.s-uJI «i«Jl j> [a, b] 



* ^ 

y jt ^JUi P e. ( jy^j\ (norm) jLjw kJyuj 4 



a = x rt < x, < . . . < x 

0 1 n 



! d>L 
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I 

I 




max 




k = 1 ... <n}. 



P[| ja U J jj£t i [a, b] j-* n p 

jj ■ (P s^ 1 ) k ^ [x ^-i 4 x k ] l -^ ]j 

0 ^" 



‘ x kl 



j n k bJL^ n Jl -LJj-A-l ol^i]l ^ V-* 



tl 



p(f, ri = 2 f(^. ) (x. 



k - 1 




Jlip 4^<JLtI L* jiuj , [a, b] Jp f iJlAiJ jLcj IJ—ft 

.j # 

4—2ia,i 1 i 4_>-L«» Lj^Aj ^Sa A i P(f, 1-0 j! ^ JJ^ ***'’ (--jLwJ*- 

jj# jj_Sb Jl-as [a, b] J iL^ai>» yv-t- f cujL5 <, £_JaJl_>) f aJIjJI 

^ AaIaaL 1 C JUh Jii ^ j f 1 i>— ,*, A « ^ 3 J I 

P (f, fx) jl J-Jhj (jjj-^aJi jl ,^-a^M -bUjVi {jA Jb^ oL J>A jwi; iiLftj 
: Jj \ cc i dlb ■ [ a > b] J* ^ « 4 Ja^.jd 1 <u^b) Uy Jl* 



n 



P (f < |X) = (b - a) 2 f (|X„) 



(\ - V,) 



k = 1 



(b - a) 



(x 



k-1 



) 



J jJi* f (|JL k ) ir° ^b_5 jU 



(b - a) 

jls diUjj . |x k V 




i I 



& 





b j*S Uj>- J^-S (5*^' 
^JiiJ jjj^-Li l a « . « jy tl 



I hiwj 



P(f, |x) jt£j [a, b] ajliU 

jl A— 3 W jl 



J_p f A_J\jLJi Ua— <jjj> P(f ^ p) / (b a) 





0** 



jl5 f JJlJ JJi 

mJ L^\ Jl ||P|| J J>. P (f, 1^) 



lim P(f, |jl) : jl5 [a, b] Jp jlcj Uij J^lSciS iLU f jL Jli» 

IIpIM 
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^ ^ 111 & 



a 



4A_pJl <o-i (j,i j-^ji 4Jli*l oJUk c a 

- [a, b] JpfiJui! 



cJjJl j 4J M * aj iJLfc oL eil J^ pVI t Lj^ljja j jl tj~^j 

j_jOp- p_gjLa ja L_<ij^cJi ^JLp gU ^ijl lim P(g, |jl) (*>^ 

P(f, (i) jV i ilta lAf. C-J vf 1^ ^fcirLl,! o— J JlSLJI j«j . LlU L 



JU-i 



of 4 ju &- UjUp( J Jb^U t xSfcJI !JU jjJuxjj . ||P|| ^Jcil j HJta 

♦* •* ^ m 



£ u 

j^ST J [a, b] 5j^-iU o^UjJ- ^\ ^jiS x. 

vt- 

[0, 1] 0 t & ^yxx t 






ot 



olia— <c< 



^ A AjuJ^- 1 L^ 1 J*J 



\ 



r 1 2 1 

{°‘y ‘t 41 >’ 

{ 0 il < 1 d <A 

1 3 2 4 J ’ 

( 1 2 1 2 

<{ 0 i i — i — i — c 

1 5 5 2 3 



PJ 



1 }. 



j ip 



oU t 



5y2lS^ i3J^ •^‘ji* |]P|| ^3bt*ii jUaII 4J [a, b] 5^^413 t^yy^- J^JU i*24l.i oj^-c-jt 

'if P | o|— s ^1»1L>^ * n — H 4**>y^-\ vP'kJ JswjJt 

J li**^ ^-dV^ (*>4^ iSjJ j ^ {j* t P(f» M-) 

. JiLJl <~A> yd’ 



; 7.2 wi > 

8 L-^. jjJ^p <CU e > 0 OiS" \s[ A;f (dim P(f, |x) = I* tfjiLl ^J 

MM> 

Ja&ii jL-c>- 1 ^Vj : P <8 j\ — [a, b] Sj^_4iJ P s-^y^f- ^Jjxj Oj—£o 



<AJ.\ {ix k e[x x ] 



k = 1 l ... <n) 



■ |P(f. M.) 



I < £ 



1S3 



*1 iyl JtU Jp lim P(f, |x) 

!|p[M b 

5 



AjtfJi iyrj dj&i 

jL-fll^xii !.ii ji jvj P , AjjA^aSI AjIp 



sf J-4^' 



L^u-i lim P(f, jx) 

IIpIM 

i^JI ^jii3 tvlJLJi aaj . (Jlj-*— J i y* 



ijLfd! ^ ^ J ii d... l^| ^.-^.^.^.^.. tj 7.3 JuJl , Aj^JajJt 



& 1 * aIx>I LaLSCj 4*JLl_$ /jj I JL->tJw>) 1 

(J^da^-wvj *uLli jLxpM ^ . laT . i li*l 



: 7.1 JLla 



J—oUCxU aLU f o[-9 i f(x) = C JulJj [a, b] <J-p olJ f cJL5 

. f f = C (b - a) J [a, b] 



: Qj& l)Uj ja tiV Ail Ja^*& JLSUJt \1* oLjNj 



n 



P(f < ml) 



VI VI 

= 2j C(x - x ) = c2(x 

k=l * * k=l 

= C (x — x ) = C (b — a) 



k x k-i^ 



¥* 

; o Ul oi» E > 0 ^^IoaL! Aj^» 
l)U (jJJ Jbj , 4JbiwLo yi>xl, > | P(f, |x) 0 (b a) i <! £ 



lim P(f, ml) = C (b 



: 7.2 J(_t» 







(b - a) 



. [a, b] S/Ii 4 ji J^l£dJ aLU jJz- g jj 
Ij^U L^LsISj r£s N J g jf oLJ\ 



P jlS" 1 < - 4-a tP *■{£)£ i £ ^ . ( Adial**}U 1 ) <u^Ujl ^p jijp^lj (<uLkdl) * 
ilOpfj a^U il J_pf Jp _ Sjj - P *^^>d I li^ S^Jbi JS 1 

■ cr*^3 ( 



ft **^.1 



Q j 



Q J 



kV x J ‘ K! 



X. . < \ 

■ k- 1 



ll 

p (g, to = 2 g (n' ) ( 



k=l 



k) < X k ” X k-l) 



* Qj£j Jj Ju> 



ii 

2 

k— 1 



(\ Vj) = b - a 



ii 

P( g> = X g M (x 



k=l 



Vi> = 0 



t oU^j| ^ (b — a) j* P(g, p.") t P( g> jjl') ^ JyiJl 01 U, 

^1 jjhj A^o jjiji Oj£L> of I jsJLaJI OUi A>-w 

ty / ll 4 ^ i * A A / A \ . Jb . . > 1 a *W I) / /V . . \ ? 1 . t I '.I* Ait! f ^ 



p - 1 U*J 4 



lim P(g, p.) 4_.l r 0l jU diUj . 

l!p|M> ' 2 ^ 

• I a » b] j j,isaj aLu ^ 



J^UJ 







[jiaJS J J f j«a7>> Jl S J! 



a 



dx y jJ 



\ ■ 



A_ 5 b Jp Jl-ojJ 



(J 



dx) JjJotyl y~ 



!«x>kmuI JUjp aLL 



7.1 



L 



a, b] LgiUaJ iji J_e- JjLSiil iUi f jf 5 Jl 1 ^ j C_j! 

C f - 

. J I -uj 
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1 



:dj& t [0,1] J* 







[0,1] > 




x = 0 jl 1, 



M j ; 



i* i* 




f = 0. 





0 , > T jl&» ^ J 

K ** 






[ 0 , 1 ] > 



[0,2] Jp 




1 , OsSxsSl, 

-2 , l<x^2; 





, 0 ^ x < 1; 
, x = 1, 

, 1 < x *£ 2; 



; <, [0,2] 




:oj& [0,1] 
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:0]» t [0,1] Jp f cJtf lil :<lt 



if 



11 



im 



n 



12 

n k=i 



f 



n 



= J 1 f. 

-'o 



:oicJ i [ 0 , 1 ] Jp UlSUJ iLli f J f(x)=VT 



2 



Oi 'Ja*** 



lim 



ISVn 



n 2 

n k=i 



< 



f. 



: of oJf [0, 1] Jp JA&Jd <Lli f J f(x) 



1 



x — 3 



n 



lim 



1 



2 - 

n k=i k — 3n 



= f 

J o 



f. 



Oi 



V-L-Vl^ lji -1 7.2 



<21^LoL-o *Jljl k L-JlS^ Jb JL_>" 4 jLj-lL 1 ^ a J^LjCo U IjC 



iLU fjt SjL^ ^oUl IvUb * ij LpJl ^ * 

Uax Sjo^-Vi c-jij— >Vi Jj . {( J«L-^xlJ ibis fs J! ((of— L asj JaISj.*. 



, ^«o^z 3 i lo^“ f Llxj of *w*^- (jy^i (^>- ‘bi _£*■ t ot>UlSL 



. (unique) 




f * 



I 7 *1 4o j)a» 

i*J o]j <• [a, b] Jp J.l£dJ iUli f iJUJl cJIS li[ 



: OUyJi 



£l 

01 




N J oi - k - * + I i 1 *-"* I ^ 0 , H p J k 1 mi P ( f ^ I 

| J ilpli 

e := — t P(f, (jl) a_jI^ o of 




e ol ^ 



^ (I 



I 4* e) 



(J - e < J + e) OyJUll oi I < J Os «l~ll 






. of-j^i^ 
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* . 

P(f, |x) jLi ilil^ ||P|| jW*-? E a ’ to] P U-Upj 



JlJjl^p . {(Jl) iiJp^U jU^' f/i SJzj (I - £ < I + e) S/i 31 J Oj-& 

^ ■ J k=l 

$S ^ |p(f, fJL) - j| > e OU lAJj (J - e , J + e) J C~J P(f, \x) 

. J ^jU ; j! ^ Urn P(f, |x) : jU ^ U*-* H p H 

IIpIM 



: 7*1 ,y»J^ 



Jp Uisai iUi f iJlJJi 



: oU^O) 



JL^jJ . jJLp I Ol j&*J t [<*, to] (Jp <.*ij** f uE ijpjte 

j jSi C~>u. {n k } t=l jU^-l j50J.I j* «->!» SjM ||P|| jUll 015 (jf- 

J,ji} . |p(f, |i) — l| > 1 : JUI J! £>>. u 'X'J |p( f - P) I > |!| + 1 






P(f. 1-0 



I > 1 



J^p J_p j^s* dj& oE f 0^-3 jj-LXP [a, b] SjUiJ *{£}£ p ^ 



tn-l 



i\ 1 SjL^S t .pJj t P oJ — >*L\ i-SjJ ri oljLill 

m J ^ ^ ^ n * 





w: 



j t k 7^ m 



k=l 



, *JL> Jfi 4jL> t 
•* * 



k-1 



P„ ^ X, 



n 



. 14-2 |f(|ji k )| (x k - x k l ) :xuJt UjO^ 

k^m 



jUss-M 

£ *- * r m - 



m-1 



o^b 



l f (Pj (*„ - X m-,)l > 1 + IH + 2 M K ~ V.)- 



I C* \ . si \ a 

i w J 






<J 

V*^ ** * 

lixn P(f, |i) 
IIpIM 



jLi 



^ Cr*J • 



P(f, (x)| > |I| + 1 



Jp J,l£dJ <LL5 c~J f Oi# 



jJp Jk_/»l£xD (jv_xLU tjoit 



IIS’ fy 



b] Jp J^LScjJ ObioU Ufluf 



1 
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:oU | P 
P (f + g, |A) - 
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:j J.I&JJ illi f + g jjZficSJ 




8 jbiJj c * 0 jt c = 0 c f iJjtf j^Sj 

I|P||<» d* 




Pll < 





w 




k= L 



Cf (M. k ) K 




n 



2 £ oo (x, 



k=l 





f 



< 




J b pb 

cf=cj f 



jii kiiJJjj 

t- 







f _ g 




*> * 



c = -1 



f + c s 



J3 7.2 ijkJI of ^ J#* 



Pjj iiLjbj .(7.2,5 jkJl) AjUi^Vl db*^ {j* m ti* 

jJb UjLxpI j Ju>-L 3-Jldi 4-jJad! ^ ■ t)Lcj J»l£d l^LSJ 

- #*■ 



. ^r°J if?. t* lM — 4 l+L»lSo jSJ} iui 
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: 7.3 i,jk, 

J-* J^LScU iLli f jp [a, b] Jpj [a, b] J_* J.L£dJ iLli f 3JUJI cits' lit 



:j [a. 



J c pb pc 

f — I f + f, 

a a 



; jU Ji 



J * 



sl^' J-* [a, bb [b, c] J t- P P ip.j?c!l J-14 [a, c] J* P 

* +J4 

t r*" iXj„j Ox 5 3j-?ry> 0j-& O' <*jU tP Ja& b i bj 



. b 



dj£j 



iJLP 






L-a[ Ujjj OjSCi oij t [x. 1? X.] ^jA 



i-U Jl jb>0 t P(f, (jl) oUj j 

■ Pj e [b, Xj ] jt JJL. e [x._ 1( b] 

of <llU j< 






P(f, \x) = Zf f((LL k ) (x k - X k l ) + f (|JL ) (b - X ) 

k - 1 J J 1 



f(b) (Xj - b) + f (ix ) (x - b) 



n 



+ f(b) (x. — b) + 2 f (|ji ) (x 



k=j 



k' v k “k-i 



X v_,) 



= P i( f ’ M*) + [f (M-j) ~ f(b)] (x. - b) + P, (f, (Jl). 



[b, x.] j (ul. otf bi cjdb 

P(f, (i) = Pj (f, M-) + [f(P:) - f(b)] (b - X ) + P (f, (Ul). 



I a ’ b ] J f(x) < k 
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P(f, p.) - P, (f,» - P 2 (f, |jl) 



2 k IIP 



x. - b < x. - x. . 

j j j-i 



• b — x. . < x. — x. . 
J j-i j j -1 



jV 



jLi>l j* L^itc [b, c] J e-j [a, b] J-e- J*L£d! f aJjLs e > 0 jLS' lijj 



l|Pjl| < s i ||p 2 ||<8 o! 



p, (f, (*■) 



J 



f 



£ * * 






(t |x) - f 



f 



< 






u 



> t, 1 c-JUaJ I i) <2iJi {j* 8 jlx>u <l)f L*st>f Li!x£j 



jt Icj . 8 < 



(6k) 



:Of 



iSj> 



p! 



c 



H p i 



:J 1 i|* 5 a l|P||<8 



p(f> m-) - ( r 

a 



f + 



n 



P(f, M-) - P, (f, |t) - P 2 (f, (i) 



rr^^rh 



P,(f, (0 



J b fl + 

a 



:( f ’ P-) ~ I 



f 



< 2 k IIP + 4 +4- < e. 

3 3 




: 0 U 



r* W 



oU-fd Ud\ ijUAj .2.1 j 2.2 (S^ktu) aJ^JI a^UUj 

i ^ l 4^ jf U 4_iu-^ lit Ull i jb <ul*Jl . dljJl 

. (7.2.4 Uj J*\) Uif JJ: jJ~\ ^ jU 
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:7.4 Ijk 



x f(x) « g(x) 



LSj [a, b] Jp iLU f, g y AS d\ S li[ 



: jU i [a, b] j 



J b pb 



g- 






Oj-£j t j*A*a aJJ 4JbUa_* f(x) L fyS j j_5sj <JUU I * X *ll i l 

Oj — ^ ^jA ^J_^J J__)U *c - c [a, b] g(x) ^ 0 

jJ — p <J j m*A 1 ^ e = — I^I<0 0 I 5 ! j[j . P(g, p<) ^ 0 

*1 J-* (Sj^i I uv.J P(g> M-) u« oV ‘ P(g, p,) - ij < e 

.(7.1 

J «L£dl ilil— -$ X.Jjl » "> ~i 4-Jfj f (l)j— 1 ^JsJl 4 aL_*Jl <UU-1 .>j J_> (jVij 

■m* **** 

• f( x ) « g(x) S 
■ h (x) = g(x) - f(x) 

‘ [ a > b] J* J*l&il *Lli h djSj 7.2 ijkdJ Uijj .h(x) ^ 0 of y 

:0f U JSy oUjJl IJU y JjVl 3U-I oli IJU 




J b r*b i»b ^b 

h = J (g— f) = J g-J f. 





0 &(g. m) 









f 



5-^— 4 is 

. b_J5 Jxuu ^il 

OJP jJ& of jSs 



* ** 



AjLj- yfa J-*l£dJ Sjjrtl! ol^ 

Oj$ <Ljli ij^Z ti^i-LupVi ^jA oy^S" Ja**yu Jl 



Ot t JA_£Ji aa-xJj P(f, p.) J 
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i*J> jt J»l£d! f aJl»U 



.7. 1.1-7. 1.5 .vile j w«US-l .Jt» 



: 7.5 i>; 



S^i L5G g(x) = f(x) jij [a, b] Jp ,>15^! 



^p iLU Ljijl g 



f 



f b 

J f 



: jU jJi 



* jaa,? f /jP g l— Jjil a 3U-S tllki Ajjjalll C«*j jt 
iLl^P j\ jS > JJ S-L>*1 j <daJb j j^r*^ Iff*"* n ^ * I 3, ^1 




JL* IJl* IgJ [a, b] J X J-& g(x) = f(x) jt <» ■ V* n 

z J*ry jt ^ P n$j£ i|Vj 4 [a, b] ~ {z} J x ^ JS3 z a^lj <k* 

4 [ x m _p x m l j Z “*“*) 'Jr*J-* r ii (J-* 

] 



: Ob -O-cp 



■V X m*l 



E 

I 

r 

■. 

■I 

f 




l 

F. 

r 

i 







P(g, ijl) - P(f, M-) + W. M-) “ 




n 



< 



^ [g^ - f(^fc)l <*, 

k=l 




) 





P(f. kO 




g(z) - f(z) 



(x - X ) 

v m m-r 






g(z) - f(z) 



(X 



m + 1 





P(f, n) 




a 
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P(f, n) 



f . 



5^ 



(4 | g(z) - f(z)|) 



£ > 0 ol5 b , 



* Ji ■ j P| ^ S ^itS" 8 LvO^ t 




p(g, n) - J 



f < 



g(z) - f(z) 



* M') - J 



■ J! 



f < 



(26) + — < — -- 4* — = 8. 

2 2 2 






7.2 



f(x) 



x^O 



x > 0 



:ot J*** 



[-1, 1] olJUJl ^ J5 Jp Ll£dJ iLla f CJIS lil U ju 



: of c-Jf t J 4 sec 2 X dx = 1 

* ^ A 



.[ 0 , 1 ] 



oi Jo** 



4 2 / 
tan x dx = 1 — 1 



! d4 ijo aJLIJ iJb s »_ h jfu f(x) 



h 4 



1 + sin x of yu 
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j x J£J m « f(x) « M 



J [a, b] > 2Jbli f lil fit C~it . 4 

: oU [a, b] 



m(b — a) ^ J f ^ M(b — a). 



: aLU JljjJl m f\y>^ (J* 7.2 



** ** * 



.5 



f p t) - 2 j; ., 



i -1 



fi j 

J-* P lil [a, b] Jp (Step function) v-LJl ^ a iHail - 6 

ijJUi (X k _ p X k ) l^y^A A-SjJ>- JS - Jp i 

J, J*L£dJ *LU sJLil iJUJI j! oUN 7 . 4 j 7.3 



[a, b; 



^la*. U.i tP * 



( x k „ P x k ) J cr(x) — y 



1\S !il 



H 



J o 

a = ^y k ( x k“ x k-i)- 

a k~l 

iLUj Uk^u f CJ15 lil : (MVTI) cJ 



f 



: [a, b] J n- -5-uJl -b-CP -^ry [a, b] ,Jp 

%)(b-a)= f f. 



Jal&U . aJjUII jUfca 7.3 
(The Darboux Criterion for Integrability) 



OLx J Liij J-oL&dJ aJuIaJI JijjJl ^Ijph J ^ a arJ l ti* J ^J>y 
jL-ju» JiUa I j—A jli . bni P(f, p-) <L*J J-* ^ 

‘ ‘ I Ip! ho 



. jt- ijjij y *^U 14* y yj «h , tS3J iLli <h*4i Jtj-xJl j! a*j l^j c~~ 



(*) 



166 



. (Sequential convergence) oUbdl 



(class) iJj—^aS ( y« Jiji A-JuLi oLjI 4_>l*JJ JlJlo I Jla j 



. ^IScdJ iLU dij*xiij 4, L/3„d 1 Jij-xJi o) 1 <>-j 4 j 



cr^y^ * jl J^jJl Uj& <j^L*f 



J5 (Jp f jf 



. [a, b] ^ P ofj t [a, b] Jp ilb f j* 



^ ^4 [Vp X J 



0 rj 



m. 



gib |f(x): 



: x kxl % x ^ x k 



M t = lub {f(x): x k l 



}• 

}• 



*P (ji A**oJb f illjiJ jJp-Vi ^JjSLwuVi O'VI 



n 



L (f, P) = 2 m k (X k - x ); 



k=l 



n 



U (f> P) — M k (x k x j c _ 1 )' 

k““ 1 

; Oj£j P(f, fx) oUj Cj* '(jy4- iS^ ^f 



m, 



f(|x ) ^ M. 



jV t L(f, P) 



P(f. M.) 



U(f, p) 



k = H ,,.4 J 



oV ^ oL_Cj V Jj JuL^Vl jf Ja>*'!dj Uijfj 

. f (^-L* oUjSu V Ji m k ^ M k 

l— 5 *sXj j P oLi c P C P f j [a, b] <J Ldj^ P t P' {j* oU5 li[j 

uv *-i£j£ iai JU^o^ P J jJjj ^yr\ . P J (refinement) 

(JL® P — 1 P OL^ !•>) 4jf ^y£#l ^Jl • P ' 



JU til U»ft . 



p' < i p 



PUP* OJi JU1I J_~, J_t ttfJLi. ItiJU ^ uj» [a, b] J J&J. P*<P 

. U*^ Ja2J j^3 Jp * P i p* \y» J53 UJx' 
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:7.1 




4 



jl5 lil ajI <^l tLUil 

n 

L(f, P) = 2 m (x - x ) 



k-1 



; jU (. P' = P U (Z) (X- ! j Z ^ U^l 



n 



L(f 



, P') = 2 m (x 



k#j 



- x, ,) 4- m ' (z 

k v-fc A k-1' 



X: t ) + m " (Xj - Z )>' 



J* [Xj.,, z] l [z, Xj] f(x) 







U» m’ ‘ m" ^ 

: o]S cOSxj 



;|JJj ( 7.2 >lt) 



m" 3^ m ‘ m' S m 



m’(z - x^ j) + m"(X; - z) 3 m [(z - : 



x,_,) + (Xj 



:)] = m (x - x ,). 



JllL, . L(f, P’) 3 L(f, P) : oli f CSJ 
U(f, P') « U(f, P). 

P’ = P U P* otj I [a, b] J-e- <J P ‘ P* o! j'll'j 

t_w JiAJl OU P‘P* o* ^Xy> P’ j! 

4< * 

L(f, P) « L(f, P') « U(f, P') « U(f, p*),- 

.7.1 JJkpUIl ijkJl V~fl J» Oj&j 



168 




A 



(7.2) JSLi 

Jj I J-ef f iJlJi! JiJ! Jjjj-I JS ii jt U jsy 7.1 SjuUlI 

(LUB) Jp! 

A^LaJT 

? fl ^ ^ 

! tJiJj t-OLiSl oJui* (Ji^! JL>- 

\(f) = lub p {L(f,P)}. (li 
:o_>So cs>^ jJp Zjy&* 

. X(f) =£ U(f, P). ( 1 ,I| 

LU!l £r*UJ.! J 5 ii JiU>« 

: Ji A(f) 

■f* 

. A(f) = glb p { U(f, P) } . (21 

lsVj 

.L(f,P)sSA(f). ( 2 :. | 



U^c UJj JSC J^L-*? 



i 3 \S lij 4 lV s X(f) =£ A(f) Of 7.1 SjpLII iJkJt ( 2 ) j ( 1 ) ^.ydl j, 

lt x = [A(f) + X(f )]/2 ( A(f) < X(f) 

L(f,P) J-L-f Ijr^i \A(f) i pi) 5 JU 11 j U(f,P) Jpf 9 y^r jUJ U^r *lli 

.7.1 oJLc-1 — 11 it^jiaJl If (jx ^ X(f)j 
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1SU J*Lw jl £*»W' ux 

btJLJP (^i ? AjjL^I 4>-ji 4->b \g. . ^ .*. <3 ' A J ^jA jLjj_S jJi-xfj ^ jlp^-a-^ *^>-j_> L#J_JP 

4* 

Jl ojL- 0j-& ilr Jl v'jL&li Jp jLcj (V* 1 ^ j£ u! gjZ . X(f) = A(f) 

1 a j j ^ !_,* la. . , /jU t |JL*ft_J „ A^f^J ^ A^f) 4 _Sj\hJ»I 4— 4^Jl 

)\ tS_»jlaJ! &X.A jU^-j ij £j yJl ‘ t -* > P jy^ J^Ucl) ^JjLa!! 

cii <^jjd It P|| 4_A(J^ f j > <j a A UH <SJJj*^\ LJaxj S-IpL**^ Aij^aj 

. (2) t (1) J lub < gib Jl p~*li*j 

; 7.2 SJpLwa Aj^iai 

; jli <. [a, b] ^Jp SjyJisi i3b f cJlS' I J 



ywJ 



lim L(f,P) = X(f) 

| jp|| — 1-0 



* * +** 

■j~ a * 



lim U(f, P) = A(f) 

| |pl| — *0 



p|| < 6 jl 8 <-*>-** ^-Ap Jerjt <0 Is e > 0 jli I J 



L(f, P) > X(f) ™ e < U(f, P) < A(f) + g. 



: jUjJi 



jl>-^j ( 2) <LsybiJ Iasj . s > 0 jlj [a, b] x |t(x) < K jt 



j-* 




t U(f,P*) j 




[a,b] S^_iU P* = {z,},l 0 






P jf 



9 T -fe 



8 = 



(4qk) 




A(f) + 








; U(f,P) < A(f) + e ut 0^ u-^-lj • ll p ll < 8 

,p* < P ^ P' = P U P* 



Ji 



j ^ Lf^uj <.P* a* z i a* P 4 { x kl k=0 ^ ij-X^P 

U(f.P') 
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• z i«i T t x k -r X J SM k (x k -x ) 



(n 



k- 

ol 




* ** 



Zj ^ (U^ jt) X k j\ x k _, u; 0j& vi_ 



U(f, P) 






M k ( X 



k~ x k-,) < l " 




I ol vl_ 

W £ ■— - 



-J 



J-S 1 — «-<j , (ii) ^y> jjj-J-i ^ L ,. „ . aK j o^Sw U(f, P) — U(f, P') 

; Jjoj ^ 1 4q — 1 ,>• ^1 ,> (ii) J>JI j 



k P'll < k P <k8 



-( 



ke 



4qk 



)= 



(4q) 



U(f, P) - U(f, P') < (2q - 1) [ 



(4q) 



] 



< 



: oU viJU-L « 



U(f, P) < U(f, P) + 



■ J 



U(f, P*) + 



< A(f) + — + - 

2 2 

A(f) + e, 




lim U(f, P) = A(f) jt IJ&aj 

IIpIM 

J£L>, lim L(f, P) = X(f) jlii! *jJLl oUl -Ss* 

HpIM> 

: J-l&JU ivlUU y,'j\s Z> Jai ;7.6 5j^ 

[a, b] J— p <LU f SijjL^ll aJIjlJI 

J f — X(f) = A(f) Oj5n j aJU-I aJA jJj 4. \(f) = A(f) 



; OU jJl 



7.2 SJLpUJ Aj ^ kJU a;Ui~-VL *, e > 0 jtj \(f) = I jl ^j! 



J! ! p <5 &}> 5 
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L(f, P) > I - e <■ U(f, P) < 1 + e. 

: { M - k } k _ 0 J S'i ■ti-xs’j 

I - e < L(f, P) « P(f, (i) *£ U(f, P) < I + e, 




[a, b] J_* J.L&JJ iLU f jU ^ y.j . ||P|| <8 jt U.U» |p (f, |x) - I 



< e 



■ J 

a 



f = i 



u! * f b f = I jtj [a, b] J_i > J-l_sai aLU f jf j% 

^ a 

4 U(f, P) - L(f, P) < e Clj-Z P L. nijjfJ 4j\ ^T— o! l^isL t^l £ ^ 0 
A (f) - X(f) ^ U(f, P) - L(f, P) jV i X(f) - A(f) jt Jj-L^p 

», *i i b j^ t, p e ji A(f) X(f) “t” e p ^j,,«rf3„>«L*-i.-.f3 1 kii j 

I* ^ ^ 

• A(f)S\(f) JiiPir- 



. A(f) 






0^ 



P(f, It) - 1 



< 



J! ||P||<8 tSiy, 8 > 0 jbij 




M k = lub{f(x):xe[x k _ r x k ]} 



J 



m 



k 




: jrjwUil jJ I [x k ^ r X k ] j ji£ < ^ 



f(^l) > M k 



e 



4 (b - a) 



< f(^)<m k + 



4 (b - a) 



: jU Jj-Up 



172 




lO 



] K - Vi) 



U(f, P) 



= 2 



M t (x t - x k ] ) 



k=l 



n 



< 



2 [fK) 






k-I 



4 (b - a) 



n 



P(f, jO + 



4 (b - a) 



E 



k -- 1 



K- x k-i> 



t e e T e 

< I H H = I + — 



: JdL 



n 



L(f, P) > 2 [f(p.") - 

k=l 



e 



4 (b — a) 



] ( x 



k~ x k i) 



P(f, M-") 



< I 



= I 



; jLi 

. uU jJl ^ dJUi^j U(f, P) - L(f, P) < . 

bJU (, ^ol^cJU iLdi Lo ul OjLjI a.* I jj*p 

.7.6 Ai^kJl OU^ J g>UI J5LiJS j ^.V 1 



4j jJaj ojC^ij 4 



8 > 0 



: (DIC) J-tS&i U;UU jjjla jL*^ ;7.3 SOpU. 

j Aj[ o*>o [a, b] jJ-p 4Jb f cJl5 b| 

: ijLdl ji* 



U(f, P) - L(f, P) < e, 

. [a, b] Jp J.t£dJ Jlli f jb 
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4jUI {j* 7.6 U^-AjJ o* pj Ji t3 j> la - 1 i ij-® 1 O^ 



. tjh 



lllllllllllllllllllll>lllllll¥*WWWWIPIIWIIIWWIWI 



7.3 



I 

{jr^j 



12 



n 



p = { - } J 

n 1 n * k=o 



f(x) = x ji J* 



L(f, P„) 

J-* >Li 3 J SLU f Ot 7.3 U^l-Ll i-JUL* ll^NL 0 ~ r * ■ U(f,P„) j 

.[0, 1] 



1 



■'o 






( 1 ) J ^ ^ JS J> . p„ = { | } k ”. 0 otj f(x) = x 




_2 



1 



jtjju,P={ 1 J f( X ) - , . 

^ n l n J k=0 (x . + 1) 






- 3 



J-.&d) iLU f ui c-i! Ji dj£ dlijuj i lim n {U(f, P n ) - L(f, P n )} = 0 

L(f,P n ) jf U(f, P„) k-J JjU : jUjI) . [0,1] Js 



L.LSaj iL Li f jt Os . 



P = 

n 




n 



2n^k-0 




■ (lc rrf £* 

^ t c 

Ul j f(x) = sin x ot - 4 

[o< > 

L ^ J \w? 



f + i { 



OdljJl (.iii f tsV . f aJUOJ |f| SilUl jU; 5-9 



f + (x) = max {f(x) 4 o}, f (x) = max {-f(x) ( o} 



: j j£5 f !Jb 4 jf c-it _ 5 



f = f + + f 



f = f + - f 



J.L&U illi Lfljt f + jL» [a, b] Je- J.IS 0 U iLU f cJtf li] aif cJt .6 



■ *i ** * 




. (P J ji\l I j jiil f aJIjOJ (M k - m k ) ujli :iUjl) 
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SJUJI J_p J.LSHJ *L15 |f| ou [a, b] Jp *JLU f oJlS lil *ji oJt -7 



Ul£dJ 



ijSi dlli UlSHJ *JLli jjSj jt jSL: 



. X 



: jU [a, b] Jp J-I5a! iLtf f cJl S lil 4 Cwt - •> 




Jl jjdJ U£JI JJLli 7.4 



* ") l J ojl j a c-jL— . tfl l Oj£j (3?^ 

]| 4»LjLji JuJl^- j ^ujiSj ^w»Lp 

* 



1 



* x 



0, 



f(x) = 



J 



0 




aLU “ J 



t x G IR ~ Q 



JL5jj 0% . - 5jL - ^ l?' (.^li lS> f jt 

j\-<euJ jJUi oU)fj . J f = 0 otj [a, b] ® >J of J-* J— *lSjU iLLi f jl 

[C J«_415oJlJ 4^JLLiJl 1 jLkAj«^ 7.3 oJLp>Lm*LI aj^IsuJIj 
-LUJLjj .P s-i£j£ L(f, P) = 0 jf j_ j .X3ll js> 



a 



it*!?"-! 






. U(f, P) < 8 O^i r **i P dUi jp t± 






b 



JajaJl ^JLp Jj>-^j [a, b] o JyUl jjj 



j iadJi eJUfc Jl# JJLP ^ yij 



1 8 
— > — 



2 (a - b) 



175 



f^*-**^ ij . llPil < 



(4m) 



0 Pi \i>y& P [a, b] 



n 



U(f 



, P) = 2 M. (x 



k = l 



k v "k X k-]) 



♦JLj* 



J&J ■ M k > 2 (b - a) 



^ja 2m JS^\ J-c- ^rj-i 

\ UjjJ 



MkK- Vi) < 1 -'l p ll < 



(4m) 



J_S jj . (2m) [ 



£ 



(4m) 



] = 






*X>* 









M 



k 



[2(b - a)] 



oU-di 



• { 



n 



£ 



■WW 'V 

[4(b - a)} 



]2 (x 



k=l 



Vi) = 



ILLS f of J! &y. J-oLScU iLUJJ yp of J i u ( f ’ b p ) < E ^ l - LS '*- s 

J* f = 0 jij J.&JJ 

, J.LSH) Jlj-Oi oU i J* Ufej j! j£s w iLU Ui*f p- kitj 

^ a4A J> ye 4jUJJ ‘ b J*$ jbjbjt UAXj 

: 7.7 itjal 



. ialikt S JU31 oJL* Jo J-lSc03 iJLVS f [a, b] Jo iU^ f i)U)l cbtf b 



uU jJi 



6 ^jU^I ^=ryj. jOo ^ of oU>! (DIC) oXUU J-| jb jUr 



: o! 



£ * 



j p C(_£J^oil Oib 4>-jJ 



U(f, P) - L(f, P) < £ 
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Ol 



® ^ ■ t a ’ b] f ri. U a. d i aJI jJl 5.5 liJaJ J Ui, 

: [a, b] j x\ x" <>\ 

. f(x') - f(x")| < ^ *_ a) Jl ^ijv |x' - x"| < 8 

J k (vijJl oli i-IjsLl SJLiJl i^Lj t ||P|| < 8 Of C_*v P jVi, 

K-i- x J J K> K [x k _j, xj LJ>I sjiii 



Jb lub c5>^ 



f(p'J = M t < f(|x") = m,.. 



jk*a\ Jl LLidl iJljJl J_^a; 5.2 i ; j U -.11 u ij <uf jSX) 



‘ (gib JL- 



K ~ Kl ^ x k - V, 



||P||<8 ifU 



:uf 



7y~t 



M k - m k = f (p;.) - f(pb < 



(b - a) ' 



jU lISJJu 



Ll 

U(f, P) - L(f,P) = 2 (M k - m k ) (x fc - x k l ) 

it i 



2 



k™l 



( x „ - x k _,) =•■■ 



. <1jL 5 f 4 ^JLLsJJ Uisjj l,rt,A 

; 7.8 Aijk 

JJ6\ «1a J^>15UU <Lli f uls [a, b] Jp (monotonic) Sj^k* f aJI jJl cJl $ bj 



: jU/Jl 



IS' bj aJU 7.2 AjJiJJ L asjj cA^aSLu^p — f jf f L«i dj& f jj 
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Lx&j LA;! o ol* ^J^LScJU iLli ^jcll-U! ^L* ^*^>-1 

. 4 . . /9 1 1 '- i J \ P f (jl _ Ju Jo>tJfJJ 

i$f l( ^Jl iL^Jl &* J M k [a, b] ^ [x k _,, X k ] v\rr ‘S* *i^ '-^J 

.M t = f(x k ) of 

: [a, b] 5JUU ^'J. ^ P olS lil lAij . m k = f(x k _ ] ) o^» Jilj 



n 



U(f,P) — L(f> P) = 2 (M l - m k ) (x R — x ) 



k= l 



n 



- 2 [f(X k) f(x k l )] (x k x ) 



k=i 



n 



< 



||P|| 2 [f(x k ) - f(x k _ t )] 

k™ I 



IIPII [f(b) - f(a)l. 



j&j P '^ij£ iUL — i Uli e > 0 olS lij o'Vlj 



■ l|P|l< 



[f(b) - f(a)] 



JlJ J uP . 0 j— iuU 0j& f oU ^L? 

* ^ 
i 4 f j a 4 ^iln 1 LdJL) j i \ jSj 



f(a) ^ f(b) 
<■ U(f, P) 



L(f, P) < £ oLi 

, uiicii 



^cjjJscJl jLip'i/i ,x>-Vb J^alScJJ l.g". 1 1 IS otol (J jlS t 

oNlwaiJNI j* jJLp aJI jJJ OjSi oi j^jc JUdi Jw^v- J* . 7.3 Lj^rkJl *>> 7.7 ^ 7.8 

0* oijtf I J <U J o^U^i J! (o(>aJi) £>aJi 

U U ^yj . &\ JUA\ oJu ja j J-L&iJ iLU 4 -JIaJI j jJZ t oNUa*Nl 



aJIjJI oJu> J t*j . oljUM *JLa j J-*l£dj UjU aJIjJI o' 7.3 iJiJI 

** 

(piecewise monotonic) j! . j I <LJIjJL^ 

. aJuUT Aib^Jbu 
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k — -Sju Awli'i'* j\ / J[.^\}\ A^Ua*. A j J& N/ t (jj 

** #* 

jiJUpVi j£s iaUS' Jp JUwJ jlIIj *^p! L*U-#jj *Jb J&i Jp) ^U 

J-^l&dJ iLl—dJl JljjJl jb ^Kp>wail ^iJib'yi jl>- J bajj£ iJlAj . (<L^L2Jl j&j 

. iUU J*i3U y* 




7.4 




L ; 



{ \ m ^ 

J_p J-»L£d! ILLS f j^i [a, b] ~ |c| J.* Uuai* f cJlS li[ 4jf c~lf . 1 



.[a, b] 



ui S’ lit . : 

£ 



, ^mwi* t 




(sin x)/x. 




x ^ 0, 
x ~ 0, 



. [0, 5] > J-LSoU iLU f(x) W 

n = H 2 ^ .... * k s!^w>- [n — 1, * n) Jp f(x) = m n x + b n cJlS b! 

. [o<k-(y)] > J.IS0J iLli f iji 

jLs [a, b] J_ p jQa^JLi I j-Cvtf c^*J LyJxJ <LJL**> jyJ'j aL^u f cJL^ b! 








JwlScJU 4LU}I Jl > aJI ^ 7.5 



oLUp J_p aaJU^ ^ J-L£dJ 5JUUJ1 JtjjJl ji 7.2 iJaJl j UxJf 

t* -w 

4-5^ W- SjjJj . oL_j 0*)bl*_4 J < — t y^aJij yj-i 

5JUUJI JljjJl yui WJI jMl o-s J-.IS3J iLUII JIjJlU ^ M 
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iJLiil J-p il»l5 fg op l a - b] <Jp ibli f, g j* 



:7.H> 



;Lr‘ im 



i a . a i 

* '"fl '*"■ ' 



: oUp! 



£ t 

p of • pL-' jp 4-Jb 1 g J5 Ip op^ <jy- Nji Jpxi 



AjJuU yw>f Ji J'ps <> J>} M fg k M f cM g of »j ‘ [a. b ] ^ 4 

Of ijj ^ — -Jl • K_p X J k ^ ^ 4 fg tg J 

j»jjJ-l j^f ^ m f t m t m f jtf W Jipj ■ M fg ^ M f M & V^J 1 ' 



JS J'p* cP j-v 

of hjj 0- 4 o-A* ■ l\ 



O 4 



: oU dJlj . m f =* m f m g o 



jU iio^j t 



»UI .U 



K -m f *M f M -m f m . 



( 1 ) 



. [a, b] J x ^iS g(x) < f(x) CrJIJli jL^UJ! jlP-l U» .B f ,B g oi ^ o% 






Xaj 



M 



m, SM.M - m,. M o + m M - m m 

fg f g t g 1 g 1 t 



( 2 ) 



= (M f - m f ) M + M, (M g - m g ) =S (M, - m ( ) B g + B r (M g - m g ). 



I +x>“ (2) 



n 



U(fg, p) 



L(fg ,P)^(M, k - mfg ,)( Xk -x k _, 



k- 1 



klUJuj . k (Jj iJji-l s^iD jbbll ai-l Ji k JJ-JL. M (g k m fg k bfS i_ 



U(fg, P) 



I P 

L(fg, P) S B 2 (M - m f k ) (x k - x k _,) 



k~ l 



n 

+ B f S (M k -m gk )(x k - x k _,) 

1 



= B [U(f, P) - L(f, P)] + B f [u(g, P) - L(g, P)]. 
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jlS (DIC) jL*i L « &jj 4 4_jjLw« B 'Vj B f 4_jl yu jl Lju52* 

! 0^ P ijtj J*l£dJ f,g J, JS U;li UJ 



U(f, P) — L(f, P) < 



U(g, P) - L(g, P) < 



f 



2B 



g 



2B 



r 



U(fg, P) - L(fg, P) < e. 



. tl)l 1»X& 



• fg ° ! ST^ (DiC) -* jb 

i Lj^Snj o \ f > g ^ g - * t _ - ^ ^ i*U I 5jLi^! 

4 0L>i5^*XsS' t g Q l i tfj i i NpVj 1 1 LwAi fwXmiij l 7 • 1 L 

. [a, b] jx J£J g(x) 3='L 4 f(x) ^ K J^X» 

aJU-I jjJ*; IJLS^aj 4 J^>L5cdi jlxLlij jdL- f — K ^ g — L jU J^jlp 

.>isaj aLU (f — K) (g — L) jt r bu^ UL^Sf ^i 

^ ‘ vL- " - 



: jl U 



fg = (f — K) (g — L) + Kg + Lf + KL 



. aLIS L^Lrt fg jt 7,2 Aj ^jsu ^ JjU ^Vi o^wi j js" 

(Jl_J«LJi A*aJ {^^4— 7.2 AjjIslJI ^u» 6jO“Vi A^*-JljJl oJl& j 



A; ji a— 'J 1 ox*ii j v r « !c^j>- jl5 IjjAAa LJ L .J* i3Ujt jf 4Ja_>-^A^ ^j^wj , J^lScdU aLIaJ 



7.2 



J^l£x] j\ (j\j|j> Jl«ISoJ <£ J*0 f-Uapj ll« la- .^1 AJL) jj 1 A^jljl (_yA3 

■ d^-j Lj *Jb 



J b rb /*b 

(f + g) = J f + J 



J b /*b 

cf = c J f 

a a 
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f b 

7.9 ^iiUuSUj h J fg J.I&JI $%. 'i Jdlj iJU- j j 

J f fg U£JI i^il U>* LjJj JuC iftU iJU, . Ll£JI iyrj Jaii Uiit 

^ a u - u 

ejj&J „ ^J_«l5cJi 4.i../2.t ji j£s ^JJi -bit iais l;ji IJJj 4 4Ju LjLo 0 j 

^15 /^o lij, <ki\j£' \ S} j J^J>* j ^ ^ ) 

*+ 

. ijldl .j,. cJaJjl Ji 

* ( *X "* Ujjj ** {jgf* 7-1® 

1» n 

:oSi la. b] J» JJfcU 3Ji f. S ;, JS ^IS U. 

Iffe|«[(f fllf .#■ 



: jU/JI 



JalSci] i\A. j *)b fg, < f 2 < g 2 J* "$S jf i7.9 ijkJI ^ gu. 



S' 

^ di*w ^3 Iia * 7.2.4 /jj La3j 



a 



g 2 ^ 0 t J'^^O UjIj 

a 

■ j-^r' 

M 

: jL ^ A 4 B t C il jlp^I <~j j*j 



A = 



JV 



< B 



-2ffg 

a 



< c 



=J 



" 1^ ^ jxll j^Jl <Sj I jJl £J 



q(x) = Ax~ + Bx + C 



: CjV ^ iJL* jJ> q jf aSjjj 



q(x) = x 2 J f 2 + 2x J fg + J" 

a a s 



J (x 2 f 2 + 2x fg + g 2 ) 



- f (- 

a 



+ g ) 2 , 






. jlil oUitj jiU (192 



^ oUL; (1U (1857-1789) (^ 6^4) JjS 
1843) Jj^) * {^JJ (1889“ 1804) 
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.eJL.jjpL.lSi (xf + g) 2 LJLJI jjp iSlJdJ. 



£ 

UeUp q(x) = 0 o' Jaw^Jl jJU •yk* 



— B it 



Vb 



4AC 



X 



2A 



c|^x^ (3 I3 I «w^ t q(x) jl U_. 

: o' 0 ?*^ ^ A* <o^J * ® — 4AC ^ 0 0 ^ (_£t tO^cr^" 

*A ■* 



4 (J b fa) 2 - 4 



a 



(j; t) (i 



2 



g ^0 



J\|«[lf !=)( 

a a 



pb 



a 



J 



g 



2 )] 2 



* ^ ^ 7*10 AJHamI 

** 

: 0U [a, b] Jp J.IS3J 5JLli Jb f, g ,y JS oJlS til 



[f <1+ «>T « [f <T . [J* 8 '] t 

a a a 



: OU 

h 

.7.5.3 OLjJl JjL 

jj.P J-^lSwJ iLLO 0 j£> ObldJ I a3IjJ| 01 l X>w^jf 7.3 0 j,, la, ill ^ j 

.OvJUjl OnU iU 

^J_p J^LSOU aJULjsJI aJjIa]! of jW ol> lIAa oV)j 



.u 



t * * ** 



<Loj^“ 0 jJ Aj 



: 7*2 ^y» JJu> 

f Ojili J_jXp t [c, d] C [a, b] 0L5j [a, b] J_>>lScdJ 5LU <Jta f c-jIS 1 b) 

. [c, d] J^bOLS aLU 
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: jU J! 



JUjJ LaLScJJ oUj^ aajU*J^ *^ t ^**^ 

? - 1 u - ■ ■ 6 - s 

, jj>} iA*Jl £-d >• Jf' 



. 1^0 c 



; 7.11 Atjau 

% 

•JUU a-aUw L5 Jp j^l&dJ <WJ>j [a, b] Jp Siji^ iJb f cJlS lit 

■ [ a - b] <Jp J-olScll iijli f JjXp (a, b) 

: oU jJl 

•jLi [c, d] £JLJ ^ . [a, b] j x J_& |f(x)| ^ B jtj> t e > 0 jf 

(a, b) j^v>r 



a < a + 



e 



6 B 



, b - 



6 B 



=£ d < b. 



jL^L U £*~i (DIC) j-,p _,L~ oil t [c, d] Jp J*isaj iLli f 01 d_ 



U(f, P*) - L(f, P*) < 



0 pi 



> i[c,d] IJM P* 



; j [<l t b] 3^/ldJJ P Oj^i 



U(f, P) - L(f, P) = (M. - m,) (c - a) + (U(f, P*) - L(f, P*)l 



(M n - m n ) (b - d) 



2B(c - a) + {U(f. P*) - L(f, P*)} 



+ 2B (b - d) 



<2B 



f ' + { | } + 2B ( 



e 



6 B 



6 B 



.[a, b] Jp UISOU illi f OjSo (DIC) y p jUi Uijj L» yj 
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1 



f(x) 



sin 



x 



^XwzJLj aJSjJI 7.11 o JaJJ 



<• Jt <Sj-^~ ^ ji JL^oNl 4j*,Ja.a;..<i d.-<~wJ ^JljJl oJL* . x 7^ 0 

4— ^ ^IxJi . JO, 1] J^L&dJ aijls 1 oi Uj^SLc \4Jlb * 



J-* iUx.^ [0, 1] J_P SijJUt JkJ f jli X = 0 

iJLs JS J_c J*isaj iLU f OjSS 7.7 iJiJJ Uij dUJbj 

.[0, 1] J* J^ISOJJ iLli f 7.11 i JiJJ 



f 






7.5 



dJ 



li 



r v 



x sin x dx =£ it 



01 



1 



J tt/4 

i 

o 



(1 + tan x) Vx sec x dx 



< 



v ~ 



96 



IT j I C~4l 



rv 



COS X + x dx 



(. + V 



3 



TT 



24 



0» 



<• [a, b] j x J_£J |f(x)| 2= 5 > 0 j J-LS^U ibli «Jb f cJlS lij <_;i 
j r& f 01 Njl • [a, b] j ^Jwal^dJ iLLS 0_^5v — 



. f 



^ n1 



: oli 



j: 



n 



fg = lim 



2 



|P|| *t) k 1 



f (M-' k ) g(K) (x n -x ), 






x k~. ‘ X J ijA\ J Ovi 



e 






'j* 



2 ^ 



*w>! *— 3 jla it j j£i <-il5 ^rJwaJl P J 

*[ p (fg^ M-') j^J J* 



4 



s 



* (7.9 4j jJidj I jl&y <J ^ U*Jl aJU-4 aJU-I cJla ^2 <LiL* 

. 7.2 ^JUII oJt _ft 

a, b] jj_p aL*oz» g, f j* JS cJLS bl : (Bliss’s Theorem) ■ oXl _ 7 





J^Udl ijfcll 




(.La j jvUu aIjw oi oL^Ij ^ 1 0*^1^ ,y* Jj-UJi <j 

cjn-jJI LUj Ja^i l«-» iIUa J— alSL](^ J_^LLi '—■>L~>- <jj . Jl>«il 

, Aj^L^Vi AjjiaJi ^A 0( ^LlSDij < J^LLii ^ju i^L-jj^i tjL ^jjJi 

M « ** 

Low? <jLj ^J— ^ y/*i JaLJjMS (La ^«u~*L*Vl L^jiaJ! 

J_^»UJ( uL> JjLwa Jj>- 4*— »1^il oL^JaLj 

t * t 

I ; .-l ..Ml <L>t, .;„'■ J I oJUfc oL>JLk_^a^ 5 (j I _)j-i f r^~ — 3 ! i-Jj Ua ■■...» 0_j-5v jl k_~£ 

• v u JiJ 



i-L»Vl iiUJL t ^' Fo[iF tfci. ^ f OjSi 
1 . jLSVl i> SJU-lj i i^> F «JUU dj£t of jSJ: jjUL ^ . 

5>wJJ Ljjaj OUS *_> »j . aJL^VS JljJ-Jl ■*. IA d_s^t 



Uk£ 






: J^lScJlj JO>UJl ,_A_J- 4~-UVl ; 7.12 jJLau 

J^f- f LSloiJ LJU?V( aJIjUI ^a F cJlSj t [a, b] J_£ J^LSLU iLU f cJl5 li[ 

if* 

; oU [a, b] 

J f = F (b) - F(a). 

a 






^ B | * + C B B 

« j H ^w( f-j) <> >xll jJjj a [a, b] oy\_LU * 0 * 



■ j ^ 



-V(j JjVl Ni cr a*Jl tg-A»u 



n 



F(b) 



F(a) = 2 {F(x k )-F(x )}. 

k= 1 



(l) 



jfcj-kJjSsJti [V,jx k ] «J>* yi Jt. J_^iaj iLU F ji 



: 0 »& 



[Vr X J 4 F- k ^ J* W 1 ' 
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F'(mJ 



[F(x k) - F(x k _ ] )] 

K - x w- f ] 



* 



RxJ - F(x k _,) = F'(fi k ) (x k - x ) 



f (M- k )(x k -x k _ 1 ). 






: jjp (1) j (2) jxVl ppJL pajyCJp 



n 



F(b) - F(a) 



= 2 



f(M ( x ^ - X ) 



k= I 



= p(f, (i). 






Oj— 



^ u 



. P Jl vJL f aJIjlU uUj y> P(f, jjl) 

{ |UL k} L _ ) jp>-i P S 'i£j- J £- tiV 4JI pjt JLii 

. F(b) - F(a) ^ P(f, 






u » 



iuiPli F(b) - F(a) up 

jf yP; ^jp^t »a-* up J^LScU iLls f ui Lit LjCj . lim P(f, jx) 

pb IIPII-o 

' J ^ 1 ^ t ^ . jj ^ y& ^yry* ^ 



j 



a 



: jli 



r 



^ * 



f = F(b) - F(a). 



. pL&JJ *LU f ut ^IJLil y- 4 ^ 7.12 







SLlaj , J^LSoJlJ <JUli upo Ul f jf J 

^ ^ j J l ^ ^ t. ^ ^ ^ 

j^_c- 4^i5sll «LJt jJi "uV ^ * .lalb j J* x dx U ^ptX, 




J 




I iLJLk Jf 

? 




j/ 1 A__J)u*_)i _ i .. 2 n aj u__j^ _ u ja_y ^ .11^ 1 1 l j -■ -i^* ji 

ut Jw^lilJt l. jL«^- 4-j— 4j jJa_Jt ((Uj-pa__*)) 



’ ■* o 

= —X 



ijUJt j x 2 52 IjUU pp. 






J - 



tprej . “2 <uJ J»l£~ 
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Lii 
UbU _/—P 



M JtJl JiM \j . x = 0 JuP Jf ^ ■ I -1 ’ ! 1 

ft* 

JLJLpf iSta A_ilic ^ 4 JG Lia-w dUi £*j ^ 

; J^lScdJ 




G(x) 



2 



x (sin) 



0 



1 



-y h 



x ¥=■ 0, 



x = 0, 



.7.3 JLJU 



1 



i_r 



g(x) - G'(x) = 2x sin v 2 

x 



cos 

X 1 X 



g(0) = lim 



[g(x) - 0(0)] 



( 4-). if 



7^ 0, 






o 



(x-0) 



= lim 0 x sin 



4-)=o. 



UlJdJ Jti\ jlJ-I j — .R g A ^' ^ G ^ viOj 

- " X * t 

iLli J g OLs ^ <J* <5>^ ci* S j (i! 



gto 



Ml Jp .[-!,!] > 



L*Vi ^<aj iJjMi J^lMlj *- 




• JJ*0 (J 

J ^ LaLSciJ UjU V! J-P Oj^ MiCa f of j»! <■ 



(J *jl 



^1 

»l 




J* 



oLftjJl J _p ^^SuC ^ (iyVl - 7 * 12 **7^ 



iJUl 



: 7.13 hj& 

waJLj [a, b] jx 4> [a, b] J-p 

[a, b] jJp f aJIjJJ ^ 4jXp . <M X ) — f 

: oU jJ l 



: «JUI (j >)l i— i p-jU-) I a - b l J ^ c ° f 
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Q c (h) = 



6 (c + h) — 6(c)J 



(J 



c + h 



f 



a 



-f 

a 



f 



f + 



1 (f 

h VJ a 



1 /*c+h 

r J f- 



J 



c + h 



f 



- (' ') 



c + h j c iJ ^j (x i-U- (1.2.1 (jiji) Li» 



:0»& 



r 

c 



f = f(M.) - h 






0 c (h) = f(M-)- 



■c + h j c p. 



oU aiJ-iaj tc Jjjj M- of <, jAvoil h 1 *jlp 



6 (c) = lim Q c (h) = lim f(^). 

h— >0 — >c 



** 



: jU aJJJuj t f(c) aajLJI jjblfJl jU c xs- Aiwa..* f of w 

*> 

<t>'(c) = f(c) 



.J, 1,5 (iUdl JljjOJ) J.IS3, JJ.UJI V LJ- iJiJI r-1^,1 j$j 

•15 liLi IJJj t f :i.^l i SJIjOJ U^Vl iJUJl ^ i_U_JI lyuJl J <)> illjJI 5l 
1 i^kj 6,3b Uij cLUJbj . F = f = 6' oli f aJIjUU JujL^I U^f JUh 



: 



'j <* 



F j 0 t_ik£ 



F(x) - 6(x) - C 
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. [a, b] J x J£J 




: Jp x a _> 



F(a) - J f = C, 

^ b _, ,>yu tf/lj ,C = F(a) 01*0, 
F(b) - 4>(b) = C = F(a), 



F(b) - F(a) = 






■7«6 jnni—j 

: ji - 1 



. (6.5 h 



Jj*J ?[0, 2] Jp iLai. F J* . 1 Jliil j Sfkw f li-p- t F(x) = J f o_^P 

. vibW ?[0,2] Jp J^UdJ iLU F 






: of Mk 3 




X 7^ 0, 
x = 0, 










4 
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\. r rrr 






iLuIl LScJl 

Improper Integrals 



aAiaII 5'j^jf 8.1 



lM 



Oj— ^ j Ol d5jj 7.1 o! jS-Lj . 4jal^o 



‘J 



Jljj 5J_f- UmU* viUi *_.j . J^LScU iLU dj-& 



jy-& iJljjJl (ji Ur 






(_J — — S : oJ 1 4_j^iaLj J— aaJI 1 *Xa j^JaJ . J^aLSedJ iLli 



Oj-iU of a, V J^lScJl oUai jt J jU J\ J.1S3J 



xOaj i]L& 



iULSaS U\jJ\ (boundedness) ^ U* JS\ ^ I oJu* .(hjJ^) 4_aU« 

uW ^ iIj i,i,<,sj %s )j Lo I LjJ ^y^Svitxj i ^ j&j t (Integrand) 

J * U j (Jilt JljjJl w^lpl jU viijj £6 .ftJJjJjSl J\jr 4^5 t^Juyu Jl>- 

hJ*-> Oj& of <b ^ !-U . (() c, oo) JjVi J ik 

JaxJ L^ft iJLCjJi 4j^kJl jJJj to:>jO>dJ J^_p o! JJd I *JLJfc Ji* J-p J^L 5ciJ 

. e:>j.x_£ ^vp iLLSlll iJlaJt Jj ojO>d.l jr^-p (jlkJl JjVl j : jujl>- t>xJU- 

♦* ^ 

jl— U vA UlS" /J . L v a J UryJLJ~i /ruLA oLp 4_Jj ? oLS 1 _J ^ > Jj l LAjI 



*_ a * f 

* wjU^ ^Lc^Jl ^Jw^L^zJi 4 jL|A 4JI JU JeU 
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jS> olilli) 8.2 



: 8 .X Uuy& 



t t ^ a JSsi [a, t] (J_p ( jbc ^1) J^>IS3J £LU ^Jb f c~>lbj Libb*- b~u- a jib bl 

y& [a Jp f J (Improper) J^il j^b^t jb 



lim J* f. 

X— * oc H 



* a ^ <L>Lyi -al j** jiJ ^J^lbjJl jt> ’. <JlL> i C)j£j bJ^P- 



jLb b[ , i ijL&u J^LSbil jl-* jJ> LA^Jl C«j Lb I 



J OC 

f 

a 



. I-LpL: j^bL. J^iS u LbcJl Ua jU t lim 



oo a 



JV 



— — cc 



lim 



J l 



f = 00 



\ — * x a 



: JiU vi^i (— oo « b] Jp iit jJ J^«ll 



■iUij t ULS^Ij 



f f = lim ff. 

^ “ I«— -oc U I 



— 00 




j^iL« iwJUaii '-j LiL 3 l La j>j^j 

*■ ** 

. . ~ ii-wl U ./.Ik 




: 8.1 JLJU 



J 



00 



1 



dx = lim 



I 



1 



dx 



t_i — 00 1 



X 



— lim (l — — ) 

|-»X t 



1 . 



. |ijUJ Jj<il JjlSoJl Ia* <_— Jl 1-U 



: 8.2 JL-i. 



J OC 

cos x dx = lim 
o 



f 



cos x dx — lim (cos t — 1), 

0 t““* OC 
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•t 00 _1 J> 1 J* cos x ^ ^jU; Jx*ii J^lScJl 11 * 



8.3 



) dx = lim 

| m> X 



f , — dt = lim (2 v 7 ~ 

i V t t , x 



■ 11 * 1 U ww^vJl Si* 



tA— ^IScJ 1 l _ *S jj j . 5 ^4- 1 



Vl Ja>- j>- 



^Uaj n^ijC j 

pb r* 3" — 

. J f‘ I f ikA 

itv. 



a 



! 8*2 w&) 



/ oc- 

eP^ oji it J53 [— t & t] Jp J^l5vxU aJLU f <JljJl oJ 15 lil 






lim J f + lim f f 

t— >™-x t c 



^ lP^ pHJ^ OjSo j* 1,1ft ijp ^1 C 0jJ>L Ujl^p 



V* 

. aJL^^S oiJLa) ^ LojLflj 



f < 



— CO 



=f 

— oc 



/ I3C 

f. 

c 



/ oo 

f j_pUj j \ c^jLJsj oi 



.( 8 . 2.2 ■j.ji Jiil) iiU 



— 00 



X + 1 



dx = 



— CO 



lim 

t — > — 3C 



1 


C 


1 


X 2 4 - 1 


dx + 

J 0 


x 2 + 1 


arctan x 


J + lim 


•i 

arctan x 




0 t — ► X 




TT ) 


TT 




„ j + 


= 77. 




2 j 


2 





dx 



’ 8.4 (Jl * j 
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:8.5 JLJU 



J 



x 

— oc 






= lim 

t — > ^ 



(— 1 4- e 



) + lim 

K, 



(-e" l + l) 






. ^JU-lJ Jx*il 1 j> 0J3 IJlA 

. j» ^a-S . 4 j 4jly_^ • 4 j ^jLf jJl <^-AjjJ*J (j[ 

\fijj t J^LS3l ja 

t J 4_lb 4-Jt ^LwJ J_P J f ^-jl— ~>" <w*Ufl-Ju j-$$ (4-j J-^P J"^ 

* t # r* 

cij aJI-UI ^L-JU^Sl! aJIjlJ! :>U~I 4_>ywailj tN ^ J ^ ^ -^i 

jL£I Oj-b f ujU OwJ ^ oW-Vl y* jc^il J *A k ■ J^b 

“ ^ 

w>jIaj bf- ^Jlj 4>«^>iw2il bj L/y-*-t jb^b i-A>j— »u UJ -b— aB {j* ^Jr^i 

* •* *4 



t <U~2 



OwJl aJub Jio . xl*il J»LScJJ <~->jUj Ja-^-Jl c-;jUj J,[ b-~J! 

Vjl ^jft tiJbJl ijkJl ^ytf-y* I A* . Comparison test rIjULI jb>b 

. 2Jj\ ^jy J 



B iJL P 



; 8.1 SJLpL—s 5j jiaJ 

rJ lilj ^ t 3= a J53 [a, t| Jp iLlij iJb ^ iJb f ebb bl 



. LjjUj b J f oU ; t ? a jSsJ j* f ^ B 

a <i 
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: OU J 



.t?a J£J F(t) = Jf 

a 

l + h 






jl 7.4 ^ ^ ^ t F(t + h) - F(t) = J ' f jf, ^JL. ji. f 01 U 

; J F(0 ^ B Oil . [a <• °°) Jf. i.. , ,»i l-: ^ f 

lim F(t) = lub { F(t) : t S a}: 

t -► oc ^ ^ 




lim J' f 

OQ tl 



Oi 



iS*i 



IJU 



8’ ^ oLxiljJi Oj_So t ^ a iSv] 

-oc b U 

J f oLi ^LjU; J g ou lii . f( t ) 



! 8.1 Xi^iau 

J& OrJb g, f 01 ^jki 

g(t) ot [a, t] Jp J^lSOdJ 

. I Uj jUj 



‘ ol* jvJl 



<LLij 4_JL^ ^ h OjSs <iU l_)j . x ^ a J£j h(x) = g(x) - f(x) 

j t t ^ a J£J [a, t] Jp J4IS0U 



I h « r g« r 



g* 



^.>JI Ji bL^lj li* . tSa J'hjloiJjLjlp^Oj-SO f 

* /■ TO ^ 



00 



g Oil 



* * a 

;oVl ,LjU;'>UlSJ J h of 8.1 SopLil 



lim J f = lim f g - 

t-»sc a t_»oo a 



= lim 



r 



g - lim J h, 

t — '*■ oo» a ^ q 



J 



t 



uj 



U; 



f*J 



00 



£ 

^ ^ oV * (exist) oUj^-Vl obl^ 



• ^ OoIjL-w^-I 4>bJuJl oJl a SOoLiil o| 
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: 8.6 JLJU 



. Ljjli! J (x+l)'dx <jl 0^ 



as 



3 



-1 



t- . 




r j 




1 



J t 



(x + 1) 



J— ^ Jj— O' 4 

; 0^ Ja?^ jt 



x 



1 



[ 



1 



3 



(x~ 4- 1) 



] 



< 



X 



\j\ -w, 8.1 



c 



j>Jl J^L; oil .yjli- 



J 



sc 



-2 



X 



dx ai jl>w 8.1 JLx* 



■x 



. Uijf 



uj 



15; f (x 3 + 1) 1 dx 

J i 



»»t*8 * n2r 




u 



00 i^Cl& 

. Uirt LjUl f f ols t a > a J Lj& J f o\S I SJ a;1 - 1 

^ oc ^ 



AJUJl 



J'-c 



\ Jp 8.2 ^-Aj ycJl j <U-ij 



J f ^jUj ^ ikS ol y^y - ^ 

^ — 00 



. c 






f dj&t oi^ 1 - 5 S* f ^ 

J5U [b, t] J»LScd] ijuU gj t^a J*53 [a,j] Jp iLli 



J— & f(t) ^ g(t) 






J OG 

_ g oL5 . b 

_ <1 



a 



■+- * 



x 

J a 



f ols L t > C 



3 



• W jU: J X p dx O^d P dp - 4 



f ! UjUj Jo*il J-*^' 0^ ^ lb J1 5 y> jiA^' l3 



J 



QO 



1 



x Vx + T 



dx 



_ 5 
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J 



X 



J 



dx 



(x - 1 ) 



3 



J 



X 



1 



(x log x) 



dx 



J 






0 



x 



e dx 



J 



0 c 



0 



x e x dx 



J 



oc 



— oc 



x e dx 



j* 00 

— X 



X' 



x e dx 



J 



00 



0 



1 



dx 



V 



^ -1 

x + 1 



J* 00 

** -*> 



(1 + x) 



dx 



J 



DO 



1 



(x - x) 



dx 



j jSj U.up 



1 



if 2n-2^xs=2n- 1, 



1 



if 2n - 1 ^ x 2n 



n - 1, 2, 3, ... 
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g(x) 



1 



n 

]_ 

n 



o j£j b< j 



X 



o 



if 2 n — 2 x ^ 2 n — 1 , 



if 2 n — 1 =£ x ^ 2 n 



n — 1 , 2 , 3 , ... J 53 



_ 16 



Integrals of unbounded Functions 



<bj«tasll jjt* JljjJl 8.3 



! 8.3 wj 2 j jAj 

Jy* f o^J ‘ h ) y V 3 ^ 5 y <> ^ ^ f ^ 

y» [a, b] J_p f yiAU J_> 1 ! J.LS 31 j_£, JlS-Up t [a, b] sjUll Jp J^lSaii &U 

:^l 



lim J" f. 

t— »b' a 



£ 

aXjI^ Ap*-JiJ y» jjj ^jIa> Ll&Jl (Juts jb (JliL *Jla d—ftS bl 

lim J f = OQ jl5 b! , yj U; ^ J^J-i JAjyi jb JLJi lap L. . J f 



{“^ ii 



1 g — 4ib jia— It? . U Ojn^j aJI^I oJjb ^ oU ^ I ini 

t -+h 



j l *«- 

a 



00 



: J=*l' 



r 



f 

f = lim I f. 

t^a + ( 



jJi J 



b . f ‘ f f ^ ^ 



j _4 Jl 4^3 j J_!aLI J^LScl! £±S 

J* f OjJUa^j ^L^Jl j* \j-JS . jJr jLc^Jl J^L&Jl aJU- j 

a 

<SL » >• J 4 j J i — *& Ji f J— P jl . — S^‘Cj>-*yJ J Lp Am ^.1 Anpli 

( 8 . 3.1 jfcl) [a, b) Jp iijJiji js- f jji jf a N [a, b] Jp J =*11 J. 1 &JI 

£ 

: JUil Jpa . L» olp tJukj 
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j <■ ip* J [ — r — ]dx 

1 (x - 1) 

. tjUj ^l£o J' £ — ~ 1 ^j x 

2 (x - 1) 



cM J* Ir^J • 



JLJJb , 8.2 JUJ 






L-fr** 3 - 3 L$Ju^ 



a < c < b c. 



jrvP t C ^15 bl t JUli J*i 






j b f-r 

a a 



f + 



c 



= - lim J f + lim J f, 

t - ™+c a t 



jl—j (c, b] [a, c) j* 4 _a 1 Jw 



— joj — >- SJLs — £JJ f s' |3,| 

ci^p 1/ Jl« J^lSj \^JS J f if f 

^ C ;i 



Ux^p Jaiij Uj^p ^jU; (l) J j_>Il JjL£J| j* jJi\ ^Ui jj_i ; JJ ^ ^ 

^Vi <jja}\ J 0!>bJki j^UScdl dj& 



*X*£" 6 



Jx^il J^L 5 oJl 



>1 



( a > 4 j c ->4 p ^JU-l o*U J . [a, b] SJUJI ilji j-U:.' 

= lim f f + lim f f 

1— a J l r-h c 



L»«JI t- *Jl ■-« l_S^J 



Ux>*i tjl <U> ’^ < Ca l 



Oij^i >:i) J^J. 






^ °‘*‘ ls::)l a* ^IjjVl oU; f laiw«l ^SUl ^ Jf jVl ^ijJi ^ 

l>jk+ j, ( i ^) jj_p ij ui^i. jj-& «lj i_> V J.isi 

, (asymptotes) 
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1 



f(x) = 



(x - a) (x - b) 



1,11 ^ t Jliil tJ-° 



: , (a, b) j c ^ <. a ^ b 



J 



<* r a-l ra' fc fb r 

f = J f + J . f + !* f + J f + J 



— CO 



a- 1 



b+1 



b 



; x j 



f + J f 

J b+l 



, : -2I y> 4 _Jlp LLo^- L* j&j \ Oj& -ii ^ 

k-> jLJ JJ ^L>J Si bJ! Ua jpv- 53' t>° 




jt 



or " r * 



frjlj 



u*ii J-.L&JI 




^ oC^j oU -^ 



, jj » oJpV 



US^Ji ■ 



Cr * 



^ Jijoi] J^>il JAicJL (Comparison test) Zj\&\ jU>-b oJi I A# ^ 

jU^t UL* Jy~ ^ a— J bJl i-jjkJi 8- 1 £-* 

.8.1 i> jialll jUhjJ 5^-Uiw* tejJiaj jW°i j iji-r^ tj ^"' 

: 8.2 

J_* jjvJLtf g, f c2L£j (a. b) j t J& g» f 

.Ujt Ojis OjSL J" f ai» .OjU; J* g otf 1*1 • f W ~= k(0 j b- ‘1 

. JtJl Jlil j gjy U yy t J f J* c~>b ^ ob 



* 8.7 JL ^ 



: jts i 0 < x =£ 1 



j /, Ux* . ^jis J-ISS f [x (x + l] ' dx if l* 



l 



x (x + 1) 



> 



1 



x (1 + 1 ) 



1 

2x ’ 



J 1 

*V 



1 l 1 

— dx = lirn log x J — 00 , 

X a-»() *' a 



j ! Uj 
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O t 






4jl_Ui jf\S'^\ tjl «j-U " \ LjU 



8.3 



> jLc )\ L*l£dJ <LLi jf f jS3j 



i- J f ol5 w -d ^ 

* [a, b] f jU 



L^xp- oj-Lj£ js* f j [a, b] e>j£ jJp- Jj»l£dJ A-JUli f jf ^y> ye} 



: ^ ^ a < c < c' < b jlS i SI j 



(. x 



a 



-*- 



* + f f-r 

C (1 



f + 



c 



. J 



f xx£ , • 



J Ot (a, b) j c' jl c jLi>-l JldLj 



f J [ 3 £ cq ^ 4j2pJLjc® 



+* ..j + 



JS" Jwfll£JJ Ujli f jt ^ ^cJ 



; t_jjj jjcJi oi (V s rj 



x _ » a + 






4 - 



=i: f + ; 



. (8.3.2 £* JjlS) . (a * w) J c jL^-i ^ 

A 4^-Lx« a>«>- j\ Liilii Uj3xXv^ 8.2 4j J&’. 1 1 /y^jj 

. 8.1 

* r 1 

J x p dx o p < 0 ^U-i i>V 



. V f f LjU; J^JLI J-IS3I 01S lil U 13 Jj 6 ^ | j 5 jU 



dx 



o 



(1 - x ) 



(f ) 



tan x dx 
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I 

I 



r 

O' 

1 

o~ 




i 



(x - 1) 






logx 

W 




_ 8 
- 9 





1 

— dx 

x V X + 1 






1 "> 
- I ^ 

n 

wm -L 



The Gamma Function 




UU Xjli 8.4 

* 




el* . Ajb 

JLiP 0^ 4 O k ; ia, ,x 3 1 j 






jJ, jlJLphfl J-* ^ J-** C;ljjA.\ 






jt ^oUll tdiJjSj 



ji 



.8.4 Jj/S 



; jl^L <, x > 0 JS3 





X — 1 

t 



e 1 dt. 
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r(x) gj li- J^JLl |JU oi vi'Jl 






UJ 



UJ 



J 



0 



I y 1 

e t dx 



:8.l 



■ *■ 



tjP 




oU t x > 0 o\£ I jl 



: jU 




J 



3C 



tr 



e"‘ t s_l dt = f 



1 



0 4 



-t X-1 f 

e t dt + J 



x 



-t ,x --] 

e t dt. 



e 1 t x 1 oU t x 2 = 1 otS iil ibu&j J 



+ v- l 

e t dt Y,i 



e •'if ^ ^ 

sU" 1 23 Ua jr* jUj djjJ OjSL aJU-I oJlft j jil . 0 ^ t ^ I lid 




t > 0 J_5d e 1 1 * 1 < t x _i jt Ji 




; o ^ x < l 



f 



(J . oLj jU 



5*2 ?? in 8.2 a. — j ^ I s 1 S d 



L«j O-i] . (8. 2. .5 — c j lj j i ^ LojL-jflJ J' t 



* - i 



dt 



. UaJ L jU f e 1 1* 1 dt 

^ ' J 1 L ■■ 



jJtp lim 

t ^ ^ 



-t n 



t 0 o! [1, Jw^UcjJ 

t j U o^p ^ iSy n ^ x + 1 jiJij 0 JU ^ . (6.12 Jltit ^dS)n 

; jU \Jj>~ \j~S 



“5x4 1 -in 

e t ^ e t < 1 ; 



jib .‘v*J 



t x-1 -2 

e t < t 






jlJ 8.1.4 6.1.3 8.2 \ oil ,c U :>Jp j £\ t KJ 

r x 

— ^ 



i-jjU: Ji ^ajj J 



t dt s-jjU; 



J 



oc 



-l \ I 

e t dt. 



c-w r J aJIj aJjU* 4-^j ^ A_Jh]| aJLIU F(x) jt j^ ju_,j j^i 

J^t jf ^ykju Xs- iJb Abu. ^ iJloJl aJjUII f 43%*}\ 

. 0 l lfl i W i. b f aJ I jJ 1 t (_J txl | Jl*^**> ^JaS ■ ^ ^ * I |V » 



205 




I'(x) = 2 x + 1 



f(x 4 - 3 ) ~ f(x) + 6 






. X l Ju&- :>-Xp 

: 8.3 ZiJ* 

f(x + 1 ) = x F(x) oU t x >0 



: jU 



^^p ( 7 . 6.8 0 < e < 1 < b <jl 



-t x-l , 6 

e t clt — — 



-t X 

e e 



) jVvdt 



(i) 






fb 

I -t x 

J. e 1 



-b 



)- 



e 1 i r 

X X *M 



—i x . 

j e I dx 



(2) 



b -» () + ii>J 



- 1 x -1 , 

e t dt = 



( b ( tU 



-t X 

e t dt; 



(3) 









-■■ t X I , 

e t dt 



-M 1 

ex 1 ' x 



)J 



-t X 

e t dt. 



H) 



; ^Jp J ( 4 ) t ( 3 ) ,jctaUil o'Vl 



t x-i 3 f 1 -i x-i , f* -t x-i . t 

e t dt — 1 e t dt + e t dt 

(i* J (r J i 



(5) 



Kf 



- t t‘d. + re- , «'d«l=(l)f 



-t X , 

e t dt 



I 




(5) (J dj*^ 8.4 

r(x) = — r(x + i) 

X 




. 1 A^jiwij! 4JiL*i.l o_Ub tjl ' jJ i 




i-U tF 4-JiJ-U 43j yu> 4^<S>\j>- IpSvJ J ixai 8.3 Aj jla’.i l A^wwO i 

.f(Ajjiaj)) jl^P l^JU' 

! 8*4 i jjaj 

? Sf ^ 

; jU U>-4^ \>%^>%^? i^jip n jlS bS 

f- * ■ V t* £ 



F(n) = (n - 1)!. 




: OU^Jt 



ja 

. C > 1 ^ ^L. J\ 1 1 l 4 j ^ ‘ 3 ' o— L& /jA^jyt 



; Oihj n — 1 <jb>- 



(6) 01 ja Vjt 



T(\) 



J 



05 



0 



e^ l dt = 1 



.(8.2.8 ja> I) 

U,jJ jjSLi a 

olj o_^j (^J ^J^c. 0! oi Uj 



r(i) = oi. 



. n “- k i n i jL ^>-1 i V ^saT ( 6) Oi 



F(k) = (k - 1)!. 



CO 



8.3 4_>^kJi ^ . n = k + 1 £_JL>JlJ 



(6) jl dib jf oLSI j^1 LJlp 



; Ljwd 



r(k + i) = k r(k). 
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(k — 1)! I(k) y> M-0 ^ ^ ^ -4 



\ oli loi 




J 



JuJLP JJxJ 



r(k + 1) = k (k 1)! = k!, 

cJL5 [\S n = k + 1 5JU j ox^ (6) jl dlJi ja j 

<jl ^ jpdi^ N 1 U , n — k 



n ^ *j>- *t* 

* ' ^ w 



^ ^Jl <LJLJl jjIjlp^I .J^JLJ I ^JljJ! (jlia-j j^«ls 8.4 jj£w<J4 ^ 



L? 



Ua_Ji Lx^>w9 (6) Jiaj ^>*-; r ^Ji>j-*S yk o^IaII j*y-*r 01 ■ 4>t ~ >e -^ 3 0j& 



x _3 



; Jliil Jp . 



t — 1 < x < 0 jlS bl F(x) = 



x 



r (x + i) 



( 8 ) 



(8) ^ *i!l kj ^iaJl ui^P t ( — 1 ^ 0) X Qj£j Uxp (0, 1 ) i3 X 4“ I 0* l-£ 

£ 

Jp r Jjuj jVl .(6) tjLC (8)o' tf} .8.4 ^Jl>_yc}\ \h-^\y U~~a 

\\-jbyu ^ialwJ (“1 *• 0) 

4 ) r(x + 1 ) 



2 < x < “1 j\S b! r(x) 



n x ,_ , . y > *SOP 0 1 Ml Ijjfcl 



n < x < -n + 1 015 bj T(x) = 



x 



I’(x + 1} 



( L >) 



hi fjh J . (M -1 ‘ -2 ‘ ,,. IJLP U UJJ-\ ilJlpVl J5 J* oMl r jUbi bj&o oil 

’ * * 

L^>*lt j%p y> 40^' j^_p Utvsw? bO_p x Qj& I— *-*4p F(x) iwij ^ jc] iSjLsi 



J 




UU sJla . 



X 



0 + U5 jJ^ V LzlAj (8) J x = 0 

.(8.4.6 jiy^i bib Ojli) yUi <>wJl 



: 8.2 



* n * 






lim f(x) = <». 

X—f —() 1 
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: oU jJl 



: ul» x > 0 li[ 




-t x-l , 

e t dt 







1 






c ! lim i — 

a~»(T X 



1 




1-a) 



ex 



: jit 



lim T(x) =* lim ( 

x->0* x— +0 ' ' 



1 



ex 






(8) dliij x = 0 jup F(x) 




o' 

(9) ji 



lim f(x) = lim 

x^O x— *0 



1 



X 




X + 1) = 



— oc 



JUp 



j st Ljj- 4_J y — 1 ^x) 



H-2« ... 



-Ni U» J^U; oj . X = 0 i - 

JluJi ^ . (Jjil-U>*' ^ U "'*~~^ 3 Us UU* <d!ji a-J oU tf <di-dU o-L>-L*Ji U^Ls^dalil 

. F(x) ul«l£di p— JaJl 



.8.1 j£uJ! j y = F(x) iJljdl di 

** ^iiiiiii r - *+ 




: 8-3 
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j ^ (-(iterated double integral) jj— ^Ld 

M- 

■ s**^' ( J > /?g i ^ ,J_*IS\JI a_j jjaJ .jj bJU (.Jw^LSedlj 



^^Ljdl a»..i->^ :., f ‘i 




—'^/dl ''if (JLU.S dlj HLp 

. J^l&Jl lJut 



■ H 

^ ttTW Hr Hr 



J 



X 



e x dx = lim 

^ h — * k 



r b 

J e x dx, 

J o 



• d I J^-> I lij 



f 

J u 



e x dx. 



ol -tj>tj /r°J 



I 



'y 



= (f 



e dx 



(f e-- dv) = J” J 

\J () ') J (} J () 



b 






-(X'-f-y-) 

e dx dy 



: £p J* j* j, y 5 ^ 1 



{(x, y); 0 ^ x 5s b * 0 ^ y S b} . 

ci ^2 *" ^i £->,j (j^ldl (.J-^ J^lolSljl *_» .J^LSCdl Ha OjU 

^i m i * i * '^ E»dfc jj JillJlj Jj^ll 



J* x" + y = 2b' 



2 






x + y — b 



:M dj^ ^ja J*t 5 dl ^ 4 -( 8 - 2 J 5 ^' >d) J'yil 



J J 



R, 



-(x-4-y') 

e dxdy j i e 

' t> J o 



rh /»b , ' 

-I I 



'!'<!> « J J 

R. 



~(x-+y-) , , 

e dxdy 



:M 0j& Uaiil oLilJb-Vl Jl jUi)! LIS3I L_pCo 



;TT_ 

"> /*fr 



tt 



j j 



e rdrdO 



< 



0=0 r=0 



• I 

+r a /\ 



bV2 



0 = 0 r--0 



e r rdrdO, 






^ 1 /, -h\ -2 

(1 - e ) 



( 



TT t . -2b’ 

(1-e ). 
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8.4 






U 



r - 



7 

0 






-d 



‘ r ( 



2 



i- c c r 



i \ / i 

-b t r 



? 



2 



) 



a 



.fe-'vr 
J 0 



dt 



J 



o 



r k 

0 " v 

J' (log - 

*v v lj 



1 \H2 



u 



du 



1/2 



du 






-3t 1/2 , 

e t dt ^ 



A^W|| 









lr 

1 - 4 



N- 

I - 5 



, o i 8.3 A^kJl _ 6 



.lim r(x) = oo ji 

X— *0 * 



«x^lj lim x r(x) = 1 

x > a J 



Jim r(x) 

x >0 



— GC 



aiuV -7 



E_ 

lj ^jUZ 4_1 y = r(x) 



jl 




- 8 



. X = 0 * — 1 * —2 £ 



: jU t x > 0 j a > 0 jlS bj aJI _ 9 



J 



x 



(r 



-at x-l -x . 

e t dt = a I (x) 



; oU <, a > 0 jib bi Aj! i ^ _ 10 



J 






0 



(I 



e dt = 



1 



a 



r 



( 



l 



a 



. 2)1 <C-fcjd i ^ 



11 



. n = 0 , 1 , 2 ,... J5d F (n + 



1 



2 




V IT 



(4" n!) 
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The Laplace transform 2 J 8.5 



ijb Jl oLL*ii ^J_j y£ 1 (j iSj~* 

audl j* Ju^i SJuJbU <dlJd! j j5^o jl Jt ^ J^* l ^ p M' ^1 • iSjf*^ 



J! 



-I IjA AJ-I Jij^- A*JJ pliaJ^ j e, ^ a *^ 




>N^Uil J>- J y* ^-*Jj*~* ^ <J* *l^^ 

. iuljcjNl ~a) 1 oli JjL-JJ <Ju?UJl 

m H* 5 

7:(f) JJIjkJl j_* f illjJJ J lyj- Ojs [0 <• °°) f iJUJI jfc 0^ lil 

: j'^lS ii‘yL\ 



X {(f)} = J* e'" f(t) dt. 

^ . L>- u J>U j-isai &. jJi * $ & - £ v > 

8.5 ,_i;^dl j J-LS3I jU . t -. 0* Ux* UjJ* f(t) eJtf li^i 

'. >-x£o LJU t t — * 0 + L15 oij^- js> f(t) ti!j i. f g 



'1 (id)} - J c _,t f(t) dt + J 



QO 



c' xt f(t) dt. 



: 8.8 Jl—La 



$ {e x } 



J 



x 



o 



e 



: y. tfiy jji f(t) = e 1 cdl S lij 



x> - l J£J X {e~*} = (x + 1) 



-1 






lim 

b — ^ ^ 



xl ““1 . 1 

e dt = I 



-t(x+l) 

.v.v £J ^ ^ 



DO 



0 



-t(x+ I) dt 



(x+ 1) 



] 



t =0 



1 

X + 1 
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<1)^50 Uxp i loJLp UlScJl OS Jap-'y 



( — 1 * °c) jJ*> i 




-x 



t^h 



\ 

J 



l $ Uaj 0 




tSJJlj t lim e' b(x+l) = u 



b * x 



' 8.9 JL_Jlo 



:y»s oji f(t) = t cJl 5 lil 



. x > 0 J£1 X {x} = x 



i- 



: jV <. dUi 



J jC 

O' 



xt 



tdt = lim 

t>--> ^ 



a 



te 



-xl 



-( 



-- xi 

e \ -ib 



x 



2 



-? 



= X 



1 = 0 



. X > 0 jU til JaiSj til 



ftA_* ijjJ . j! 4 -jIXjI Jlji 5JjtS 5^{f(x)| 









fcJufe 4^ ^ Vr-J 1 1-iAj ibJ.1 o^lSidl ^ L ^w^ * I 

tj (J y)a~> 4ii*Vl ^jA ajjb <kJ> /^Ssjj t^jUJU 

aJoaJI e_L* -<Sy*~\ 2tj^ o.ap ^y 3 ^, y* 4— -sS” J> iJl^Lal 

, ^TuJbJ I jiajJ! ^ 

w* 

: 8.5 ii; 



: />j.aJcp bj a jlS" !il 



X {af(x) + bg(x)} = a % {f(x)} + b 5? {g(x)} 

■ 5 ~^(0 JUaj ^ iSy^: j~~jV| *— 9jJaJi (3 ilSjjl JjLk) U-Xle- 

I Otfc 

* 



.7.2 i^kJlj 8.5 




6 <I j>t_4o oJLfc 
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Linear 







J-iJI 



%yJ- l y~- ; 8.5 i^k-Jl j ^ if*-* 1 

I w.y-1 .1* jt :ik‘Uh OJkJ-\ J* Jk-t .Transformation 

: jV c JJij c iki. A JS^ J* oli f(x) = mx 

f(ax + by) = m (ax + by) 

= a(mx) + b(my) = af(x) + bf(y). 

L y^ . JM 1 > O* & <J* JtJ** 

.aJlUJI JL.Xil J jjUJ. 1 Jif jt /k jil Shifting property 

:8.6 IJU 

O^i i x > b JSJ « J~ a{f(x)} J iaAP a itf lil 
. x > a + b * {e ax f(x)} = X {f(x - a)} 



: oU jA\ 



: UjjJ 8.5 uij jtti bl^i 



a{e ax f(x)} = r 



~xt at ,, v . 

e e f(t) clt 



J 



;c 



0 



e" (K aH f(t)dt 



= <£ {f(x - a)} . 

4jldiJ j>A jl o!jL™ll OLjl 

.x - a x y VJb dUij % {f(x)} 

‘ A A 

L, i J_p J J.^1-> JJ Aj ajjh (J-Jfij (jjp- jy*i #X — a _j jf> X)) jl 

. ^ 
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! 8* 10 JLJ^j 



y> Ukj* ol» 4 f(t) = te“ oils' lil 



$ {xe a< } = (x - a) 2 . 

.8.9 J&l J SxUll aJIjlU 8.6 i^kJl ^k; *kl_; 
ijlkl J_kUJ illJdJ 0i mjJ, UUI i^kJl j 

oN^Lnil Jo- J l-L_>- Jjj_£ cJuo- 4*S*UU jUa^J yk 



\ 8.7 i Jioj 



;jl5lit. [0, < oo ] J^ <LaL* Jjt ^UxJLa U f illoJl ji 

: C)U t x > a Uxp <£ {f(x)} j lim e _JU f(t) = 0 



x > a 



J£J 2{f'(x)}=x2{f(*)} 



f(0) 



( 1 ) 



: oU jJ\ 



LJajy Jal&Jt 



r 

''o 



e ” f'(t)dt = e ‘ h f(b) - f(0) + f ’ ~ x ‘ 

^l) 



,xe f(t) dt 



(2) 



-xb 



; ?%***£ (2) itaUii jli t b — » oo U-Uc- lim e f(b) = 0 of U 

^ b * ^ 



rf {f-(x)} = J 



X 



O' 



e xt f(x) dt 



J 



x 



-Xt 



- 1(0) + I xe ~‘f(t) dt 



= — f(0) + x .Sp{f(x)} . 
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f ja ituw f auw ^ (i) js 



i 




^A? 



; 8.11 JL-U 



ol* «. f(t) 



at * f 

te jl 




jj& f iSijJLS J ijlj f'(t) = e at + ate'" 



<£{e ax + axc ax } = x,'£'{xc ax } - f(0) 



(x - a) 



. 8.10 ( 1 ) j-* 



8*5 



.LjU; if{f(x (1 )} J 0 jSh J* *J |j f ^ o*s - 1 



X > X 



0 






Jj>- 






if{f(x)} 



jli 



: yU)l oliiil Oj£i if{f(x)} oi» <.f '<&*■ j* 4^ ^ 

. (— 0 O 5 go) j \ [a ^ oc) t(a ^ 0C ) <.0 



-2 



lim e x1 f(t) = 0 j [0 ‘ <*) 

I- — > ^ 

0i Lj®J ‘S' (*)/ 



1 ./a~^ tjU AAZnL^ t aJIjU (jl 



~f{f(x)} 



-xt 



j lim e “ f(t) = 0 

t— > OC 

: jl (, x > a 



a {f"(x)} 



if{f(x)} - xf(0) - r(0). 



n aJL?- ^ ti a tj* 3^ 






x > 0 ^ i£ {a} = 



a 



.4 
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, X > 



, x > 0 i 



. X > 0 < <£{x n } 



n 



! 



n+ 1 

X 




. x > 0 * £ {sin ax) ~ 



a 



l—ITTTTTTTTTTTTTTTTl I 



, 2 2 , 

(x + a ) 



6 



. x > 0 & £ {cos ax} 



x 



(x 2 + a 2 ) 



_ 7 



. x > 0 < £ {e**} 



1 



. 8 



(x - a) 



x > 0 i £ {x 11 e ax } 



n 



(x - a) 



n + 1 



t>a < {e ax sin bx} = 



b 



[(x - i 



a) 2 + b 2 ] 



_ 10 



a ^ e ax cos bx } 



> 



(x - a) 



-l-IWFFFFFFFFFFI I 



[(x - a) 2 



+ b 



- 11 



x > a * £ |zinh ax } = 



a 



7 J 

(x“ - a ) 



sinh z = 



(e 7 - e“ z ) 



oi 




12 



x > a t 



^{cosh ax} = 



x 



ia iiiiiiiiiiiiiiiiij _ 



(x 2 - a 2 ) 



_ 13 



. cosh z — 



(e z + e z ) 



of 



'£ { 



ax 4- bx + c 






2a 



) 



+ 



b i c 
+ — 



x 



_ 14 
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x>0 i {sin 2 (ax)} 



(2a 2 ) 



, 2 . 2 . 

x (x + 4a ) 



_ 15 



OjSJ f(x) = sin" ax <jf :^j!) 

(8.7 h f'(x) = 2a sin ax cos ax 



x>0 {cos 2 (ax)} 



(x 2 + 2a 2 ) 



'*> 16 






x (x 4 - 4a ) 



JLil JJl— ( y L y^\ J oUjU- Jp 

jL*^! JiUp (iA*UpUxii oYil*li» v-A^ ^ 

(j^ll . 1989 fU j* jiU- ^ ti 




(*> 



v *di**ii 4j 

-ill . 
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griUI Jdill 




Infinite Series .- ^.1 -l i 



iapUl j 4-> jUJI o'jLJLdl 9.1 



^OUJl ^,11 {S n } OJldJ tilJLpf ^ {a } 01 ^0 Jl> 



n 



S 



Annum 



" k=i k ' 



■^ ■1 * | 1 i 






,2s 



a k yifOUl iJjJO ^>0^01 {s n } i5xp 



^J\ — 5Jl) k j — =M — , a k y — jj c (Partial sum) j ^ -l i 





s 



ri 




— [>-^l e -i — ®* 01 <j0a— 0i jL_a. i l J_Ji . ^ 0U0l«JuJij 



ur**) «Jb Jir L>tA50 . 2 a k j {s n } 0^ ^.L.1 j ^ry~t V t J*iJU . 

Lr*^i o00-X~5l i-0 j^j oUUdl 0-ol ji jv o y^\ . R J^-b _ Ji N y (01 jJl 
oLS Lc, ,%\ ^VOUl o^ULjII cJ^> j L ii UjUj .^kJl J 

£i £j-*>*A *uJ cJjJ_c .jSCc ^j^Oi 015 Ijl JjL*d! *. ■ J& 

: Jliil y 



1 + 4 + - 



1 + — + — 
2^3 



4- — -f 



in - 1 



+ 

■ « * i * 



— 4 > 



4" + 



1 



+ 



n 



i — i + i — 1 + + (-— i) 



n+l 



4" 



^ w m * 



? 



i 

J 
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L . 1 1 ^yfys§£ ^ b «<5 : AAj \ i !s i >V^ 3 

. o!>LJl^ 1 jUii ^Ui j 

^^jAiAj Jh) A* I V ^^1 ^ ^ IhAaJ I ^ ^ ^ ^AaJ ij 

, AJjl^*)Ui i ^A>tA*o JJ^JJ 



*a— & , 4 jjL_iuo A^^-ji'l L^Av*L^- aJLJw* 



* 9 ■• 1 ^PWtAj 

15 l^l ^wojlij S <ij^ o^ 5 v 

:^£ <ju-i 



rx 



11 



s 



a - Jim „ 

k=| k ! 1 ^k=l k 



n {?. \} ’ 



jj 



x 



. z. j a = oc ; ^_a5o < ; aj apUSa 

, . k J k 



k= I 






Lf 






oA* il^jl i»Jj 



3 C 






mmJ ^ llITl 1 .dmmd d. f ^ 

” l k-l k 



^P SJL-jJb^ <Jj^-So lXj t jJ 1 a ^slii jj^jjJlj oLj^JLia^iil ^Al*j ^AJ?A J 2J& Iaj Aii 

■rt ' 

Al Jaj^N Sljl . a*^uLa> IjaSsJj t Jl 5 aA ^A>*aA! N L^*L 5 j— H cij * ^ 

li_fcj . jOp J1 j^* 2 a of J ( lR J^ J! fN c/*) ^ J! )*jt ^ \ j^' 

k- I “ 

5 ^" cJ j # jJJ f L ^3 lAA*j>tAv*l ^jji i ^ «»> tf i aaj ^L aJlj *Uj^>"! ^Ju^ia)! j! jiJi 

^»Lji“l <j ^*5oj , aJIjJI fiAJb j^Afl <j j>J_p {j\ y*j^> f(x) 

<Lj i i- f -A-y^ j S (( Aj A-P LJ )) A Jk5Jl ^A>t ^^Uii JI^jcu-NI (Jj • <( aj-l_^Lj i) 4-<J53 

^ * \ t' *■ 

UAAPj ^ 4 pJ jliJl ^rLp ^ <Uj j IAj ^ J Ij aJuJl«aIS oAjb ^J-l 4 Lu&J * AwsJjli *-,* < 1 ^w p L ^ v A ^ 

wAIa^Lj 4 AL? jJjl.j ji ^p&\>- ^^ 5 " Ji^ o[ ! cJ^pA^ 

+» **■ 

■ 00 ji Jjjj v"A' of 



% I AlrtwitWwi S 9 * 1 LmniiA^ 



E |^ | 

__. _ ... ^ ^ I 




* aIoa^wJI ^Jkajxj ^J>l>nii 



n 



2 k “' 



r = 



k=l 



1 

I 



n 
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IJJ -> ‘ lim n r" = 0 l)U |r| < 1 oLS lil . jWl v Ul J (r"} iJLdl Ljj jJ 






oc 



1 



2 r k "' = - 
k=i 1 - r 



|r|< 1 



OLS^ 2 r IJUj t c* 



{r"< 



1 



<jl» r < - 1 0L5 Ijlj 



UUio jU 



O k 



n 



t lim n r = 00 jp r > 1 



i 1 oL^ tj[ . a-jJpIj 2 r jU <jaj {(~“1) *} ^ <Lj^ki ^bd. 1 

** 1 .. k , L • h 1 t : M- . 







i <JJ~ 




: 9.2 Jl_Lo 



2 , 

fa 



k 



: 015 lit 



1 



k — 2j — 1 , 



a, 



1 



J 



k = 2j , 



x 



jt J^Vl ^ OjSj dUd e -U j . 2 a = 0 j iojU; 2 a jli 

- j. _ | 1 ^ "■ v k t 



1 - 1 + 



: iJ ij£aa s jj^> j 



1 



+ 



1 



1 



3 



3 



^ m m a d 



ijV $ jA*4 aJl i-Jjldl/ dijjdl <j| £r. ss \j\\ ^yi jVlj 



4 

jLt a. = 



k= 1 



a, = 0 

k 



If 



1 

J ^ a k = - 

k=l k J 



:^ia I^Ji iJUUdl 9.3 JUb 



(2n) ^>+1 £j^d! -b^U vilii oUN> tiJlPl; 2(2) al...i -U 
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: jls m > 2 d)l S bl j 

t* t 1 * 




1 

— > l + 
k 



n 




1-j ^ ^ 



i 

k 




:9.1 



lim a, =0 jU t j\jl> ]L a k dlS” bl 




lim a - 

n n 





= lim s — lim s 

n n n n 



= A - A 
= 0. 



* £ 

Ja-ii d!jj> V y> lim k a = 0 OLi l-U> 1% ^ 





JLi. J JJiljjJl iL-Ldl oV 4 4_.jliJl ^ J_rLU LilS ^ J^l |JU ^ . Sa ( 

. ( * > Ua^ v~£*Jl *>*ddl ol jw 9.3 
J* bdc- ^ vV^ 2 a k of 

1 b k 96 a k *-bo_P Oj-Xj J~L_p ^_£i N ol—S' bij 2 b 

N * N 

2b = C + 2 - a 

U_| n ,. 4 k 




■ 0^ n ^ N oii 



2 b k = c+ i 

k=l K k=l 



a k‘ 



L^of o5 Oj-i^o t^-jjLdJ 2 a k o^SJ Loo Iiasj Uxp oo^U; 2 b 



oli ^OiJJijj 
:M *>^ j ! 



: 9.1 SopIwj 



0>P k > N |^a! 4jj i. 



2 a. j 2 b. Ad. 






JL->- 



■ <o£>dpLj ji tjwjUj Id U ftl ^AS" 0 Oj-Up a, = b 

v * k k 

bl of Of ^ 9.1 UpULI ^^kJl jjl l < 4 , ^kjbj 

■ OpU jt ojLL' ^Juj ^ (yL^aJl cJoo*d jf) ^ jOp 



9.1 




^tvxj V 2 'j# JjJjLl \yA oJijJLst <£i <L)i oJb- of yl-_ 

ltJ o-a*^ Uloo^V *uUo oi>- : jf Jap-^) UjlpU jf ly-jU; ■ 






u^J j%~£ iOp <_sUd>L jyCi *)} 2 a k iwjjUijl j\ ^jUxll of 



-fr- * 



T-r a ■ T 



12 



1 



1 ,2 



qp!j* 
k Us5 










jJ> oojl ^yjjj Ov.2 J? jl } S 



^ ( w / v 50 (#) 



/■* i?oJi o* J 5 " ^ o* j') ^ 

^C-Ldi Jl S y>j iiSapU- 2 a k OLi Iim k a. ^ 0 jtf lil, .JUl S <J6 Jp J^J ^0 JlAij 

(^^il , iim k a k = 0 j( ^ JApLlo Uii^l dJodU . Ojj^ ^ 
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S n i lim k a k = 0 Oj-£ t vi— »*> X a k iLJLo (J* Slli* Ja^-T _ 3 

. vJLJl pJiSl ^ LSlr.N IjJiPj i^ll *, 4)1 j, Lil^ U* 

^ * £ 

iJtpj ^JLwjS 3 a k j^p Lj ^p VLl* Jap! -* 4 



* vr>^ ^ 

4P 

> n jt t lim n ( — ^— j = 0 jj-5^ 2 a fc <o-L*LJ 4.l..i..,...:.l MtjU iapl 



• 00 Ji n ^ ^i' iAf MU JJ J Jy 



2 



1 



k(k + 1) 



, C^LpU^ Aj jU&a 



[ 



1 



k(k + 1) 



= (1 

\ 1^ 



1 



k + 



I ) : z\J>j\ 



1 



a k = 



m 



k tn ^ tn k !2 } * < » « ^ 



0 



VI 'VI 

2^ 3, — 2.J 



1 



'rrk 



sin 



[ 



k + 3 



\ 



J! n > m > N oi 



n 

2 

k-m 



a, 



< E. 



. 5 



UJLdl e-IIS' lil U Osc- .6 



! k* ajJlpL S a+j jL5j ^ a k o IS L» . 7 



, k ^ . 

* <L jipLj Aaj jlij ^ a k AjjLJl ^XvvXv^ll o^lS \a \p „* 8 



, jxAp j\5t aJ!p 3 JS [x] *w^>- 

JLp-^j L-a-X^ JaAij Ux*p o jUj 2 a. AtL**i ^ ***>^ l ( -wJJ ^ ^ ** 9 

; N iAe E > 0 JSJ 
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Comparison test ijUll 2.9 



‘ k a k & O U ^]| o-A-LJ.1 Jjl IJu j 



S a k Oii k JSJ a k > 0 oJlS lit JdLj . UUl ^ o*_Ldl 



i o-J M 



■ ^Ap«Ati UAAA^tp fc Lj 







^ ^ tjil jj o* ^,.,s..Lv. . j ll oJLa <vuI^jU 4 

. (o^LiJ/l 4JU^) 4 -JLJIj 4~>-jL\ JjJbM 



<, — fL^S/1 jl>-1 ^j^Siij 



4. </7 <^jL_S" 



OMJu^l! £* ijUlL 

^ oJjl—^: ^11 Sj-SU.1 <Jt c _p < s/l jf j_* j_^Vl ■ , . ... t ij 




Cr Ui ^ Oj-aJl > . UUI > o^UloJJ 

i-JUl iL-Ldl Oils’ lil U, iil jj| juUil okd oL^ oUiLJI .^p jis 
*UJI jj . o^UL_dl ^Uj koIjL^U oyu g&Jl s Juj .<upU .[ ojU: 

; 4jU-U eJLjiUj <ulp 4 >wj 



:9.2 SOpL^ i _& 



LfV»U 4_JU^ Uj_^c. iaisj Uj_dp o jUj 2 a. ijUJi ap UJLwdil 



. JpI oj-X£ yj+l 



: jU^JI 



>^kii yudl 4 j^ U$j y ^4j iyLt £^Udl iJbu ui 



II 



;i 



B dJ_p 



Jaii 



a k) ( 2 5 

K_i n 

.2a k ^B 0^_nj£ 



k=! 



Jjij . (co ^ yopL- yu y>-v yui ^ yjLdi ojk bi 4jl ^ 



1 



! ■ oL-jV 1 ( J— g** j_& Vjjb ^ ^ 




j 



L^l 



yui > yxdi J_p 2 b k yLJl > aj_il u! JU, : (dominance) 

® til k > N ut vl~>« N j B Obo*Jl 0>-j I j( 2 a. 



.a, ^ 
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J\- ■ 



.ijUll JLH - 1 :9.J ijL; 



Y. 



J-* 2 b 






J ^ 1 1 J. iJ 2 a kJ 2 



<_iJ^-L-J X a, c2 15 iijj . Lwgjl X a k jU 4 jjjUj X b k cJlS . 2 a k 

. Ajwktf-Lj tsA>i S b, jli 



iOU^rJl 



oj_pLwi \ aj iiIjiiVU Iajj OjO*^ . a k t 1 *^' y^cr* b k oi„j b k o' 



\ If lc ^|5vJ tl 



Bb k oi >>; of os^ y.i 



n 

2 

k = l 



a 



k 



n 

=5 B 2 b SB 



OO 



k=l 



K 



k = 1 



b, < ao. 

k 



4™j -I I L_ASj| IJJj ^J_; f-1 y« eijJLJ*' ^ a^ A— *>J«J^I y yoj} 

.iujuJ 9.2 SJL&Ull 

. eloJl ^AJl f-j>J3 (contrapositive) ( yzju ) ^i> iyf yn ya jljJS ayUj 

#* j. ■* 



: 9.4 JL-i. 

aLJuJI o' 



d, /j * J J B jjO jl o'VLJ"! y* jwS" tj 1 y» Oj-^Ljj 

. k^Jb\ as^U jO jJt a k ^ B b k 

-t¥ 

: (Asymptotic ^) yi^i) oUlyiL SJjUli jlo^-l :9,2 hjait 

0 ^— 5 n_j O— j-px— j (j v ■ ■ H •*> j^—t' o>— ^ — >*■■ ' —-' *-** 2 b k ^ 2 a k o^_>L_S 

f * c „ ■ / ^k \ 

. lx* yy-ltf-tJ jJ lx* ol^~-*l*‘‘Oi' 0^5 \j t lim^ l ~u / ” L- > 0 

D k 
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V 



1 



2k - 1 



> 



j^f Aj J-t-Lj 2 



1 



(2k - 1) 



1 



1 



1 



2k 



k ’ 



Aoi-Xt" Lu 



; 2 i 




: J! k > N b\ 



; (jLft 



N 



'Ji 



<JU t 



lim k ( 



a 



= L jl Lc 



k 



a. 



< 



< 2L 



b < 3 < 2Lb jl 






z}\ 




. 2 b 



2 a kJ 2 b k 0 ^ ^ WpJJwLjj 

.9.1 ^ 



lim, 



k - 1 



oV t 4 jApLj 2 



(k- 1) 



1 



2 k + k + 7 



k - 1 



2k + k + 7 



= lim 



1/k 



: 9.5 JL-Xo 



iLJuil 



1 



2k 4- 1 + 7 / k 



, be* objJLpUj /red 4 4 j J^-Uj 

W* . f ■ lp» , 



1 



~J>-J 



jL^-i 9.3 






(more LidSj JS \ il L~> J jjjcJ-l yijiyi II ...1 ...-H 9.3 JLi. j 

oVlaM ^ ^ — .1 I ^s . i IJUj J g -' <w^j]a_| UjL^I condensed) 

.yui ijkJI J* IJUj .-pVI 



.^jSii ^y£JI jL^I : 9.3 \)*> 

** 

4 4j*wL-ji (^n) C)| CU* 2 a cJLS' IjJ 



. jUsl> 2 ^ a 2k 1 La*xlp Jias^ AjjjL&j jS a. 
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; jU jJl 



: Ljk- 2” ja iySlI iJU.1 i^U 

i a 2"^ a i+2" i i a -l+2“*'/ 

oJiUfai fjp\ ^jL*J jl >-Jw^ 3^n+ 1 J 4iij! 0*X»p£ ^ J r^f J-A 

-Jf »* t* 



' - ^ 
i t *,„... ■* 



L n 



2 a 2 „ ^ 



- 1+2 

2 

k=2" 



h-1 



n 



a k ^ 2 V 1 



1 ~n+l 

7 2 V 



; kiAJXj 



m 



2 

n=0 



' i 11 

2 a 



2 n 



- 1+2 

2 

k-2 n 



m + l 



1 



m 



2 2 n+l 

n = l 



“k ' 2 — , ” a 2 n+! ' 



^ iHfc 

LaJUP Js2j13j LaUJLP ^ oji JULj 

\ if 

. o j Ji^ 2 2 " a,. «1 Jd 



1 



wujJ-j . p 2> 1 1 — JdAij L-4»UP jL5j ' 

* k 



: 9.6 JU1> 



<UuJLudl 



« 



&&X\ 



n 



S2 1 



1 



( 2 y 



2 2 k k|> = 2 (2 l p ) k . 



| ^ ^ f 

jaiij U»Jup 2 " p < 1 ot U, . 2 p ‘•iYi^ ^ i ^ aJlJfcj 

^U*Jludl l^U^Jbwj 9.3 i>w? P > 1 Oj^-i 

.9.1 Jt. Ji 

iyrj j* JjL_xJI ^All J[ jjtj -1* Jj-j ijjUil OljLii-l J-laJ X*-j 

S £ 

^ aX**X*aXI v^i-Lb raJ JlA\ jl A p-^Lp aJ^bL*^ iL JU)| 



Jtpld 



■* ■■ 



Abb*»A*4iit**w£ Ab > f Ir^vLp 



« v 

- a -> j j 

CT*^ 



iJL*UI UJLult dll; Jury is* JS\ J(>Jl Ula 
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t 



lim k | — - ) = 0 JaJ. 




^ b 1 \S Ijl <lj I ^ 

k * c 



2 u 



■** + 



C-JL^J oJl>j jJ 4.U....J. U sJla . i-j jLi? j j_£j ol 2 b jLi 








Aijlait oljL*>-l J <LJlXa 



viU; Jt. j* oUL^Jl *yp a,> 



a^I y> c-La>j iULiJ! aJLJ I e jjfc Jjd zy>rj *V <j| 1827 

. Abel Jj J^pVi J L^l jJi iJbJi 



2 b k <Lj-ApLo JL>-Jj 4 jti t 4 j-ApLj aJLuJLmJOs 



: 9.4 



Ul 5 Idl 



• lim k(T iL ) = ° 



lim k( 



lim k ( 






: CM : oUjJt 

k 

y 

*-> « s, = ^ a. 



O S 



j = l 



= 0 , 



(j m aJ1^» 0j& V aJj^-I of <jw ajApLj 2b fc q\ <jw i_s^J 

: s n > 2s m Oj£j o-w»v n > m jU?Mj {s n } aj^jl^V LJ N 



1 


:JGjup s > 2s 

n m 




j n>m 
■ 


n 


m-1 n 


n 


a k 

s 

u 


2v 

k=l K 


- 2j b, = 2j b, 

k T* k 

a— l k— m 


k— m 




i 

■w 

ii 


s k - S k -1 


1 

:> 




k=m 


s k 


S« 




1 


w 

i 

3 

1 


} > 1 




S 

n 


J S 

n 



k=m 



( s k - \ 



1 

2 ‘ 
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n 



^PTTTTT^H OC 

X b k j! j! U yix^ c~J {z. bj 

k = I n — * 



jli 



r* ^ 



jdl J™jLJ 



I ^jA SJL-3-ij jU SUa. Lwj ^ Ld*j %U j j 



o*xi Jij^Ji '•— ^1 ^ 3 ^ 4— -vwdUJ j!) jUi>*Vi ixLki 

l.....l.^^ ^jp 4 m^_£ iJ^Ssj i - ■*■ 9*5 nJh_Hkj 4 j L^ ^j^J !■***! \ 1 I a 4 Aa**^^*mJL I 

. iJUl Jf o^ULJ.1 V jliJ U'ljU^I JS 



SJjty ol jL>Vl 9.4 



j ^JUaJllj-U Oj_~- Ol ^.jlidi OdUJI oljl^-NI yui o^fcJI olJkJl (.JO; 

i«i *-l>)ll Ja~ Vj < 4 - J-ilidl ^3. gH 



. o!>LJLodi ^ i^>U- 

* fi 

bij-LjxJf ^JIjO JiJl iO_*J t >jIaiU jL_ 03“I Oiol <_ o>-jJ ^X> 4_ tU A_Jaibj 

£ Sf 

^ Sp*Xp pJ^p ^i *'-'** j * JadJ <cJbU 

& E £ (l 

JuP Lo ^1 ^ 1 ^1 

OjL-S) iJjji-l L^-x^L>ti 0 j-Snj LoX-P Ja2t3j LoX-P ^jlio <>f of 

Jp¥ 

* £ j 5 ^ 

Jib£ i_Jbdi cJlS" lii U JUJL^ ol .jl~VAJ L*iij ljL*» ^ ^ t (9-5.1 jj^i 
k_*tj jaj J ffj jZt {j^^- 4_Jlnil OoL_S iil t« jL .O-~> -i \ ^ ...<?> 4j^ %s i I \ jU*^» 



■Vo 



Ldi 



; Integral Test jLi>S 9.5 b Jou 




iLl 



a. 0 ^ 



j jSi k J_Sd -Jl f y^aL;^ Db ob 

J 50 V 

f Juixii J^LJxxji Oj^-i Lo*ipXxp Jbiij Ah^jLaj 2^ oli 3 j^Jxp f(k) = 3l^ 






, Lo jUj 



: jU^vJl 



; jb k ^ x ^ k + 1 ol5 1-il 



a. = f(k) 2= f(x) 2? f(k + 1) = a 



k+r 
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; jli dUJbj 



a, 



J 



k+ 1 



a, 



fk+l 



J f ’ J 



rk+i 



a k+i ~ \+r 



.* jli kJLU f j! 



n 



n 



k=l 



a 



Sfr-ff 

k=l i, J , *’ 



n 



2 a. = 



n-l 



n “ 1 



a, 



k=l 



a + 

U 1 ”k + 1 

k= 1 k+1 



a 1 + 



I* 

k=l k 



k+1 



f = a + 



r t. 



n 



lim I f < <». 

b^co j \ 



:c*j\S iil I«ij lil Jpt a k } 



k-l 



jU 






* . ajJLpUj 2 



J x dx r nb 

= lim [log (log x)J = 

i - b — >•<» -l ') 



X log X 



1 



(k log k) 



: 9.7 JL_U 






00 



, oI^-ApLj JoiScil jls ^ ytj 



Aj JnA^? U«^>%x) [1, 00 ) S/**b [2, 00 ) 5yu-jdjl jL-til IdJfc ^ ULolS JjJj 

4* 

. ilvJL^dt OpU J t vJjU; J* y>_ M JjVl JjjJ-l JUMj 4 log (log 1) 



(Ratio test) . 4™Jl jU>-l ; 9.6 hj* 



; ijj up Mim 



a 



k+l 



a 



T . ^ 1 



f ** 



. i^- r iUl 2 a Ol 



lT^ 4 * 



£ ^ 



A*o j 

■4" A 



U; 2 a k ji j^sr L < l 



JLpLtj -S a k Ot JL& L > 1 
aj JnpLj j\ ojliJ o ^S \j 2 a k jU L = 1 olS^ 
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: 6U jJl 



N xX* . L < r < 1 QjZj 

: oU LU1. j 



* - j r bap L < 1 j! Slj 

a' 



k+l 



a 



*S r Jl k * N 61 ^ 




a 



N+m 



ra 



N+m 





m 

r a.,. 

N 



\ r k 

I 



4 -*j i 

P* m -JT 




AuM 




« 



# 



C-^ 6^^ 2 a k 6Li 



tjLAj 4 L, > 1 ijL- 66b -X*jj . ojli» 2 a k 6^56 Ajjlili Uij LDjjj 

• ^ 1 jL^Cj k i? N' 61 N' sjlc- 4-JS 6 r*^ 



k+l 



! J— ftj <, 

{a,} <>[+ 6 Li U^j a k ^ a N > 0 k 2 * N' 6 U LlLbj . a k+] 2 * a k 



a 



^bli . X 



1 



lim 




. 4jiXpL> a. 6 Ulsj Lft t 



aLwLII ow> L — 1 4 JU 6 jU 



(k + 1) 



= lim, 



1 



k + 1 



- 1 



l; 



615 lil 4 _jJLpIJj t p > 1 6L£ lil ojLaj oJl«> 61 9.6 JU> Llj L*xS6j 

^ ** * a Wji 

. p ^ 1 

t, ^ i|l i t * a t --id -ir.li AjLi jl t,.|..j^jl...-<i6l 4 jl> jj* ,« 1 1 4mm61 jL^sL^j 
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:9.8 JLju 



01 {S y ajV ir ^j/ua^- a-ojIaJ 

4 * ** 



(k!) 



<LJU*d! 



k+l 



lim 



(k + 1 ) ! 



— lim, — = 0. 
k k 



(k!) 



(root test) jLisi-l : 9.7 \Ja* 

0 ™J«A*P c lim k = ^ 4 -JIaa 4 X«ki*«*/» 2 / 3 .^ 0 ^ kJ^ 



• 4j^U E a k (>4^ L > 1 t<wjU; E a k jf jL*S L < 1 

. aj^pLj L#jj o jL5j L#l O 01 E a k Oli L = 1 015 1^1 ^ 

: 0 U^Ji 

■ 

, 9.5.1 



(Delicate Tests) 4 aSjAI o!jU>^I 9.5 



9.6 *9.7 jwjJiJl j (iwU-l j^) *JU»I 



u^l ^Jl5 lit ^ JjUJi J! lim k (a k ) 



l/k 



1 



lim 



a 



k+ 1 



= 1 



a, 



. 1 J ajjLm*« 4— jJl Ajly* wo 15 jj ajU- 1 JaAj w**>«j jLx>*l Jj-jJjJ L* 



jl U5Lc ?1 J[ 



a 



k + l 



a, 






Ua_*; jf 4 ^o t k {( — 



ij—y* 



Jp J0-o U) 1 ^_5! Jj5o ot ol^! j w*b 



AP AjU JcLwXj ol ** 

- l} fclJ .1 jf Wa!I il,i 



a 



k+l 



a 



WbwJl wol 5 tal L« J y>- 



, *oUJl jl*i>-*^!! u_j.xa ! 0 aj . ^ wJjliii 1 IjT) 1 ^teipLwJl 
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. (Rummer’s Test) yj£ jl~“l : 9.8 \ Jizj 



■.oSi 



> i-v {P k } ot, iL-L^ 2 a k jt < J0J & 



lim { 



a 



k-r ! 



a 



k 



N ^ys . *J 1 



a 



* 7 



k+ I 



Pk+i/ ~ L ' 



(i) 



iojli- 2 a. ols L > 0 ois ISIS 



ajiApUj o ^ a, uU 2) 



1 



P k +i > r 



P M a M - P K1 a Kl ^. > ra 

N N N N+ 1 



N+l 



k 



j L < 0 jlS' til 

: jU^JI 



0 < r < L iol—di Ji-4 r L > 0 of S?j! 

: k ^ N 



r* 



P N + ! a N+l P N+2 a N + 2 ^ ra Ni-2’ 



P_ . a v ^ , - P._ a Mj _ > ra.. . 

Nn-m-1 N-Pm-1 N + m N -fin Nfm 



■4 < 



W*j3 W*JJ ^ jiaJ! uli tObjLlii oJu IjIj 

: ioLdt j+“Vlj 



^•i 



\\ a w - P K1J ^ a.. , > r a. . 

N N N + m N+m , - t , k 

k=Nf m 



P N a N- P N + m a N +m >r < S N + n ,- S 0 



( 2 ) 



n 




(2) 0^» s = 2 a„ jlS IsL, 



k=l 



rs_ < rs M + p w a w - P.. a.,^ < rs_. + P. . a M 

N+m N r N N N+m N+m N N N 



jt 
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: J* N j m J5Ui ^ 



N + tn 



< s N + Ip, 



L < 0 j! ^ jJli 2 a k oli (JUibj ^ {s n } oli dJUjUj 

: J! Lpjd k ^ N jl C^Pxj N 



k a 



k + 1 



k -f 1 



: oU J 



r* <ys 



a k ^ ^k + 1 a k+l 



j! (Jj iS^ji k ^ N jli JSXS'j 



l)1 i di ! J > j ( m > N 1 W L?) 



PN a N 



a ^ 

N+l N+l 



p a 

r m m 



TCJsJ L A 3 jj . 



L 



<j*?r 



2/ < 



a oli !JLJj i p x , 

m £ 1 N 



* IS 

. <1)Ia jJl dJJ-b t Z dpLJ 




wi^lJ 



r 1 0 ^ 



: (Rabbe's Test) jU>-l : 9.8 



lim, {k 



' ^ ^ ■* ^ I I T f ¥ * l 

- — - l)} = L. 



1 



t oLj L 1 olfT 

.iJpU 2 a. OU L < 1 jl£ lil , 

■* + K ^ 

, 4j Jj^Lj j\ io jl^j OjSsj ii S a, OU L = 1 



; oU jJl 



* £ J * 

k a^l psjS jL^I Jii 



ijv 
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: 9,9 JL-U 



h •* 

1 1.3 1.3.5 1. 3. 4... (2k — 1) 

-j- j- + + ... 

2 2.4 2.4.6 2. 4, 6... (2k) 

: bjJ Aijliii Slji 

1 + ( y) 

a k+i 2k + 1 K , 

“■"i = ,im ^ ir+T = ■ rrr = L 

k 2+ U) 

‘{-£— >- 

, 2k + 2 - (2k + 1) ^ k 

= k{ ) = 

2k + I 2k 4- 1 

, . k 1 r t , 

, ijkpU iULdl jl u>b 4 lim k 2k + 1 = Y ° ' J 
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n n * ,. 



. 2b. 4 2 



*■ . ! 



k k 

k=l k=l 




oc 



t*; 



A>*jj j L*a*j ^ a^b k 

' " k- 1 



n 



k = l 




J ^ a k b k 

k=i 






CO 



wujlaiJl 4.a. tJa .o 2b k OolSj 5 -jjjISj 2a k O-jIS" 1jj| 4 jt dwjj L)1 -~b a, j 

u k=l k 

Sb k t 2a k JS" Oj 15 bi j&j .(9.8.6 ^J: ^^1) t-jjU^i <ulla» Xa b jU 



lw JL^I . (L-J^ j~* UU a^») 2a k b k L)L luiSLc *^Ls LU jZt <uj jl»5J 



. ebXs L« 



LJ 



: 9.13 JLJU 



A r 



(“ 1 ) 



k+1 



Vk 



AiiiArt^ LaM h ^ i LhJ3iaJ 



. Aj-LtU 



^ cAs 






1 



jA 1 ^ » .. Ai ^ <L«X«*xLI oJji ^>-ljJt 



^ j* 



j^_ bsj L— ^ ^ ^>i ^ jl .A . 1 i 



^ ^ oJUfejJ 4 ^ J L* J ^ 



UJLI 



(a, + a 2 ) (bj + b 2 ) = a 1 b l + a t b 2 + a 2 b 1 + a 2 b 2 . 
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; o» 








i. t C - l dj ) fe. l . A a.l iN***P*»*i># l *i ^ 



siJJ JL*j . b k ^ -X>*!j J-& (Ja-^aJL S-^'j lj*) a k J5 c^ (Sa k ) (2 b k ) 




2a, b. 

* j 



~&j j_ w aj I (( B 0 1 ^n. ^ j 1 L>«^ 

*y 



j* t^jJiJ-S oJl> (well defined) 1 ju>- Li^yJ *1~X^ 

lil _ (jjl^ oJy& <U5 ? (jl V?^ <3^ ^ 

■** 

J-3 (*^d - cJ-i lc^ 3— *■* f**~* 



J_j *j j t k 4 j — t *>L^s ( j^Jj <, <u^ 





t 




•>Uj . ^JjkXw ol - 

a k b. jjJlJ-1 
$ " + 
\ji3j 1 ij> 



:ii~JL«dl OjSO jt (2a k ) (2b k ) u jJ^\ J-^>U- oU dUijj 



a t b t 4 (a 1 b 2 + a 2 bj) + (a 2 b 3 4 a 2 b 2 4 a 3 b,) 4 ... . 

ajj -/> ^ t 0^^^ 0^ t •XiS' 



( 1 ) 



Uil 



u-J 



’. j! C?' c a ( a {) 

_> (1) JUs'llI IJlA UJj t 2a k = a 0 + a x + a 2 + ... 



a o b o + ( a o b , ~*~ a i b o) ~ t ~ ( a « b 2 "*" a i b i + a 2 b i^ + ■” ■ 



( 2 ) 




^j-bL 



(a 0 4 a,x 4 a 2 x 2 4 ... 4 a m x m ) (b Q 4 b t x 4 b 2 x 4 ... 4 b n x n ) 



2 1 

= a 0 b 0 4 a () b L x 4 a {) b 2 x 4- a () b 3 x 4 ... 4 a Q b n x 



n 



JL.- 



t . ,3 , , n+1 

+ a,b„x + ajbjX + a,b 2 x + ... + a,b n x 

2 .3 , n+2 ( 

+ a 2 b„x +a 2 b ,x +... + a 2 b n x ... + ... 

= a b + (a 0 b! + a b 0 )x + (a 0 b 2 + a,b 1 + a 2 b 0 ) x" + .. 



( 3 ) 



of i£j-> fcX ftj-iJl oli ^.. > - (3) j * j -. 1 1 

.J-&U3I .J Lft r^aj ; ^iaJUj . k + j = t a k b j ^ X 
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'* * X^wX****! X 'y dUi t n ^jA j\ m ^ja ^51 t d) X.xxp' (^l*^) 

• c^*** 1 ^ 1 — X j*~\ oVl 3 jyj . jjjij-S” 4a jS o'bX-Xoii s—j y & _^Ji i JL* j cJla 



1 9.4 ui; ju 



jJ-\ IfJ ^Jajkj JjJi C k 4.1 L.X 1 



3* 2a t < Sb k ^l.,..i...^.U 



■ 4a . ./?.,] L> k 



(*■*0 



k 

-2 



c. = o a b. .. 
k j =0 J k ~J 



( 4 ) 



liX 



mKW 



t t ^ ^ 

j-ajI of o*-^ O' XX * 5 t i j! L*XU !X& oX Ic^j 

oi oUl j£sj . o j~X Jol^ 



oc 



00 






N 1 /V* \ /N? 

c, — \2^ 3. j I^Lf b ) 

k=a k \=o k/ \=o k 



( 5 ) 



.ojU: o*)X5l o') UudJ jf XU? 



X 1 ^ t * »— 1-4 IS^ jj— J iji^~ “XC'Xo d)f /ji^x c k iji ( 9.14 <JX«^ —L*> J~a j 



: 9.14 



J-ws»U~ op tUlia^ LjUj S a k i I] b k ubLJoiIi oJlS’ lif 



: OjiXj Ulka L jUj w)jUxj 2 



00 



00 (X- 

2 c .-( 2 . J ( 2 b 1 ,. 

k-0 K \ = {) k/ k=0 k 



: oUpt 

O^Xl Jpl.! ^jA 4_jX d)X> _/Ji iXft> J ^jUi 4 jUi>Jl! 

? 4 ^l_Ui ^*$1^X1 5 j v^Xp- jl J— >-l*L» cx>I ^ A^jl^'y 4 ..i s.b, 

J 

* ^k <j a i 
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n 



t 1 ijk c — a. b 

C J n :_n i n-j 



j ■ t ™ 0 



^jS' *-J J— ^»W- jt J-* 9.1 JA J 



JLJLj i. j* jVI ^jJbJl ux^ l J a Q b n I-Uj Ja2\\ j jj-bU 

- " n 

iti yij t j-Ji\ cJill J JjjJ-l JS y> Oj£k 2 c fc j£\ 



n+1 JjjJ-l 2 a k Jjir' g~< Ujtj .(array) iLSLiJl ,y i->* 

it 0 

SJU^bO dLb *1 j^r[ ^ lib • b k iijL-iii J^UJI -b-lj J\ J <J-^' 

•JLfc Jl^b - j >^ s J - 5 > J-^ n + 1 

* jA (n 4- l) 2 J1 




a o b o 


a 0 b l 


®0 b 2 


a i b o 


a t b l 


a i b 2 


a 2 b 0 


a 2 b l 


a.b^ 

tfii 1 rfrr 1 



a b 



n~l 



a A b . . . 

U n 



( 6 ) 



a b n 

n 0 




a b . 

n n- J 




b 



n 



a b 

n n 



( 9 * 1 ) 

* <jj& n <0i 9 *^* Cj*J 




. AjJJtSL# c k jls 
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*4 

■ ^ ^ ^ oIajpJI oli j^j^s-j . jcJU j^p 



*A 



" c t * (2 a ) (2 bj, 
k=o k \=o k/ \=o k/ 



2 



( 7 ) 



: J! iS>y. ^ 



oc 



S Ck ^ ?o ^ Po bk ’• 



( 8 ) 



n n 

(? rt a k) (^ 0 V J ^ o^H 



k-0 'k=0 



ci — S n— *j ,^jA tJ (n + 1) -Jl ^jL*j ^Ji *JL*j (6) ^y* 



m 



2 



' c k J~4 <Sj^ ^ *yry '^J .9.1 



* ^ *Ao hi^bl l-j ^ m ^ 2 n 4 2 ^ ^3 [S' ^ |J| ^ m nL j 1 



in 



2 



(2 

T. 4 _■■■. 



n 



c ^ [^ a, )(2 b, /. 

k-0 k \=0 k/ k~0 



(9) 



00 



x 



30 



2 



(2 

V . 



k =0 Ck ^ ^0 ^ 6 b ^- 



: ji g. P*U<WwO til J5CJ (9) 0 } 



(10) 



(5) of (10) j (8) jaj 



li 2a k t 2b t J 4-A OjX j)l i»L*Jl ilU-l ^jjj (.OU^jl J^y, 



. ■SjjUi^I o! jLil 



liij ii-jjLSxll 4iik_« 0j£o 9.1 J_SLi j Jw5LtiSl ijJL?- of 6*>U4 U^jf oil 

jLj JbJL)j . ft^LpI i»l Xjs^ j_a Oj^>, 9.13 b ^k:11 \jjj 
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cc 



il J 2 C J-c- J J Ck*-*JJ L* W A— «*Ai ^> *1 

f k=0 k 



^ r a k> ^ u b * 



2 




2 




^-~HJ 



. o\jbj3\ U*it -ii «2ii Jj Oj&j (5) <bUl! 



v^ijLaJ ol^-vaJ LJLS’ ( j tt J 2b k t 2a k ^jLxj ji 9.14 4JJJ 

: Jbll Jlill J 

« ** w *+ 

:9.14 Jl 



* i •* 



*j 




< 



si — * — 



S 1 .A — - il t_5"^ ^ ^k 0” ^ (J“^ 



A— p" 



p Sa,_ t Sb. ^ 



k v -'- 




2 



(-i) 

V k + 1 



;L5 bi 

k+i 



:{c 2k } aO^U iJtdl jU^l diiij 0 U^l U dj& of ^ V {c k } of 0^ -oj 



L* 



'2k 



2k 

2 

i=0 



(- 1 ) 



j+1 



(“1) 



2k— j — 1 



Vm 



j + 1 



V 2k -j 



1 



(-D 



2k 

2k 2 



i 



(u) 



H> Vl 



j 4" 1 



V 2k - j - 1 



L,t_ OjSi ^rVl OjUl J 3>^l £>^4' J 2k + 1 Jjjj-I j* ji u* 



:oV ‘ t4~ 



2k 



[2k - (j + 1)] & 0; 



4k 2 - 4k (j + 1) + (j + l) 2 3 0, 






4k' 



(j + 1) [4k - (j + 1)] 3 (j + 1) [2k - j - 1], 



1 



> 



V 



j + 1 



V 2k - j - 1 



JL 

2k 



,f 



■ (Jl <£*Ji ^ 
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^ *I ^ « ? A *A i m^*AP ^^t_3 I ^ ^»^*' ( 1 1 ) m*^ ^ y X jf 1 Smm3^JL%J I ^ 



: OU ^ 



r 1 o-^ 'i 



Jj>” 



c ? . 5: (2k + 



»< jit > 



> ]. 



( 12 ) 



i j4 > jJl«M Uij -^IxSUj tjA^aJl JjJJ ^ 0^ t IN 'j* k i jA>*£ (12) j! 



c k 9.1 

. ^jS' t_J (J^>" 8^\^“ j/I 9.14 J&lj 9.14 ijkJt Jw: N 



>_j J_^U- o' (J-p Lr a'^ - La lfO> j? ^ - (Mertens -OJ ^fyj 

£ 

jf ^^3^ >-! L-iLL> LjUj o 4 

Vf 

J5 1^ (5) ikUll c^Ul U Jb l^j ij, jU; ^ y^% ^jlfcJi ^ulk* 2b k 

. o!>&l o!)LJL-di 



J5 1^ (5) ibUil js»*s 



9.8 



j-^ 




2ia k b k ijl~s i^ojLidl 



i_ilk_. 2b„ j i-.,Li- 2a c4L? lil :o-it _ 1 



.‘r'jteM 



(2a j (2b J i (2b J )2 



a. 



2a, aL.J..,..:,JlS 



oj 1 _.pI *uL_ 3 LJ? ^p>i Lj jLaj 4_po jLio 2a k OuLS" - - ■ I 

• (" J!) J *'r ; 2a k 

7-J S^LpI j^-*_> <uli Li? pi A-o ,U: 2a. cJl5 bl :c«if 

. ~ -J r ■ t - J - - v k t ■ 



i 1 

T "4 



1 1 

9" + "8 



27 






■ 2 



4^b Oij A^ijULi 
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t 

t 







1 



2k (2k 
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a 1 1 , I^aJI 

y— 




cT' A ^i - jUj 



The Riemann - Stieltjes Integral 



jJd\ oli J! jjJi 10.1 

Functions of Bounded Variation 

^ ijfii s-jyu jf Jl*U tJvlAil Uu» J JjVi olj ^.Ul> *jji JJ 

S 4_iiJt of j^L> lub (S) = b Lj»jup . jl>- S^^Svii aloial 

oVL_>- (j 4— f-Ltv* 4»t^* ^la_A; jl oL>-Vl Vw..Lpi ^ {j* aijJLj£ 

j;vp <JJ6 (Supremum) JpVI ^ Jl ui yo cijukl IJU 4 ( JpI ja SijJL^ S jf j* oSt^l 

:R J S 5JU- 



sup S = 



lub (S), 



00 



Jpt sojJ^- S cJl5 iil 

Jpf ja &ijj^ J-S- S cJl S' 1i[ 



ol 4 — UL_4 -w «sup S = 00 » 5JUJU jl # jil 

■* 

1 U-3 V — A- 1 ' 1 * . t) ^pf JL->* Li S of i xju «sup S = b» 

■* 

: S 4 JU j& a£aJ (Infimum) 



gib (S), 



inf S = 



00 



JjL*1 ^ja SijJ^ S cJlS* til 
^jA 5jjO^ J& S kills' 



^o-Xp yii^* jA [a., b] Sj-uiU of a^LwJI v * * 1 i ^ja jS j>cj 
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3, bj j t 1 JS t* Ol * 1 . X b i X^ 3 0^— ^i— i^i*ii^*j ^X^J* k~\ 



X 



*0-2 |f(* k ) - f(x k _,) 

k = I 



( 1 ) 



. [a, b] SJUJI > oU>Jl JS Ji£ 9 s Uxp 3>(f) ^1 & jU^Ml Oyv -^'1 ^ 

^. J ^i’.*\\ I., -~^-'j t^^Jpl o-i^O— £■ Oj^~> J>— 2j£ t ^JpI ®3^0_s^- *-Ji-Si oAa 4-3 j^5vj 03 

J5 J_p Jb^t 03 Jp^I ^oJl jt jp aJ^jJU sup 9>(f) Jp p-i)l oOa 4iii JpVI 



. [a, b] l jiiiS Jp 9? oli 



' 10.1 ub y u 

£ £ * £ * 

bjp sup ;> £?(f) j jSo ol -k _L [a, b] Jp 3 jJbt (^Uj) j\*j ob f Ail oil ol JUj 

;<^oSJ aJU-1 oOa j . ijlp 



V’ f = sup 3P(f). 



[a, b] Jp (total variation) f aJIjJJ (J^JI) o'*-^ 






V f jJwJl 



a 



, 10.1 



uL_s (il 3> jl_5 bl 

*4 *■ 



^ i * * < 




OJ ) 




^ 0 ?^ 



. 3>(f) = f(b) - f(a) 



: 10.2 JLi . 



; [0, 2) Jp ob aJUI AwJuJl JJoJi O 



f(x) = 



0, if x 1 , 



1 , if x > 1 , 



c 



g(x) = 



0, if x ?M, 



1 , if x = 1 ; 



■ v ?,g = 2 



1 
■ J-r 



V f 
v o 1 



oV 



5JljJt ol liL5 U? jOi i jJiJl \Sa J **> o| 

p* *4 p* 
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: 10.1 

s 

■ [ a > b] jJu" oli f jli i [a, b] iijJA oli f oJlS lij 



: jUJI 



‘ l x k-i i X J iJ f ^ <jr^ •J'ill ,Jp 9 i^yf- J^slid! iU» f j^Sj 

^ V‘j^-1 SJUII «I» J ^ k J^i ;UO)l j_^U Oil 



f'(lO 



f(x k ) - f(x k _.) 



x k - x k-l 



kb 

:ol 



n 



gP(f) = 2 |f'(M. k )| (x k - 



n 



x k ->) 



SU P L a.l>| l f '(x k )|} 2 (X 

is. I 



Vi) 



= { su P(n,b| l f ’(x)|} (b - a) 



^jL-, jt ^Vl y^LU ^ M«JI ,9 nsg JS3 iiUl i,lil jf U 

• iAJ> , V b 

- * . ■ a 

Jldl (J JijjJli . Jj J_>xi } J^kdj Ljj j# 10.1 AjjiaJi (J -LvptJl jl ^jA 

■ . Jl 

b i • 0J >^ o b i * : < ^ 4 ^ t [ 0 , 2 ] Jp Ju^UdJ aL\S JIjo 10.2 

JULl J*\) s^j^t f jf j| ^ ^ ju ija ^ Uj JJ»UdJ <Jbli f of Lu^ ji! 

.( 10.5 

U\j}\ djJL jf *. AJloiJ UjL~* ^lyLL. jjjull ^jdS ^jL* jj 5 ; 



J to 



: 10.1 

• f jU t [a, b] Jp jJu olj f OjIS 

: jU Jl 

+i 

■ { a ‘ X ‘ b} J> jjsi, Ja_; 9 jt J,}* tJli [a, b] J X jlS lil 
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3J»(f) = f(x) - f(a) + f(b) - f(x) 



V' 



; JuJup 



f(x)| - |f(a)| « V^, 






f(x) | ^ f(a) 



+ V b . 

a 



dUi 






.Sa>d* f jU V b jl$ Si! Vr^S 



jJciS L5"*3i ^ JU<ijVS 0| 



; 10.3 JLJU 
: cJLS til 




if x # 0, 

if x = 0, 




-jd B ^Ap jf oUa> ^ diJi jU^ d[ - Vj = oo 6U 
!jd>d 9* SXA Jd» jjp J j , ^a„> i c„ U . 9*(f) > B 




1 

5 




1 



2k -f 1 




. k !> 0 Oj& LaAIp I 



f(\_ k ) - f(x„. til ) 



n™k 4 1 



i 

(2k + 1) 



-1 

(2k ~ 1) 



> 



(2k + 1) 



j£ n jLj^L j <, dl ! j ^ 2^ (2k ~f 1) ^w. L »wf I ot Ljf Lx 

JiLall (Partial Sum) ^jJU 0) t2~»u : 3“(f) J jjJj- i oliU 

. B ^ X jj dUiJ 



M UijJ jjJU yJujtf jJl iJlJJt OL Jyu ^JUl J1 Lb>. 10.3 Jlill d) 

■A 
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(3lx-4»-U 4 _jLmw9 1m— I. ^ *> O' y^vj ^ . O^ '^J 

. JjUl 

: 10.4 JUu 

:cJl5 til 
■ ^ 




if x# 0, 

if x — 0, 



. 10.1 i^lkJl Jjji oLll jSs . [0, 1] SJU3! J_P j,Jji U f jU 



• [0» 1] *- i j>*^‘ f 7 01 iJlxJi cjUL-jOi 



f (x)| - 2x sin ( — ) - cos ( — ) <2+1, 

I IF V 



1 



0 < x < 1 J53 

f (0) =0. j 



Jjjpxll j-JcJl <W? ^ tfUJl ji 



: 10.5 JUu 




if x^O, 
if x = 0, 




j^\) iu j^iaj &u f ji & f*j\ > [o, i] ,> jjjbt jM oii c—J f oi» 

i X - 0 i*a.Lp AwpLjbJJ f <uLLS Wc® (jJ! 3J«p-j31 . ( 10 . 1.6 

*L # 

: bjJ ilL** 



f (0) = lim 

x — * 0 



f(x) - f(0) 

X 







0*$ t ^t^aj 
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10.1 




1 2 



^JtAJd V ^|JxH A^jl 6 Jji 1 ^3 

** **■ 

. [0, 3ir] > f(x) = x sin x _ 1 
.[-1,2] J* f(x) = 2\ - 3x 2 .2 



[°- ■? ] t> f ( x ) = 



tan x, if 



0, if 



0 ^ x ^ 



IT 



2 1 



IT 



.3 



[0, 1] Jp f(x) = 



7 T 

sin ; 



0 , 



if x / 0, 



if x = 0, 



_4 



:cJlSj {a.} cJl S' iii -5 



a k’ 



if x = 



[ 0 , 1 ] Jp f(x) = 



0 , 



1 



(k 4* 1) 



wLii ijlp 



[0,1] Jt. f(x) 



2 

x sm 



» ( T f • 



o. 



if x^O, 



if x = 0, 



-6 



. (10.3 tJliL* j tg-wAi 4_A> ^]aJL> X^ 



1 



k V 2k + 1 



. jLs** t 



* _ , t 
. [a, b] At ajjbt jju olj jo (Step function) iLjL- <Jh CM 2# -7 



o!i f ± g jU 4 [a, b] 




> g 4 f Cr* cP ^ ^ 

.[a, b] Jp 



8 



I / c 



lifcJLSIi! .9 



x J_53 f(x) = g(x)j [a, b] J_P 

• [a> b] oij> g jf c (E [a, b] jy& U.Up> 
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The total variation Function ^5sll jJci\ 4Jta 10.2 

^ . 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 n 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 LLLLi_Li_|__| 



f 01 01 . a^x^b ; [a, b] ,jp t^b f 01 J 

[a,x] 1 l y> 9* c iSj^- Oi i [a, x] iuj^-1 S/uiJl J_p jt\Ju ob 

^ . x n+] = b Ak-iJl AiLs^L slU jj t [a, b] Jp {?>* J! aJbJi 

9>(f) ^ 2T(f) ^ V* :0t 



: J^IS v f JSOl j«dl «Jb ^ yo“ ^ dAJi ^ 
. a ^ x ^ b oj& Ujlp v f (x) V*f (1) 

: 10.1 SJLpLw hj£ 

. iiljb iwaibJ jr^p AJb v f OJ* t [a, b] Jp ob f ^UlS bl 





: d^r I a ’ y] J* f a > x] Jp ^ *<_£ ^ L?foU a^x^y^b 

+* +m +a 



9 >(f) ^ 0 >*(f). 



^^djr^sOi JpVl j-A^Ol (_£~IjCj Of ^jSLc ^(f) Jl djjh J_S0 JpVl J*i jluJI 0l-i Oil 

Of ui-e v f (x) ^ v f (y) jU ^~Jl !JU> . V*f ^ V*f Oli Oi-b t 2T(f) 

.[a, b] cJJiJl Jp Aj^ailJ j^p AJb v f 



^ 10*2 dJLpL«**fl 

. iiLa> A^tJ js> iJb v f - f OJi * [a, b] Jp jjJj£ jou oli f cJlS b! 






SIS’ b! 

p 



Vj f - f(y) - {Vf- f(*)} sv’f- (f(y) - f(x)}. 
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i_J L— jS- jjXVl jt ^y* ^ i— ^liaii J-S^bJS oU)l 

(trivial) * sLxll S? <l)j-& L.J-* 9>(f) Ja-^JL. j_a |f(y) - f(x)| £>>-!■' 

; jt ^ oVt iiLUi ji[ . ({x, y} 



V y f - V"f a V y f 

a a x 



V y f5* V*f + V y t. 

a a x 




: jVtf (3) &\A\ ^ 



iSj£ y* 61» i JlyJl J* [x, y] < [a, x] ^ujUD Crkjf ^ 



J <■ 



[a, y] 



^(0 + °^ 2 m 



— |f(x k ) f( x k _ 1 + ^ |^( X k) ^ X k-]) 

x k =Sx x k >x 



r: J 



x k e^,u 9 t 



|f(x k ) - f(x k _, 



= (3>, U ® 2 ) (f). 

sup ( 9 l U 9 2 ) ^ jS\ sup 9*,(f) + sup 9> 2 (f) bj£i ot jrf Cf Oil 



:0t 



■*» * - 




v x f + V y f ^ V y f oU il !IA 

a a a s * * 



v f (x) “ f(x) ^ v f (y) - f(y), 

- jUjJl pit 

;10.2 3j>: 

h * g j^P JvjJb iiLfc Oj-S^ l*XJP Joiij UXXP OjJji jJu oii f 

-f = g- h d £>£->* 




J\j3b h J g j^_SJ 



f ^ h jl jj6m J 



h J g 1>* OLS ol 

£ 

. (10.2.5 ^V / ijJUt oli Ujt ^ W* tij* 1 ' ^ OJi jjJ* jw« oli 
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10.2 UpULI 10.1 SJLpUII \JkS\ oU ola foil* lal : ^-SUil 

. f — v f — (v f — f) o 1 Cf*J c Jc...,^bJ J& ^jcjla v^. — f j o! oL*S 

10.2 ^Ji 

oli t [a, b] Jx- ea Jaa 5jl f ollS lal <11 ^ ^ _ 1 

.[a, b] j x JS3 v f (x) = f(x) - f(a) 

• <j!oJl oJaxI lal -2 

c 

) x + 1 , if — 1 ^ x < 0, 

x , if 0 ^ x < 1 , 

1 x, if ls=xs=2, 

[-1.2] J x J£! v f (x) 4>-jt 

: iltjJl c-Jif-l lil - 3 

■>* £ 

! () , if x = 0, 

1 , if 0 < x =S 1 , 

x — 1 , if l<x=£2, 

■ [0-2] -) v f (x) J^rj 

. [0, 2t r] J v ( (x) t [0, 2it] Jf- f(x) = sin x illjJI c_kpf I j| _ 4 

i tf 

t * c 

Uaji gh oU t [a, b] Jx- ajO£ ola Oia g j f ^ JS OILS' la| <11 _ 5 

, [a, b] .Jx- SaJj£- /aj ola <Jla 

J^LSLU <Lla 0j-SL f jU «, [a, b] J_c- ajJ^- jJJ ola <Jia f ollS lal <11 ^ ^ _ 6 

.i3U jU^i 

. (7.8 i>Jl >1 liLSjl) 
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oli «Jb f j t a 



x 



y ^ b jLS bi <*J! (ji c(3) -7 



. V;f = V*f + V^f dUJbj t V' ■< V* + V' jli i [a, b] Jp ij-bt 



j t i-L*J 



£ 

f j [a, b] ^1 »jp 1 ^ t s— » 1 15 bl j ! ^Aj—i 

* e 

.t JCj> 4.1,./?:* Lad v t jU t [a, b] 



_ 8 



I - o 4 j *^Lf j 10.3 

Riemann - Stieltjes Sums and integrals 



•s-J- 



9 { n k} 



t) 



k= 1 



Otj . [a, b] SJLLJl J_p jLij-jw jLJb g if of 



\ n 

J5 jj-xj LJlw> {^k/k^i ^ 0 - r ’“*^ 



. x k _, ^ 






2 f(|X k ) {g(x k ) - g(x k _ ,)} 

k~ \ 

. g SJ\jlU L~Jl f iiljUU 

C? ■ * %* -* 



* ‘ 






: 10.2 



ij* 



J-* g ^3 i ..tf) 




LLx *4 



f ^laJl o^“ 



| (J 8 JL>*jp AjIs € ^ 0 jis lij J jJl* >yrj 



n 



J-2 f(|JL k ) {g(x k ) - (g k _,)} <e J1 &y. 119*11 < « 

k= 1 

■ I x k-i ; X J J A 1 ^ C/' 



j* ji J j t g ^JljJJ 4^.m.'J U f A^JlU oLj ^ '^“*3! o-L 

* ' f b 

aJIjJLj g j (integrand) L#i£I^LjljJL f * J <J 

. (integrator) 



l^X^\j JJUdi JU J jjL Jlii oUibj ( 1866 - 1826 ) ^jyr) ulf> <•) 

, ^ xJy * ou^tj jtU ( 1894 - 1856 ) ^ UjJ ) 
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uLi (g(x) = x ji SJuUJ.1 aJIjlJI 'j* g iJljjl l*j jjSi iIU-1 

dj& dUiuj 4 f aJIjU jUj Ja^Uu^j ^dr^i £j- 



■ f f JL? J' 



. aJL>« 5 jjU J\ J««l5cj1 Jp Ju^juLj UjbJ jS j j£> Ia£L* 



: 10.6 Jl_i* 



: oil uca g jlj [a, b] Jp aJl^j -LSb f ji ^ yd 



:(x) 



if a ^ x ^ t. 



t s* x ^ b. 



L*1 , yv3 jl c*A^>-1j <Uj 1>“ Oj^i Lai t jjLi^a.4.i^? 1 bajL* j i5L* i . J /* ^iS'rf’ 

m- ** ^ »+ ^ *4 



OsL^ [t c X ) J [x * t) Ja*> <_£ 



JJU t = x J x 

v 311 ^ 



. < t < x 

m-- I m 



■ rSj “ a_Ub V i jJlj j JjjJ-l J5 . ■t‘ J ^XUa 

OjJL J-JUll iJU-l Jj f(n m ) P JI M_*^ll JjVl i)U-! J I.Kk, SjJu* 



f (nJ.O + f(u )p = f 0. m „)P 



ITl f J 



(i) 



jL ^ li o$\ it ^jA |x 



. ^ JX 'jA *^S jU 
m+I “m <U fr 



0 jtf |JS 



, **■!.- \ 1 hXiX , jp ^ 




^ (3t L^J -1 



f dg = f(t) p 



:i 



5Jb g Oj-& 



o ^ L5L*I ^ ^ 1 

djail^ Js>Uj ol widil ‘v* ->JjO 4^<J^U 



: dg J^UJl 
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: 10.3 iijai 



iLU f jji t [a, bj 



i» g' iLU f o~>- g t f c-ilS lil 

j g iijyu oUjJ-KJ 

J h /* h 

fdg=J fg', 

a a 



• 0^ *“0^ J-Aj 




: jU jJI 



<u-lSS Oj-JU iAij i 4J y>- SJLs ^Jp Ju^»UiU <Lli g t-iSyf" 









g' K) ( x k- x k -i) = gK)-g( x k-.)- 



k-1 



: Ja*-> U ft J 



n 



n 



2 f(^ k ) {g(x k ) -t(x k _,} 

K ”■"' I 



2 



k-u — f (^) s'( c k ) (\ - v,) 

k= \ 



n 



y 

jr 



k=l 



f (ftj g^lLlJ (X, -X k _ ) 



( 2 ) 



n 



+ 2 f (n k ) {g'(c k ) - g'(|X k )} (x k - X ) 

k — I 



^ <- J^U- ( 2 ) (J O j£j 

U-UP jil . jU^Ji J^Liaj UlU g' t f ^ *>IS oV ijlc^Ji Jj»L 53J %U 0^ jf jb 

0^1 . fg # JrfL&Jl ^ ^J^*j>els 1.XA ^Juib ^ g . ^a . 1 1 J>[ I 9P\\ <Jjjj 

■* a 



G 



3^ I j n jL& w^ib (2) ^ ^UJl ^ bubb ji ^JL^SO 

jli lit .(5.5 o>i) g' 5JI_0J (Jidl JUiVI Ji 5 fr mbi k I IkkXpA 1^1 I ^ I 

: J,t iPjd IM' ~ c| <5 6 > 0 jb>J LiU s > 0 



g'(c) - g'(M.) 



e 



< 



(b-a) lub { jf(x)j } 



270 




XMJ-i j t lub {|f(x)|} ^ 0 of c4^* ! <>* 

k J_£J (l)f ^^1 ll^ll < 6 tf\ .L*iUJ o 

• 4 W — * j* o* P) J 




C„ - M*, 



a 



2 |f(n k )| |g'(c k ) 



g'(M- k ) (x k -x k _,) 



< 



max { |f(M- k )| } 



e 



n 



(b - a) lub { |f(x)| } 



k=l 



(X, - X ) 



[ 



n 



(b — a) J ka| 



- VI 

_ 2j ( X k ” X k ~j) - 8. 



. J fg' Ufdl Ji ^1/^ 1 <0*2- Jw ail J! \W\ J jji ^ 

a ' Wf 

1 fl-d- i L [3) b] <U~«L_w»Vl <* yviJi 4—JUil 4 jt_dj 



Jp 1*0 0 ^JiL* <L-tiLu <Jp X«Oju u* d^Vl Ui*Lrt dj • 






10.4 Aij& 



g 2 tg, Cj* 41 ii>ls f 2 <. f , ^ OolS li[ 

^-j'ill 0 4^1 (J otA_«lSdl ^jA 

\ _> SUax* 1 g * 




J" (f, + f 2 ) dg, = J" f, dg, + J f 2 dg,, - i 

J" f|d (g| + g 2 ) = J ^1 dg, + J f, dg 2 > " V 

I (Pf,)<lg, = P J f, dg,, -£ 

J f, d(Pg,) = P J f , d g,- - J 
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! jOl 



.10,3.10-10.3.7 OUjJi \ 1 * 

£ $ & 

^pj t ^ ^ - *> 4JI.1 a_<»J— -J l AilJijl bl ^LjlpI ^Lc ^ jt i 






jJii-l fj&j - btj £j Ji«L5cJ NliU li, : ,k,«„T a^^JLJI aJI Jlii jl y* *«p ^J l 

. j^isaj au > jsjjjs ^ bV ot 



: 10.7 JUu 



icJlS 1 lil 



f(x) - g(x) 



0, if 0 *S x ^ 1 



1, if l<xs=2, 



jii iii ajV bU ij i [o, 2 ] jp g ii^jJLi aJi ^ 1 _ oLcj aJuU f O^i 

t * 
t x m ^ ] = L 01 ^jJlS c jJw? (norm) jLc*-a «Jj 1 Jp [0, 2] SJOJJ 2P 

01$ '*1 ■ M- m > 1 Ub ‘ M-m = 1 M Of Jek ~Jj g(xj - g(x m _,) = 1 OU 

: J* u = 1 



n 



2 f( K ) {g(x k ) - g(x k _ 1 )} = f(|i. m }g(x m - g(x )} = 0, 



k=l 



n 



2 f(n k ){g(x k )-g(x )} = 1.1 = 1. 

k=l 



: j-* iH-* M- m > 1 Otf lib 



^ ^ £ P 

A-ilf* L^/y2^ j t 1 bl 1 c bl | | (jl lit 




J ^ 



<$\\ ^JS\ I^U 



^ jjl&l aijOJj aJUI&I aiJdj CJ15 lil : Up UwJ Jlii I IJU 

■* *■ 

. iJldl Ai _ jkJi b bis Uyuitfl JL<aAjl 



: 10.5 

J-elSbj aLU f jli t [a, b] l^tki j c aLaJ! Xs- *LaSca g if y* J5 cJl5 Ski 

■ [a, b] Jp g jJJ UJl 0 ~A x *\ - oLcj 
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; jU 



j_>- j-J <J1 ‘ 

[a. b] j X m «, X m , 



r-i- lim c g(x) 2 .y* y> : JjVl -0> 







; 8 > o 



e > 0 

g 



• g( X m “ S( X m-l)| S E g -> X m - X m-1 < 8 ‘ X m-1 < C < X m 

^11 i-Sj-Jj oJLiil d~>- ||9>|| < 8 j [a, b] iJLiU 9* df o^j-^ ^ 

. fx * x 1 o <& m 

1 m-l m J -s 



'm — 1 



‘ X J J M-l <■ M.' J a, > 0 >yr 3 j! («>. C -Up 



Oj£j 



kj - 



) 2? £ 
nr fc r 



£ jlj k ^ m |x' 



k = 



U ^ !il 



ii ^ ^ . t 

|J£ U jtji j ^ Oh; '■!* ‘ I J=r I jJw» Ill'll o' U . e f e 

• >U3l Jl 119*11 

£ ^ 

‘ o[ t §(c) j^p lim c g(x) 1 0^/t 

]g(c) - lim g(x) = e > 0. 



[a, b] iJjU 9 *£-2. jtiJ SLk« 5 > 0 Ji 

*+ ~ ** 



J * = c j 911 < 5 



|g(c) - g(x 



m~ 1 



g(* 



m +1 



g(c) 



J-* [x m ‘ x m+1 ] ji [X m _, ‘ xj d-^ e, > 0 Jl f Jt — ^ 

* 

^jA l « Jfl,*J i-XAj - fCl^) ” f(fO ^ E f <Jj-£k> 0 ~>«J ^ c ^ <jcb~Al 



t 



^JU jki JJJ-Ljj i e f e /2 jlJLilL; JiVi J-p olihs£j S? 







. vuji ji wn LaJUP L* ^jja i) LyuSj ^ 
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t f b 

4_ijjLLl Sj&tSl a < b U Xs- J f dg Ji« J*l5cdi ^jJU <_$£) . a ^ b 

a 



Jl •<% 



s: 



f dg. 



: o| Jjij (jJlj ^IScJi <j a U .w.t.^Uj 



(3) 



.7.3 Aj^laJ! jdaJ y >j t _ jUj Jy- J 

: 10.6 2 u ^ 

4 

[a, b] ol j^iil J_p g iJl-dJ i-wJL; Ln J^il _ jLcj J_*L£J iLU f cJl5 IjJ 



: oU i [a, c] j [b,c] j 



J c pb pc 

fd g =j tdg+j fd g 

a a b 



(4) 



: jUjJl 



M a < b < c 



J&> (3) 



JS d“*^ he"? i/ 



4 £>0 C kpl 

P ** 

: S [a, c] jt 



•<S 




d* 







a 



C 



< 



< ic 



%r* 

b 



< 



(5) 



J -2 

A n 



< 



a < b < c ol t£ (3) c5 V I ■ li^i ^ b o^yxj 



: jfifiiLS UI&.1 J jj& dUJbj. [a, c] S^Lili 2 



m* ' . 44 | 



a 



LF O 

O' f 

^ a b 



r -a 

*a *a 



+ 



f) 




2)-(J 



2 ) - (f 



?) 



a 



a 




v. 



+ 



If -? 







-1 



e e e 

m|w "T 1 1 “■ 

3 3 3 



e. 



( 6 ) 
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£ 




a 



a 



a + ^b 



f ) 



:ol U 



i OU O^j + (0 ^ ciiii 01 4,tf.l,lal^ 4-^jaJi^ j d ^ 1 i {jjjt—j 01 



r -r 

a a 






I 



( 4 ) ol £. iMMiW i C-'^*L_S^Jl tjf j jju 10.6 0 I 1^~— *'•1 

uLSj t(7.3 ijkJ) ,j* ijkJl »ji JLLSlI ijkJl 01* J^lSiil A)U J . ^ 

* £ 

. tils' 



J 



t / 1 



■dl I.U o! . J a J»l£dl J! tSiji OJJi 01 al ‘ J b ‘ £ 

: JtJl JliLi J ^ I^S* 0 Uj lix-j aJ l>- 



f(x) 



0 , if 0 *Sx*Sl, 



1, if 1 < x ^ 2; 



gOO 



: 10.8 Jl_i. 



:Ol ,»J 



0, if 0 ^ x < 1 , 



1, if l^x^2. 



ijlj iJb g oV t f f dg = 0 j [0, 1] J_p 4o jL& «Jb f jV t f dg — 0 oLi 

t)d i 10.5 <t jia‘J 1 v I dda j> 1 JCS' ijtJwiijwO (jblb g if ^SsJj . [ 1 ,2] ^C- 




J 

J () 



f dg 



10.3 



jtJ 



li 



■ w— ?-l 6 (_U 1 <j* l 5 



jjJitf' jS\ <Jb ^^6 [x] Uj Up J x 2 d ([x]} _ 1 



Lr 



o 



f X 3 d (X 2 ) 

J i} 



.3 



pTT 

M) 



xd (cos x) _2 
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g(x) 



f- 

-1 



V x 4- 2 d ([x]) - 4 



J 



A 1 - - js f 0 J f d£ 

a 



0. if a 



b. 



0, if b < x sS c. 



J 4 1 -/9-A f O b*iA*P f f dg - 6 

a 



0, if x = b£ (a, c) 



gw = 



0, 



diSi loo 




it* 



Al 



A Jb 



\ b iXtS-j a. 



ti— i 



a = a.: < a, < ... < a = b. 

0 1 m 



. 10.4 


<i 1 


v>*-H 


ftj 


. 10.4 


4,yij' J/ (vO 


o*J- 


_ 8 


.10.4 


4j^kJ' ^ (^) 




- 9 


. 10.4 


*0^' a* (- 1 ) <0*0? 


- 10 


J — ^ *A 


i_Jb f o' 




_ 11 


< x < 


a k d\S bj g(x) = 


a k 








m 



J fdg = 2 f (a k ) (o- k - a k l ) + f(a) 

;t k = 1 



k - 1 



L ff | 



g(a)l 



+ f(b) g(b) — a 



m 



.(10.3.6 j 10.3.5 dlb OjU) 

4 1 1 id j (3) 4_J.it *11 . a < c < b iJL>- j 10.6 dAri 



12 



' Jadl otftjj (j a < b < c 



o .obi' 4 os bl 1 _j 




f dg o' 10.8 Jliit j _ 13 
,10.7 Jbl' j[S ^uyd\ 
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Integration by Parts L&Jl 10.4 



* (7.6.8 j-0 _ jLcj u UIS\j iwi jxj jwiijl JcJl 1 Jla ^ 

' C fr c5 ; 10.7 £j Jssl> 

aIjU g uU t [ii, h] 6 j^aJ! ^Lc- g ilijJJ oLcj ilUU f oJLS" lit 

j [a, b) SJLiJl Jp f <]! jJJ 1 J^lScU 



J fdg + J gdf = f(b)g(h) - f(a)g(a). 
*1 



(1) 






u . j 




c f «Jljd! ^jJL, g <31 JLU 






w •* ■«■ t 



I- 

I 



S? 

:UUJI 



2 g(n k ) {f(x k ) -f(x k _,)... 



= g !>,) {f(*,) - f(a)} + g^,) (f(x,) - f(x,)} 

+ + g(M-„) {f(\,) - f(x„_,)} 

= - f(a) g(M.,) - f(x,) {g(M. 2 ) - g^)} 

- ■•• - f(* n _i> “ £(<_,)} + f(b) g(M- n ) 

n 

= - f(a) g(a) - 2 f (x k ) {g(n k+| ) - g(^ t )} + f(b) g(b), 

K U 






'! |x n+ j — (ji^j — 3 LJj>ol l, - 

i 0 U- g 4-Jl-UJ f ^!jUU 

■ I^k C ^k+J 




err 



**“^ r *^ ol_? I,al ajL aJjIxII sJLfc jSjj 
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r* 5 



Js-o j— >^3 3 J g df Ju^L^dJ 




1 (jl*s 



(1) ililxilj 



; 10*9 t,'^ 



^31 SjUJi J_* J* J*tib iJb jx| dljdl jt U . 



xd ( x|) 



. 4jl*^j f- (_£^>Wkilj I 4 Jj>«Xw) l j<S «/? 1 1 



J x d( | x | ) = [x 



, -|2 f 2 

• x j x d(x). 

-s J -i 



( 2 ) 



0 



(jL^j J^L^J ^jLwvj (2) .\a uJ^SaJl oL-& 103 Aj 



i 



X d(|x|) = 4 - (-1) — y 

-i i 



Jyal^dLl iL^i\ Jljjdi LLU 10.5 
Integrability of Continuous Functions 



- * £ 



| — (1)1— £j JwoLjXj <L > jiiJl wAJi IAa 



tfHy <^l? <.oj j>ci\ jijoji jfi j^s 



JwolSvlSl . 3 jjJ>-J ^yb^Jzs ^gj!j Aj c A> 



J— * ^J-^L_SlJl ^jA j*Xii ^ ^ l5 

iU. JJIa J\ j! ^Jlj (7.7 ijii) jUjJI J4£JI J *;i /.& I Jill 

** \ -w¥ ” ^ 

l5 j-*~\ j* 3 f ‘LiL^I J— j N ■ _ JUj J — «l^j 4_Jl>- ,_J . ^tc^Jl .J^l^li <ijU 

.Lp L.LSC1I yiuJlj it.LSU.1 JUl dy- 



; 10.8 itjU 

vl)U i [a, b] ijJi£ j^C o^b fjz, 4,1./?" a iJb g jl f b! 

.[a, b) Jj> £ v-Jl* ( _ r ^dL^I - jUj ALU 1^ SJ>-lj J5 
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: oU 



s*> 



i ^ ^ 1 0 + 7 






+ + id 

^ ^ ^ fe') ^ § 



g -uuuui ^r 

£3 



1 




; t io .2 i_, , fc i i »i 

b • jr ^ ' 






J b ^ b 

f dg 2 oli t g s WiaU:^ iJb j>>-j^ J f dg } of U^ bl .j*u*aih" 

^ rh ~ & * 

JjHrj J! ip>. »j j->-! J f d(g - g,) Jj-j-j J1 tP>. Ii_» .L-a,t j^jj 

4* +■* i- •, ^ *" ■*•* 1 

d *+ n 



■8i a" 




J 

a 



fdg 



ij\ k <w-J /Jl ob iJjJri ojUjl jJp Joj I k j! ^ ~ { x k}k=o 



■ ~JiJ 

■ r. 



1 = [x i X 1 

k 1 k-1 A kJ 



* j* 



jVb M j m k=l,2«...«n 



. M 



lub {f(x): 



x E 



h) 



J m. 



gib {f(x): x E I k } 



__ ? t ^ 

‘ S v ^^Jl! j s^ (jj l.yjj I ^ 



n 



s * = ^. M k {g(\) -g( x k-,)} 



k= 1 



T1 



J 



s ^ = ^, m k U(.\) - g(Vi)}' 

k= 1 



of OAJi «. m k ^ f(M- k ) ^ M k oU I k j M- k jb bl 



k - *M” k y - ‘-- k *k V r k 



n 



S ^ 
vi> 



2 f ((*.,)) {g(x k ) - g(x k ,)} «S,,. 

K ■■■■■■■■■■■ 1 



(refinement) LZioJ Jj-Sj 9?* U r $* ji_j [a, b] e jL«JU 9** * SP oL5 b| 




^ ^ ■. 1 jJ x ^ I ^ J ^..1 i ^ 1 ^ *~ - 1 1 ^ji^iVrt] i ^ a 

« 

oil - =S S.J y , r ^ s : „ ur ^ S. :r jf 7y^> bUi j* . (10.5.4 ^ji) 

r 



t f 



jf 7*" ~ • ' jJLli . ^ j)JLP j a..^ jl j 1 ^ j^-. i^in^ 

! ^ysbJil AXij Jj>- jbl -bjj jl "V A^LL-il x^bxil ‘CJl} ^ jJS* 

\»MI ** ^ ll | l l r 



J = lub {s } s gib {S,} = J. 



;>? 
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f b * t 

iJLP jt J f dg = J jt ^ 




e u-*r^ 

i jt l_o . |S - s,| < E J! iPji Ill’ll < 5 ol 
dUi . [Sg, < SJ J J L-^fj [s^ < Sg,] J ® J\ r _*x^L dili 

^ i c 

jL JuS'Ui jl Ul*»j jj[,J ^ e J Ljy jj& ol -b 'il (^1 o' 



.2 j p 



I 



fj j>-\ lj~* ® jt-^^ ,ji^}\ J1 ||9>|| J Jji J ^ cTS^*"' 

:[a, b] j y j x J£3 j| ou~- 5 > 0 jb>0 f Sjloi) ^JaxJ.1 JUal'ill (Jp 



? 



f(x) - f(y) 



< 



[ g (b) - g(a)J 



Ji lP>. |x - yl < s 



Ip U J»*£ U oli g i3tJJl 0j50 ^lj *, g(b) ^ g(a) jt 101 Jw-N) 

;jls k=l,2, <... U j II^H < 8 jlS" 1SI . ((trivial) 



M k - m k < 



g(b) - g(a) 



; jt /^o.~ 



|^|| <8 jal 



n 



S^-s, =2; (M - m k ) |g(x k ) - (x ,)} 

s r k = 1 



< 



[ 



n 



g(b) - g(a) 



- ] 2 {g(x k ) - (x k _j)} 

k-1 



= £> 
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4 



ujjj 3 .' iij a ^ ao .8 ou^ j j rj ji ujiiuw . 



: jls 2? 



s ^ s £ S < S 

■#> ^Op ? ■ ^Op 



g J~^->j t [a, b] S/uiil <Jp Ai^aJio 4ib f jfj 2 j>-ja J* f dg 01 yC^ 
. (a, b) jcj^J x ^ c OL5 bl h(x) = g(x) 4 h 






<0^ _ 6 



L^U bJLP x 015 blj 

^LS j^p bap x 015 bj 
■* 

T V dg Jp~ g (^a U 



ob Jlj-U! ‘y-'s. ^ j J^LSOU 4 JLUJ! JljjJt (class) J^ai <0° Ojb _ 7 

<LLJ f oil5 bi ; <~oVl ol-U5U]l ^ J5 a>w? ^Jp jl a>%^> Cj^ y. iS^ 
f oJl5 bl * [a, b] J^p jjo* jj* U f 0U [a, b] IJJA\ J_p jU J^ lSOdJ 

■t a > b ] J* jLf^l iLU f OU [a, b] Jp jjJLsi J^i c»*b 
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Point wise Convergence i J&}\ jliill ll.l 



£ £ 

(plJp jl LoL^I (sequence) ^pIL 1 aj^j^i t— jI^jVI 

jlS^ etLJj jl js> tAi>-l»A_d l | oljujl k-ijh <J oljLxJl jJlii* UHij . jojjJl iJl^di jj 

. [R J 1 ^»Up j£s ^ ftUiV iJbu jUp^I j <u$ UJb4 ^jl jl^I 

J n J&j t R ^ ^ & D jt . JljjJ! jJbu jVl 

t [R Ut D y> f n ja J_5 JUaJ jl <^l MR J[ D j 4J|j f n JU^Li t N 

. (function sequence) Jljj jJUi* ^ {f } jl ; J jc 

ri 

J (jliajt Li 0 aJ>L> oi^f ,V 3 b .is- JL J, Jji, 



L^j o^-^j iuJl L jJ j^sj jt 4 j( *p . 4 >pb>J 



r x 

0^0 ■ fj dom f n : jia_jl £_Wli; ^ JaiJI . JL* J.S’ 



J k *jt N I t D j c J jjl jkJl 



JJUL iUL J^Uoj D jjJi ojj 
t|j>- iwwwJ D jl p-L«j jl (£jj j*Ja} 



D J 



‘ 1 1. 1 uIj ju 



. oo 

/ n^l iJlllIl OotS l^j. D Llaa > jo jUb (f^) JijjJl jJbdo j^^j 
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•SjZ oLA,JI ~i iti o|i D Jp U ai jlS {f„} 0>& U^f-j . D y> x J£J \jjUJ 






F(x) = lim f (x) < x € D J£J 



*JU-I . {f } Ajl—^dt SJlj_> F ^^4 — >j <.D Lit F jUi jLi 

. <|D Jp f n -* F» y)^, U SjU i D J F j; Uai <~>jUS {f„}l SjUJL, Uil 

: 11.1 JL-U 



lim I3x + f = 3x. 

n v n 



+ 7 * "4 

:oi 



<■■ 'R J* f „( x ) = 3x + 



X 



n 



; ojSLi IR x J£J iSXp 



. IR Jp F(x) = 3x JUlj 

+T 



: 11.2 JUu 



f„( x > = 



n 



X 



0 ^ x *£ 1 . 



lim x" = 0 , 0^ x < 1, 

n 



•n f n (l)=l 



* 

> b 



0 , 0 ^ X < 1, 



F(x) 



1 



x 



£ ♦ 

* j ■ * ■ 

:ot 



; (jli 



{x' 1 } — » F oU dUijj 



** ci J 4— UrfVi ol^c-Ua./alU Jj y O' 

j jip J5j D j x J£J <01 D J-* f, -* F 



■ <jl N i-Lc- e 

+ £ vl .X — / ^ ♦ 

( 1 ) 



f R (x) - F(x) < e JS tP} 3 n > N 
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j ojipi {x n } yuuU ii.i jsLiJi j dUJb ui js, t i;ijb->! jjUii ^ iSjii. 

^*.1^1 oUlJb-Vl \f n (x)} n=| S^juJI Ubdi Ja*; x 6 [0, 1) J£J .11.2 JUi( 
o^SLi n , [0, 1 ) OS F x Ji ^31 JsaJctJ 1 

** iH ** 

. F(l) — 1 j (1*1) j^' c^L>^li ^y*j f n (l) ~ ^ 



jsp /^SvjCj 



j g —» JLOl j 4— ;L^JJ lib>^ ISjXwj ^iLLwrtj JijjJl c jO>-l Jj JUII ix& Op 

'*** +* Vw ■■ 

^tla_pS /^J3 ^Ji^uut ^_U>J ji tJijjjUl 4,Jbww4 L JS^/S j) t ^ j L>- ,A>-JJJ , l.^nO l,^J 

.(11.2.6 Jij£ >f) dUi Jp 11.2 j£oJl >0 .l^U^U 






0 2/n 2 
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; 11.3 JUi- 



[0, 2] J_p f n — > <F oU 11.2 Jl-SL; j UL>»^ f n cJl£ lij 

, x > 0 jt£ !S[ 4jV <i y-^Ji ^jLJ O(x) 

2 2 , . . 

x > — jl J[ <S^j— i n > — Ol — 6 

. f n (x) = 0 oLJ U Jj 

. [0,2] ya x J£1 lim n f n (x) = 0 of ^ j n f n (0) = 0 of b— _>j 

Jidl OjUdl 11.2 



jlia—Jl j X -Lii 



n J_£J a_j! 11.1 til . 2 Jl y-* £ 



t n 



00 



us>- j iiL 1 .!> X _J JiU^N! (W- lil ^JaJly . |f„(x) - F(x) 



> 



1 



r ^ ^ ( 

■. 4ji ^tp ■ 1^*5" Ojtbsjl n AjL £r . y/3 > 1*X& Oj*® 



o_L_A >/>Jl |f n (y) - F(y) 



> 



OjSl. tJlkJl J t£y-' kb V- 5 ^ 



y 0j~£ oij .UJL^ll x ^aJ iiJbat ojtis (f n (x)} oL : JyJb SyUill 

. JLkJi J^h ^Jar.* Jo*jc vyjlas {f n (x)} 

; 11,2 i — <jj yj 

F aJIjlJI j[ D J* (uniformly convergent) b^jUj {f n } Jlj^J! yiiu ol 

: D j x y# JxJ 4j| N 30*Jt aJU e > 0 o\S ! ii. <bf 



f n (x) - F(x) < e Jl &}> n > N (2) 



iaiJi ^jLJtdJ (e) (1) 1 j ++S 






■ « D j x (/ J^b £* jj * -Vv^ o^b 

Vl of Jp . JuStd! (x y JS3) x JS3 bJi3l) 



b— J p e J-p 



. (Uyjfc y jyj U ^-ajydl j 5 j 

N x Olibj t N x Sj>-j olf*^ Jy «j 
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Uaxdl v^jUxji ^jbyu 4 v r S^j ,X JJjJLj N x VcS j* llfej 
OwJuJi ol^kJ ULS \js* jt N jls dJLiJbj t x jOxJJ /i <sf JJ N 



. U-Lp aJijUi ^u-i 

** 



D J ikiJl <Jp dUi JU^AJ jl jjj (2) Ljydl 




1 

a 



b 



(11.3) JSLi 



11.2 0^1 j 0^J>-=1I a* <J lj J-J I oL^Jbw* £ a * Oy>. 3^ r-^L$ 

* * f 

iliji *,*„& i [0 y 1 J \ Litfmi oLvij i^sl I o I y^ ^ * 1. 1 * X j 



o\ < 1 )^— (jXS" ^ ^ jL- *X > -1 Oj£j UJx>-V \^ SyLijS fiJ-A ^ 

■*» ** *» * 

. [0, 1] j x ^ JSJ I f„(x) - F(x)| < 6 

J | X* -k.^.L | IjL*J 1 i -fl* X 1 * 3 ^ ^ 

e v-j-j- joJj . [a, b] 5JU1I y. D U^pIj jdUs. {f„> t F jtJljJl c 



y* o e jjil JaSJi J 5 ^J-p {£j^J 4 F (Jz**** J ^*~>" Xaj j 

<l)j— n > N L^o*xiwP 4^1 ^J*p j^JsLjuil lai yu * F 

- * t ^ 

JljjUl kXm3 j/ I ^^^^3 t 1 i*^A 1 3 A.l.i^.^Lj 

i Lm^»*v4 ^y& £ \y^^\ f ^y£lAJ jj^!Xj jf ' w *^ N^ 

. <tJ} J«^dl c.-«.va.J jl>- \ jl>- i? ^ yt> ,»ja::U i— »jliJl jl : Jjiil tJ 



f 



n 



t F , ^jJb viUi 1 — jI— » F J! D J pUi-jaU (f n ) c-jU: lilj 



La tfjJl t-JjLidLl 



j^J-t 



^JJi ^Ldj jt Ja^-M . kD (J-p 

jJUll 3 l/) ^■^"■■‘"^ ' { y 9 ^Cj ^ ^gja.a .,1 i jf ^ ^\ jJpj . <Up u-ibjtfj 

. 1 ^ i ^ i ^1 1 ^ !l. jl . 2 t j .1 1 . 3 
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: 11.1 

D Jp Lk*: {fj Oli ji D Jp f Uwb {f„} JijjJi ^ (i ! 

■F Jl 



: oU^Jl 

w-JjUdlj Ojj>"j N £ > 0 (1)15 ii|[ 



■ c# 



IstiJl 










cii [^’ 2 ti”*' ^ {U jp f „( x ) 



n 



X 



: 11.4 JLju 



iJLS lil 



; jJj \£ LiiJj (j^O * x ^( x ) 0 



N 



[0 < y ] J X JLSJW (y )” < E <: 



J 0 ^^>rJ N t f / ^ 0 



f« - F00 



n 



X 



< 



dNur<. 



: J[ n > N &\> 



: il.S JLi< 



. F(x) 



t IRJ_p {f n } 



f (x) - F(x) 



( 



X + 



n 



— x 



=J F j\j i, f n (x) = x 4- 



n 



n 



jL> \a\ 



; jV 



. N ^ n J£J j IR x J5J 



<j ^ U>r.U ... jjUiii Ji>*xU J5! j_^5o 

f (x) — F(x) < e iotill 0^ j5iij J5L* <J,[ 4 -^ 

^ D j ot iJUj . F -la* 5 : £-*t f ^ 

«* Tr *■ 



* 4 - 

ajwaJl dUS e <1/'' f n ( x ) ^ 

"* ■** 



OL j-il i-iMt M il 4 «max» j* lub Jj-i) 



.lub 

xFl) 



f (x) - F(x) 



< 8 
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• ( D Ji J^i f n “ F 

.UUii 5JIPUU i,kJl 

¥ «A 



: 11.1 

1 k^jlS^ Ijii .IflJLfrj F ^1 D ^JjP ^UdLuU {^ n } 



lim n {lub |f (x) - F(x)|} = 0. 



x£D 




j— j-LJ^pj i^J^-^sLaiU f n ^ F (1)1— I 1) j_SsJ o^l^M ^y» j^JS (_jj 



jj - 

^ -. 5 1 1 ^jwcJ Ls< 5? l.i:J i *— jLv«h«>* ^ jla...j AjUcwj^L) a>»! lub 

' "” ‘ ' " xGD 



f(x) - F(X) 



. o jjt> jj ^bJ! (Jblij U 



: 11.6 JL_i* 



$ <F jli <F(x) = 0 t f (x) = nxe 



JLi il! 



. [1, 00) J_P f n — 

* t 

. (0 ^ oo ) ^J__p .la “• j jf*£" <■— S t (0, oo ) f ^ — > ^F L t j 

I fl liiijk 1 

r . , . --nx 2 - nx -nx . 

1 (x) = ne — n xe = ne (1 — nx). 



f 



n\ 



_j cUa*^> ^ola^ a^s li f (i l)i 1)^/1 1/°J 



1 



1 



n 



n 



-n (1/n) 



1 



n 



HiJj .s^)i .i* J iJL, f oV . ( 7 ‘ «) J* f J 



lub 

x^l 



f n (x) - F(x)| 



max 

X ^ i 



f n (x)| = f n (l) - ne 



— n 



o-j • lim „ ne ~" = 0 CM <* l* m xe — 0 l)i i£j db~>^A oJuf-U ^ .. latt j 

v i_ CT- 

■ D> f„=* 0 r ‘ 

l^iiw# t—JjUbJS fJ^J (^ ^ 00 ) (_|p f ft — > 4* j! ?WJ ( ^ il Jllit) cJfcjpli; 

~ol^ .( 0 <«) jx>J | i-JJI ^ f„ JS 0* * (0 <«) ^ 




* * ~ 

. (negation) a^aJ UJj L^al jjjj j! jlaII ^.,„la„::l \ w >jlidl 
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; 11.3 ub j*S 



£ i-LjJl Jl>*j tal F D (J-f- |»UixjLj {f n } JijjJi M 



■ ( L>“^^ D X n iJLxii Jl>»^j IN j n LolfiN J-l*J 



f (x ) - F(x ) 

n v n 7 v ik 



^ e. 



(3 fUioi^Ul oloN 11.1 j\ 11.2 ^jjjLc ^3^ 

or* 11-1 SJLpLJII i-i^l jys£ Jidl ^Jud\ oLlj 

.JjLiVl 




11.2 




ii 



*>\j j D i ^S’ ^Ua^Lj alia all JljjJl jl 5 1 ^ JujL~il jj 



■ f „w = 



X 



x + n 



. D' > f U&l 
i D = [0, 1] i D' = [0 < «) - 1 



f (x) = sin"x 

n v / 



k D = ! 0 < 



IT 



4 



< D' 



[o 



£ 



TT 



-2 



n 



• f „W 



X 



1 + X 



n 



S D = [(k|] 4 D' = [(><!) -3 



f„(x) = 



nx 



2 2 

-1- n x 



1 D = [1 < oo ) I D ' = [ 0 < a >) .4 



. f (x) = n 2 x 2 e "* ‘ D = [1 < oo ) i D' = [0 <■ oo) .5 



. 1 1.2 JS2i j <1^1 f n aJIjUlJ j* V - 6 



(Jlsdl 3 t *7** 1 6_/x3 D pJaxdi 6 J& Oj£j N 5-1 JjLll 

jj . iyy 5 i*j ^ D" = [S C 00) 1 4 SJLil J D y VJo jL».t of 

*■ 1 •* ** I 

.5-1 D ejuiii t — iil l a ^ 11 ~7 
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JisJ iilJi 5 > 0 J — S3 [5, oo ) ^UaXlL j! {f n } jf Ja^*v 



W 



X 



x + n 



. (0 ^ 00 ) ^jp pllaXtb J\JLt jdr 

4 b > 0 d\S til : <ut o-Jf - 7 



. [o< b] jp f ik;u {f n } oji 



f (x) = sin"x i 0 < 5 < — OIS’ lil : -ul c~Jt _ 8 

n v y o f- f- 



.[«<( 



IT 



■)] 




f(x) = 



X 



n 



1 + X 



n 



4 0 < 8 < 1 Q\S li! :<bt o«ji 



■[0 



c 



s] si* fUaXiL ^jlio {f n } 0 I 3 



f (x) — 



nx 



2 2 

1 + n x 



4 5 >0 olS bi : dcJf _ 10 



■ l 8 c 00 ) ‘r'j^ {f n } ol» 



4 f (x) = n x e 



22 ns 4 6 > 0 c^tS bl : Alt c~it 



_ 11 



.[8 < “) J* ^jUx; {f n } jU 



4L^I JljJJI oUlsu 11.3 



f () i-S3 1 .-^3 Oj— S3 { jJi JfjjJl ol— Jlxx* w-jjL_iaj 1 1 .5 j 11.4 4 11.3 i 
. V aJ_^- jl F 4_jLpJi 4_ib ij\S bi U vJUj>s-oj 1 a \ - » j 



i^ 1 H f n Jli^S 11,2 Jltl! j! i %j\j>- %s £\j 

l^S 4 D — [0 ^ — J c-JLS bU ^ j_>4 4^>-U . 1 jup * L^a- j ajI^JI <51 j jjSvJj 

J— StJU 4i^ai« J,bJLj 4 D (Jp JjlkJU Ju<aJl ^jL-J iAjJI ^LSb jli 11.4 JlxLl <j 

** “ *♦ m* 
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^ J C [o ‘ y ] Jp fUixl {x n } iJldl 11.4 Jh> J bjj [Sj . iJU 

J^~*i J* 1-JjliJI of iJbJl ijialll JuJj . [0, 1] Jp t_JjliJl 0_jSo 

. J jll II* 



:ll.li>i 

f, (J-^ tF 4_JloJl D t J— P ^Ua^)Lj <jjLj£U {f o } JljjJl ^ M t" a oujLS lij 



:oU Jl 



oliL a Jl^p 



* t 




Of ijij i e > 0 of ,D j ijLail iki a 0 ! 



•T ^ 

a_j»Ij__JI ^jj .a ^ Ljji 4— x L*xap F(x) — F(a) 



< e (jT 

; oLd( 



F(x) - F(a) 



= l F W - f N (x) + f N (x) - f N (a) + f (a) - F(a) 



< 



l F ( x ) - f N ( x )| + |f N W - f N (a)| + |f N (a) - F(a) 



(1) 



D J* f 



i F 0] . olill ^ jbj ^Jl 

.<x = a Olli J U) D J x N ,1^1 b£s Oli 

■* ' ** V’**’** -/ " - £ 



f N (x) - F(x)| 



< 



‘ ^ <3 x Oj^i up - ^ iJp <jU ta Xp f N j! L t--'* -j 



f N W “ f N ( a ) 



< 



Ji iPj* 



a 



<8 



( 2 ) 



* (31 Op3* X aj < 6 jf (3) j (1) ^y»j 



|F(x) - F(a)| 



e e e 
<—+—+ — 



3 



— £, 



. a xp aJU^ F jl LxJf 013 Jbj 
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A 1 *s* } *<* L 1 1 Ai- J l i 1 a i (j| A .i^c 1 .1 . 1 A^ U ^ . 1 

: (Jixu 

cj . (JaX** Oj-£j of fj&i N wAjUJi oj-s tD Jp aJu^Xa ^ iApJI bb oils' bi 

^ t ^ 

, aaj 3 iAJLc- F {_U...|At 1 ^(( 4 jL^J! , xJUp v^w J twcJ)) 11.1 Aj JiJS 0 ^ jLxpI Lsij i 

i|_7^ ** ** I . «■ _J t* _/ V . **■ 



:o! 



F(a) = lira F(x) = lim {lira f (x)} , 



( 3 ) 



x-“*<i 



: of bU~ f JUa:i , f -» F 

~ - n v n 



J1 ji J 



F(a) = lim„ f n (a) = lim {lira f (x)}. 



( 4 ) 



X““*a 



A>4 iwvJ Jj <j N[ oblx£ ^ ^ J> (3) j (4) (jostA*JJ 0 jLij Uoxpj 

. jm P AjI^JI ^ SmP ' iwwJjj ijU JaT.'A I <^Jj\Jc } I OXP Aji Jp 11.1 Aj jjaxJl ^s^Jj 

of ^L-X-X^aL) UJ ruM ^ lx "'It (^jLiixU LjO^i^sl of 11-1 a_j ^la jJS IOjIj 

blS b[ \ r -& JaLxo 0% .a^jjU^I AJbdl j JljjJi (ojjj) J-^j ^dW^' 4 JI 0 JI 

dib ^ of J 4 * D Jp bUsX 4 aA^I AJb o!j LJLp bt ^f t^^sibJl otjl 



*z 



laJi of 



Lob b- S a^L»J1 aJUA lojkj ^ J {Jaxo> o ol 

OiiwvO ^xii JljOJl ooLJbxi a_5j ^ iaJl oJL-f ajI_*j1 /j>. a (j & bl J& .11.3 bL_iil 

. (Dini) & JlUtfl o \~J>IJ\ 1U J1 ^OJ yixJS .bjki LS^JL, 



: 11.4 o* 



do" 



d-uL-S^ \s\ D ^ L*j { f , , } JljjJl A_JtXLa OjSj 

js * Jljj A_Jhxo {f n } jLs . Aw^loJ js > i-tiJU' yixo* D <J x Jib {f n ( x )} 

iilj . AjO-aIJj aJIxu D j x Jib {f n (x)| 5JbdJ cJli lit D iJU Ijj 

.(monotonic) 3j_Ja» Jljj oUo> ^^*0 L^U AjJbljj ji iwaiUj {f n } cJli 



A_j f ^Ji bl V. ■ t ( 1 1 . 2 (Jl * 4 0 ^* 1 ) l^j ^J l lXa 



11.1 jj 



{ f n (x')} oiL? lilj ,f„ J*t jf J-*-f Lalj f o_^. n ja 
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y {f(x n )} jU ;X" J j>-\ WaJ {f n (x")} 01 (_J X a.X>-i_j A <> .>a 1 Jjljfu 

. O Joa Jlji aJLl* 0 

■ (Dini) *ijai : 11.2 i> 

+* 

L[ . F LJIjJI [a, b] ^J_i p 1-L> 5» UjL_aj ^jIaj Jlj3 Ljlw* {f n j 01 
Jl l a ’ b] (J-p ^UkuL) a*>jL^" {f n } ^jL^j J Jip [ a . b] Jp aL^u f n JSj F 

. F 



: OU jJt 



£ 

01 



I ^ 



>> 



\>- 










£ t... - ^ y inAj 



{f n } of : 0) 



: 0^ c~~ [a, b] j x N) jaJlj n(N) 



tk "* jj. w^jUOi 
N T'lOx-wAJ i J>JL*Jl 




n(N) ^ X n(N)) 



8 . 



* . 




aJI_X 14 *( x n ( N ^} 4_Jbl<JJ Oj~^i Lj^aJ LaSjj 



I oyujijl ^ L-yAji 0>-^ 01 L£*?lf* 0b0 a ^ x n 



(N) 



b 0i . AjjjjLaj 



LjjL-^I Ljlp Jl^-Uj . a s= c sS b 



lim k X n(k) = C ^ jP>b ‘ [“> b l 



: ji U Jisrji {f } Jl >1 j|i n(k) 3= N jlS til* ,N jSJj 



f N( X „,k)) 55 f n(k) ( X n(k)) 



8, 



(5) 



j 



‘J l N 



L Jl 



. S* t 



1 j| • C d_?J> X n(k) ^ t ~*~ ?>*— J x Jl JjJ* k jl fl jjllj 



: (SCC) JUTiU oUhdl 



lim k f N ( X n(k)) = f N< C ) 



( 6 ) 



OIL 1 ILL? 8 ^yA 



J L, (x ,,, 

- N x n(k) 



LJiJdl fJ OLi (5) LibLOJ Uij 

■" ^ Ji iS^y (b) OLi r/>j ■ n(k) 

iJUfej . F ^ 4> Of ^ t lim N f N (c) 5 e 01 £-^~0 01 L ^ 



^jLji^-l jjlp LLL ?wijj . f N (c) 



N 



aJL% 1 ] LL»^j 



{ |f - f| } ji (it . F i-j jLjSvl 0b i,V VJ US {f n > ji » : (^) ii\J- 
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t 5S s' £ 

OU (I) LJisjj , $ 3i Lla — a j LjLii o jL-dJj cJljjJJ aj*x_>IjJ 



djx 



f^ > F <1)^ 11-1 0*X**pLw*il 4—J 1 ^ — * J) 



f 



n 



$ <f> 



„ aj jJiJ I L*Lj I 



£ £ 

Ijji iJu&j t [a> b] 5jO Aj <3 

si 

i ^ *1 Lji A—? 02 ; [a 7 b] t 

*J-^ ( Jj . D fj Uajt lim x^ k) jySj of s y*J£ D J 6^-jJ.lj {x n ( k )} jt 43yd 
jjiSvj jl ySd jLiii u Lw< ^ ” [ a » t>] ^jA <— A -^ gl \Jp y ^y> JJ l> jl yS^c 

*-pVi Jg - o- ' - j 1 ^j-vJ 4 _j1 LJkj jA j J-o cijJi y!x)j . *uJudl d»>i ,'vo jsjJLsi- jdjd til^i D 

iR J 4<oy^f oUdflji y dwijJj V bj| C-^>-J . Aj^isu <U$ (j^SxXJ j^JJt JlkU 

. aaUw S^i D l$j jdl dU~! ^iJUb Ju» *U5Vl l^SUJ 



J^l5cU aLUII JJjdil oUl^a 11.4 



oL ^ ^ ^ iuv ^ ^ >w 01 

OLfjJ Uij J^LScdJ iLti bj& f n JJ jf . J*l£Jl y* j^l ^jX ^JUl <yj >£ lj 

- [a, b] Jp f n -»F jtj 

li|j iJ_»lSwU iLli F 0_jSi j( liJUj ja pX jl_£ li| \& J«1 i JjJUpj 



; jlu-yJi J 49 dJJiS 



J b F = J b lim f 1 lim I T f }. 

J ~ ^ n n n V J nJ 

ad a 



^ 15 c 

ArtJ \ 1 ^ 1 - */3 j ( 1)1 ^ ^ ^ 4^1 ^ A 

: (11.3 Jli.) 11.2 j£jJl j i_ll 



: 11.7 JUl. 



L ^ a — 5 J^-i a^J t f n ( — ) = n J *\Js 

J. J. "■"" 



J ^ I f n (^ >t ^ a iJV?i 1 -1 • 4 J I (J 



295 





( J-SG jl i£j-> 



.11.3 Jtto <J \S Lg-~Jb j t [0, 2] <j f n — > 0 

t + ■ ** 

* £ 

l \ 4 ., .^ >-1 ^ l)^-^ ^ ^ 

. f f =i 

J 0 " 

: jU OJUOJj tx ^ J53 F(x) = 0 jZSj 




ou diJi j>jj t j,l&u iiu f ai^i of ^ jM jtu Jj 

.ootiisai ^jtw bi j^i&ji ai 

L«l^dJ aLLS 5Jta j^Jta ^ J^Liai iLUJl JtjjJl jf Jy>- 

U ^ s= 

. Ip 



. juii juii jidb j>\ }*i\ i.u *>^> fj* 



~ i* 




: 11.8 JLi« 



J^S Ja^aia 



'-' — ,j 



V 



£. 

j ^lj ^ jfe ya» {rj ji 
. (iJbdi ej> JJU -s^rj <j* B ^Jajl^ r k J 



i a yAi o V i j 







<jaa) 



*>“f (jf5U J_£l (j 
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f n (x) = 1 Li ^1 mi! j jfi i LAf ju/i [0, 1] J ^LJ ^.Ap L& iSJU* 

X 6 Q jL5 lii 1 CwP f n — > 4# ijLs ^ \J*3 ■ ^ I-A^a Jia _( j 

aJSjJ (7.2 JLo ^Ja_ii) Jj yw JL« i|# aJSjJIj . ^AS Ljlp x jlS" IS[ t ij/(x) = 0 j 

** 

. J.l£dJ iLli jj. 



VJ 




JU^l oT jVl o-£ M.l i-ijH: j l^j 

• iipii SJI-S J! >isai JU=JI 



; 11.3 L ^Jaj 

*L IS f n ^ oJIS’j F j,| [a, b] J_P plkjb L^L; {f n } JtjjJi LHx^ cJlS LI 

: LiL jJp ojbUj [a, b] <Jp J^lScdU aLU j F jU Jbjup <, [a, b] Jp J^ISLJJ 

l F= l lim n f „ = Um „ { J f J- ( 1 ) 

id id H 

Li N jUiJj e > 0 j! . [a, b] J p J^ISLU ^uU F jl %\ ^ 

: jti [a, b] J x cJl£ 




F(x) 



< 





: jt LLi i [a, b] SJUJIJ ^J\ jl£ LI 

** n- 



M r= iub { f N( x ) :x k-i^ x ^ x k } 

M k = lub {f(x) : x R ^ x ^ x k | . 



J 




- M 



N 

k 



> 




b — a 



! 0 ^ 5 nj l )1 a *i<g > ( 2 ) ijU JjJJP 
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: oji lilj 










) 




B 

3 





L(f N , 9) - L(F, 9) 



< 



e 



3 ’ 



(4) 



: o! 






£ +* 



; ^ *■<£ jf ^ l a ’ b] f N $ 



U(f N ,^')-t(f N ,'^) 



< 



B 



U(F, 9') - L(F, 9 ') | « |U(F, 9’) - U(f N , 9’) 






U(f N , W) — l-(^ N r ^ f ) 



N 



+ |(f N ,2n - MF.^') 



e e e 

< — -f -+ — = 8 . 

3 3 3 



3 



(5) 



: ol jj ( 5 ) 1 ‘ ( 3 ) <yj 



*Llj F Jj£ (7.3 ijkJl) iXUU y Ji jUS. U ij ^ yj 

.[a,b] At 




ol oU?j 
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: jl n > N' 




> N' iJp e jl ^ y^\ i jA ^jjf J6 



lub 

xE[a,b| 




F(x) 



< 




: Ji i£*%i n > N' jU Ju'jup 

« s 




J^UdJilUJl JljjJloUls. 11.5 



j 



■ri *■* ■ ^ ^ * 

<LLsJl JJ [0,1] (J* LJaiJ {x n } 22.2 JU11 j Lj 

^Jp»*p LjlkJl L_jwi^3 w [0, 1] j^p 

- LtJJ 4 pLj L*3 Si 1 wL-aS' IaJ L-; t UaJ L> !^j3u^S* ^ 



LiUdJ 



1 



iV ^ 0&i [0 ‘ y ] 
,UJ| ji oVi ^^![o,‘{] J-* r 1 ^ {*"> e-Mi 

.ijl^ll Jlji jJ ii^UJ.1 4jl(jl i]li jf ■. k~.i l 



iJUl* JUl Jldi J 




u ii tj-^udi ixuii iu- j dDis r Vi ^ 



. ^J-^UdJ <LU jS> 5JU ^1 IR t J^ *liaXjU t— »jLiJ J-dLaiU ibis Jlji 



: 11.9 Jl_t* 



f,« 



V: 



x~ + (1/n ) 



• R J f „ 

** 1 " 



oJlS" b! 



t 



x 



jU 



J* f n 



d\ Ja>^1 J-Jj i xp Ju^UdJ iLU j^p | x | jf JL*j 
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: iLUil J*A I J3I jJl ^ y f „ ‘ R 



(4) 



(4) 



= 1 . 



,W 



X = 



: oLU^Jl f k»l i UUil 



2 ./ 1 

x + l — ; 



£M4 



f 2 

X + 



x +( 4r) +v7 



2 

X + 



— X 



^ l 

X + 



AfrU.1 i . Jdi \Aj J lii" n {luh | f „( x ) - W) - 0 ^ ^ 

i xER 



" i * * 

0 



U.i 




i y> Oi . (jrysJl ^liS>- Ji JjLJI Jl^i' O' ^ 

t LfjtiJJ aJLU <J'i l-»j \5~t iUuUJi Ji jjJ' aOI^l« O-jI^ U> O' OajI ^jj 



; ^1 <> 1 ^ 0 ' ^ JO <> c £ jU-J 




4jL^ 



lim f i (lim f V. (1) 

n n • n 7 

Lj jldJ LOdJ aIjUJI (jlj jJI LoOip j~>- j O' '0* O' iSJ^* Jlii' jjj 

. J^UOJ <115 <Jb Jl ic^ 



: 11.10 JUu 



f (x) 

n v 7 



X 



(1 + nx ) 



iJl S’ Si! 



. ^ — o 



<aiol' Sljf OyO dJUi . <t>(x) = 0 [0 < oc) j f n t <f> ou 



f nW 



(1 + nx ) — x • 2nx 



1 — nx' 



9 . 7 



(1 + nx") 



2v2 

(1 + nx ) 



1 



x = 



Vn 



x* L? Jip <*J f n <3lJdj O^SO viUJbj 



f 



1 



1 



n v Vn 



2 Vn 



O' , gAJ i. C ; n — > 00 1— O' 0 Oj^i 



urn |f (x) 

K^O 



o' ^ t ^ ^ ^ j 






J^LiOJ <LU <t> Op ^ ^y>j <J)' = 4) OU . [0 * 00 ) j f n 



0 



; OU x ^ 0 j\S li[ : lim n f ^j-U O^/'j 



im f (x) = lim 

n n v 7 



( 1 - nx ) 



n ,, 2,2 

(1 + nx ) 



im 



n 



1 



n 



n 



, „ 2 , 2 
1 + 2x / n + x 



= 0 ; 



lim f = 1 OU x = 0 015 liU 

n n t t ~> 



301 




■ oU jL ^*3 



lim f' (x) 



0 , 

1 , 



x > 0 



x — 0 



# <t>(x). 



) >jLiJl j J_OUdl ijl^l <Jb i-Lj Os 510U ij=rj jz J*L-i of l^SLc u^l 

^^1 J*j\ J ^_a j . 11^1*!! tjj* JIU Ji* Jjj-J ob - -iS3 1.1! j 1 f 3~ . l l 

^ c_J L> jJl ijjkJlj . {fj JljJdJ V (fj oUi^JJ (Jiodl V jLiJl 

*“ ,- 

^ ^ ^ t 

\Xhu UL&jj ^^ivwv*>) 0^ 



: 11.4 ijJi! 

t [ci, b] ^ 4 £^Jwa 1x5 t l)Ij^ J {f^} 0 ^ 

J1 [a. b] J_* r lk;L; VJ US {f } j . [a, b] JcJUvJI VJ Ua {f„(c)} 
iLLS F L~~ lF La Lib J1 [a, b] J_* (UttL. ^jLl {f n } jU 05 j^p .g L <Jlj> 

- F' = g j J-^LdJ 



: jU jJl 



J.stfLLil w>L»L A_^wi>Li , 'ii <>jiajJl bJ ,/>} ^ iLli t^j 4.L/2"* f n sji L 



: jl J-lSLJSj 



w - f n w 



r f. 



(2) 



: ji J! iP* f;, 



t g OU 11-3 Ui.j 



Hm „ { f „W - f „( C )} = lim „ {I f 'n} = I 



lim f' = 

n 



■ = f 

!1 J c 



ot c Hm n f n (c) = F ( c ) oi j£J j t LjU; {f n (c)| oU t,»U 

;ui yLj ,LLl>I Lj jLj '|”f (c)y" 



. [a, b] j x JSC! F(x) = lim it fjx) 
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\ ( 2 ) 



F(x) 



F(c) = f 



X 



7.13 4 -j Jkt , ;I , 1 Lasj IUj 4i^a^ g ji J[ y F • -» g jL_ a 11.1 

Jw jf L /^>j . [a, b] J_p F' = g ji g (primitive) i-JLst «Jb F bjS J 



. [a.b] > f n 



f„(x) - F(x)| - I f f + f n (c) - { P F' + F(c)} 



(f' - F') + f n (c) - F(c) 



f'„-gl +|fJ(c)-F(c) 



F oS 



{lub [f (t) - g(t)| } |x - c| + | f (c) - F(c)|. 






) N ‘Ss e > 0 d\ S" l3Li t [a, b] J p f 



=3 g oi 

: J! n > N 



lub f (t) g(t) < 



asS^sSb 



b — a 



f n (c) — F(c)| < 



: J! iJ^ji n > N jVa dU-bj 



lub f (x) - F(x) < e 

x€[a,b] ° 



0 jSsj 11.1 a-tpLwii Aj Lai^ 
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11.5 




"V 4—Jl— XXa 01 CjL-JN 11.1 <L^3sL^JU t 3- 1 tj 



01) D ^J_p ^UixjLj N {f n } Ol 













.D 


JlkJi Jp ^0 


D 


-[0‘1| 


4 




li 

h-h 

h — i 


i n 

1 - X 


- 1 


.D 


= [0 < oo) 


4 




f n W - 


-nx 

e 


_ 2 


.D 


= [0^] 


4 






tan x 


. 3 


t t-j 

+ ■ 


,lia N {f n > Of v 


■ t 


11.3 


4j JajJlo 


o^ ] 


‘ 6-4 J 



. (wLoUo Ji f n j 



0 £ 0 ^ x < 



f n« 



1 



X 



n 



f n« = 



0 



4 



4 



1 



n 



1 



n 



x ^ 1 



i 0 ^ x < 



1 



n 



1 



n 



sS x ^ 1 



( n (1 — nx) 



*nM 



£ 0 ^ x < 



1 



n 



0 



1 

£ — =£ X 

n 



£ D = [0, 1]. 



£ D = [0, 1] 



_ 4 



< D = [0, 1], 



_ 5 



f n =r F Op D' Jp f n =* Fj D J_p f n =3 F 015 lil OrV-i - 7 

. . DUD' Jp 

jf- Fop jf f„ JSj f„ -» F 015 lij :^t c~if . 8 

Li {f n } j iD J X J_£J 5-jvaiLO jvp {f„(x)} ‘ D J* f n F ^ O'ij-*' * 9 

. D ^Jp * F Of C~ol tD j_|p ^Uiob i — p 
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<J — ^ — :: — L? tj — ^ ^ f n (J — — c- 



F j! 



{ja n J_£J <Jl c 



JL>- 



rji <%Ji c--jf . lub |f (x) s? B 



xeD 



. if n (x)| SB OjSL D j x JS3 j 



D J-* {f n } J'j-Jl : Jid .1 ^jUd! jS jL« c-Jf - 11 

fr+ 

D jx N OdP 0^ Jsj^j 

■ l f mW “ f n ( x )| < e j! ipy m > n > N 



j-IJIAjJ 11.6 

The Weirstrass Approximation Theorem 



^y u Ja T J \ J_*l>tA)! <j UiJj SAJli ijL jiaJl ^ «JL?-ij JIaJI tJL* fj »Jjti 
(wJjUzJLj « jjM j - h oAa yc]S jy. J Aj ^I a_J 



l»Ja — %*ll o Aa . ]g*j j-jj . jAiiJ 4 j j,la_ 

d)U tijjJ-i CjI_/A 5 ^ Wj .(11-5 a^aJI jlaji) ol jCS cjUJUx 

j£j*j i_jA— ^-1 a j^S aJIAj *L«Ip a^IjAJI aJ^ <u$ 

d. ■i^.>o o*pXa 1 S^\iS" - * ) ijfis jl* ISj^ka ^l! ^aa . U 1-L>- L>yi 

\..^-. i Jhj ( ^5sA a_JIaJ 1 ol LaJ ^^>..^g.t ^jJl a^L-Mj . olluti! 4 — U^Lx>*i L> v 

M ^ 

. JUajVl ^yb ifij jlai 



■ — : 11 . 5 i >5 



; P jjJb- Jbj-y a 3 U E > 0 J [a, b] Jp f aIUJI I il 

P(x) - f(x) | < ir . : 0j& [a, b] Jx 



: jUydi 



'-L-^-jjl ijr3 (, [a, b] j j Ujup <s<i>UFi <!l>JLj <u JiO 
ijA_jp . fa, bl , Lp 4j^aA» <Jl ,5 fjl^ c rO.il , Ip ?t_-j>t- 



o 
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[ 0 , 1 ] 




gW 



f(a + {b — a}xj g jU 



: jl 



[ 0 , 1 ] J u Jfl g(u) - P(u) 



; P ijJjL-t •^ry 
■ ^ «+ * _*. 



< £ 



(l) 



^y>^j [ 2 , b] (J X 



=4 



g(u) = fla + {b-a} 



x — a 



b-a 



f(x) 



C 



u 



x — a 
b-a 



; Oi 



f(x) - P 



x — a 



b — a 



, [a, b] 6 /viil 



< £ 








! X J ® J ^ P 



x — a 
b-a 



jl U 






(Bernstein) <jcJ^ y **>& jU^w Op°^ <> [ a > b] _ j Aija^\ 



o \ 



3jXJ-\ Cj\y-£ J* 




iJlA 



r 






tJ 



: f iiijil Cfr^y. -uy^y 



n 



B „( x ) 



= 2 

k= 0 \ k J 



H \ b n -k 

X (1 - X) 






n 



(3) 



f| — j ^j^L*Jl L_iJu>- lii 4 jl . 



/ n \ 



' k 



n! 



(k!(n - k)!) 



i {x+(l-x)}"=l jlx^u oii ^t—waj (3) 9j -^> ^ jl— * * 

; eUajtii 4) iji-Oi o* «iU 



n 



4 >(x) 



Sn k ) 



n 



^ ^ k n-k f , v* 

X y = (x + y) , 



(4) 



: jli JiSJuf . [0,1] j <c ^j) iS y *■-'? 

^ j4 m ^ 



n 



4 >'(x) - 2 ( n ) kx k 1 y 11 ” k = n (x + y) n 1 

k=<>\ k ' 






k/n\kn-k / \f* _ 1 

X y = x(x + y) 



2 

k=Q n \ k i 



(5) 
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: J* ( 5 ) J> 



n 2 

k / n \ k-i n-k - .n-1 , lW ,n-2 

x y = (x + y) + x(n - 1) (x + y) 

k=o n \ k / 



±1 

2 



; Jp 



n 



J iSjr^ V 



n , 2 , 

K / ^ \ k n-k 

x y 
\ k 



2 



k=o n 



n 



(x + y) 



"M 



1- 4-)x 2 (x + y)" _2 



( 6 ) 




Ijij <■ [0, 1] ja y ^ U-U (6) ;(5) ;(4) o^Uilj, 

**■ 

: Jp y ^ (1 — x) 



n 



2( n )x k (l-x)"- k = l, 

k=0\ k / 


(7a) 


y k /" \ k n x-k 

^ — lX (1 - X) = X, 

k=o n \ k / 


(7b) 


2 k 2 2 ( n )x k ( i-xr k = * + (i_ 

k=o n \ k / n N n 7 


(7c) 


2 

. <Jp (7a) j (7b) j (7c) — x^J 


f 

■* 

^4^-1 oli IP& lilj 


2( k -xf( n )x k (l -x) n_k 

k= 0 N n 'Ik/ 




-£( 1 - 2>< +,')(" i/d-.r 

k=o v n n 7 \ k / 




= + ( 1 — )x-2x*x + l*x 

n v n 7 


(8) 



X 

n 



x (1 — x) 



n 



n 



jl£ iilj \ jJj * iiL* jUtaj^/l f 0^ jt>XP t [0, 1] <Jp f jl yjj j'i/ij 
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!x - y| < 8 jU [ 0 , 1 ] J x,y jLJ lil <01 



E •* 



8 iJL-p AjLi 8 > 0 

:JS 



f(x) - f(y) 



< 



8 



M = 1 + max 

xe[o.s] 



f(x) 



1 



N 



4 



* 



* t 




: ol N 



1 e 

<5 q = < 



VN 



4 M 



: J* »Ut ,>» ( 3 ) t>- >j f(x) J ( 7 a) lib 



f(x) 



a 

B (x) = 2 {f(x) - f( 

11 li=U 



n 




11 ) x k (1 - x) n ' k 
k / 



(9) 



t r J 2' JI (9) ^ ^ r*u 



n 



- x 



1 



< 



n 



i 

4 



0 






k J* ^ 



n 



- x 



1 






n 



i 

4" 



UlS\ 2 " 

i n ? N otf ta\ '2 *Jj 



:o£ 



n 



x 



<C 8 JlSvU^ 



f(x) - f 



n 



< 



9 



ii 



2’U 2' !«*)-<( 



n 




k „ jei-k 

X (1 - x) 



< 



(±)i( n ) 

v 2 ^ k=oV k / 



k 



x (1 - x) 



ii — k 



: jji JLliij 



(10) 
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op 



k 



n 



> 



1 



n 



i 

4 






1 



n 



7 



<i> 



3/2 2 

n ^ n 



n 



) — x 



{n[(|)-x]} 2 = {k 



,2 

nx} . 



2 



tr 



2” {f(x) - f ( 



n 




: Oi* dUX j 



2"{|f(x) 



+ 



lr 

£( -) 



n 




n \ 



k / 



x (1 - x) 



n-k 



< 



2MZ 



rt 



/ n 



\k 



k ,n-k 

X (1 - X) 



( 11 ) 



2M 2 " [ 



(k — nx) 



2M 



n 



3 

2 



n 



3 

7 




k / ! , n — k 

X (1 - x) 



n 



2 ,2/ n \ k 



k-0 



(k — nx) 



x“ (1 - x) n_k . 



\k f 



2' 



2M 



n 



t> (11) j (8) 



n 



* 

/j l\ | 

k-0 



n 




x)-| Ix'(l-x) 



n-k 



< 



2M 



n 



i. 



n“x (1 - x) 



n 



2M 

VT* 



oU ISLi 



Cr“J ■ 



JLi 



< 



jli i—5. 



n ^ N > 



{ 4M 



i ^ l 

c * 

: Op [0, 1] J x j n $= N 



f(x) - B (x) 



< 8 . 



( 12 ) 
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** *** 



4JbL~uj |«j iX J-p M N jW 5 "' ^ i»-N) 



j Jljj aJL^I ^jLdxM aJN-U; 1 ^xpIw> 



-([0, 1] 

u * \* - 

3 *d 



.jj. jXiil ^1 -[°’ ’1 B n 



. iJUl A><^J! j 

■4 n* 



ijj^-1 cj\ jJS y* aJLj^ ^>ryA *bl_i 



[a, b] Jp ^U f *$\jS\ cJ£ !i| 

.f J[ [a, b] Jp ^Ua^b {P n } 



1 1 « 6 

B^ JcJWl a*->aJI y U^ji 0^ “ 11 

. f(x) = Sin ( f} aiJdl 

f(x) = Vx” ajuu b 4 m ^ ^ ^ 

: P(x) ij^- ^ us* - 3 



lub |P(x) 

xE[ - 1 . 1 ] 



< 



bi 



ji^s N s-ijiJJ *s> ‘j’ u* (O- 1 ) J* f W 



l 



X 



Sjljjl *U,utjJj 



.[a, b] Slij (a, b) Ui^-i lil 







1L7 



ti -W 1 la ,.AJ y» 



^Ul IIa ^ ^Vi jcJI iaa j 

.Lflll •**< .iu’J-i o Ji 



4* 

D U JjlkJ j X Ji 3 j Jiji aJ^ {*„} b ! ‘ 



*sUL-dl ;PiU 
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Xf k JljjJl aL- oU ^2f k (x)j n _ 0 LpjoJI 4_Jl^ll jj_Si 



r\? “ 

v" fk(x) /n=o ^ lij i J^J * 2f k SJljJl Jl D Jp (Lkai) o>- 

Uj . D J^p fUixU IsJJti 2f k iLJLdi jf Jjjup JjZ, UU D Jp Akjl ^jU; 



: d\ £j>\J\ {2f k } nr(1 JJhdli.O^ 2f 



jl 



■X- 



X 



n 



f, - 2 f = a, f. . 

k=0 K k=0 k>n k 



2 



4 JU 1 



ii>JL 11.1 iJs -\ — Lt ijijl ^u, 5 jUI viUJL 



*J 



. 11*2 6 *ipLpw 4 4 j jiij 

:ol5 li! iaisj (it D Jp' pUaiL iojUj 2f k JljOJl iLJu«z* 0^0 



lim { 

n V 



sup |2f (x)|}=0. 

xGD k> n 



^ O f 



iUU ULdl 11.1 j 11.3 j 11.4 oLJiJl ^ J £jj 

O'* 'M ^oLa^j Oj-Lj Ob JajJt oijA j . JljjJl O^L-Ju*jd. 

0^5w*t 2j^k cAr^ £ 0 ^ ^ ti* aLU j! J^lScJJ aL\S j! t 

It Vr 

oL>; p i>- JS jJi ^ JUllj . JJis- 

< & t £^t>sil 




: 11.6 iji; 



iD J_p jjku* LjU; i-^jU: 2 f k J D JUaJl Jp il,..-. <Jb f k y> JS oJl S lit 



3 C 



D j£ aX^oIa 2 f 

k-() 



jli 



: 11.7 ijJ* 



J™p ^lai .,4 L-jjUj a—jjUj 2 f k j [a, b] J_p JualScJJ iLti «jta f 



^ J* CJl* lil 
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J 



iLU 2 f k jli t [a, b] 



f (i o = i f t k . 

J a \=0 k/ k=0 a k 



: 11.8 bj* 



L* w ^ ojU: 2f k (C) olj t [a, b] Jp f k a* 



* * 






LJS 2 f, oLi i3x^ . la, b] > ^ LjLS iojU; 2f fc j!j [a, b] j c 



X 



2 



, ^ f UUd! iLliil SJlJtM Jl [a, b] J* fU&l. 

k=0 k 



X 






(2 < J' - 2 r, 

k =() k=0 

4_jl_P j kJiL'u 



4j 






J ia^ Udl j SiL* ^Uu" <JUl 4 -^c^Lj 

^ Ur. j LjUj 01 »AjIa]Sj 



: (Weierstrass M-test) M jUx>-l \\\.9hjta 

JuaJp UJu-^> ^M k ofj t J'j* 5 2f k ot 

D U pUaxil OjU; 2f. oU J^Xp t lub |f k (x)| ^ M k dj& k J& 

^ \ * K 51 x£D 



: jU^I 



: Jl n > N o[ N ^ ^ ^ 



as 2m v 6! U . £>o 



x 



n 



2 M, -2 M. 

k=o k k-o k 



i 



2 

k>n 



M 



< e. 



lub 

xgd 



2 f.(x) 



k>n 



^ lub 

xGD k>n 

^ |2 lub 

k>n xGD 

: oji ^ c/>j 



2 It (x) 



f.(x) 



<: 



2 

k>n 



M k , 



lub 

xGD 



2 f. (X) 



k>n 



u*lj 



< e 



JS n > N oji viAJijj 



lim {lub 1 2 f k (x)| 1 _ ^ 

" xeD k>n k 1 
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, D ^Jp jLSJ ols ! JJj 



f 

^ ^^IL>oij I *X * ^ „ 11,9 *U j i? ■ j l ^yWnR4 Lf \ \.*/3 i ^ ,fc L^J f (J IjfcjrtJ \ j 



V S' I 

^j-«J I ^ — * L>"^iJ 4 D ^P ^ . !tf . * ..a LjLc; iojlSj ^L j 1^ 

2 



AhI^v^Imiv^ijwJL I I L,o \ taXS O is; 



0^ i2i k^jf ij^J - 1 1-9 i-j^^laJl jAj _ ^ la ■'■ a Ljl aj <Uj jlii 2f k jl 

jt 2f k jju La . D Jp LLui L> jU; 

N (1n>- J D ^y> <ja£ J5 j Uik* Usulj D U Jjlki ^Us£L ^jjLLJ 



f. 



^uJliai! ^LJuodl 



6 “^ i ^jfi> 4_jl>-Nlj 'jLilJl Laiallo 2 

- jW^I j\S jJ flkJb oi i ^x JljjJi 4JUL^ of UJ ux. j*j 

■ J^iadl Jjli yS- ^1 j-^Sjr^J M 

: 11.11 JLju 



f 2k( X ) “ f 9L-^l( X ) = X - X 



2k + 1 



k+1 



: j£ 1SI 







cjUo'N 2 



f. 






A c [0, 1] 



> 



0 



Ai3 ujUs 



i */j„Aj . 4* 



c* 




: iL-Lodl cJa ^j-L aj I 1 <jj . [0, 1] <J *Ug&L 



2 f k (x) = (1 - x) - (1 - x) + (x - X 2 ) - (x - X 2 ) 



, . ( k k-i k k+K , 

+ ... + (x - x ) - (x - X ) + ... 



2n+ 1 

2 

k=0 



f k (x) - 0 : Oj& n J£J *1 Jb-% 2f k <IJL--.UJ jjidl VJ Uxll oL% 



l n 



2, V X ) = f 2„( X ) = 

K — U 



n n + 1 \ 

X — X — x (1 — x). 



2n 



<lj *t 



iji ojLjUxj 4jLc*-NL max 

x6[(),l| 



2 i<* 



k=0 



f; B (x) = 2 {nx 11 1 — [n 4- 1] x"} = 2x n 1 (n — [n + 1] x). 



jUi b^x* 

* y* < 
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; iiii *Lj 



max 

xeJO.ij 




= f 



n 



2n 



n + 1 



n + 1 




2 , » 



tl 4“ 1 



- 0 



n 






n 4- 1 




1 



n 4- 1 



■< ? 



1 



n 4- 1 



1 



^ <uii lim - 

• n (n + 1) 



4 o \ Li; 2f. o 1 1 .2 SJl^LJ.1 

k -J 



s 




3 IJU 



= 0 



lim {max f (x)} = 0 

XG[0.1] " 

.[0, 1] Jp r UiLl 



vb £ 1E““^ 



f. 






2ii - 1 

2 

k = 0 



f„(x) 



Z. 



n 



= (1 - x) 4- (1 - x) 4- (x - x") 4- (x - X 2 ) -f ... 4- (x n ’ - x“) 



2 (1 - x) 4- 2 (x - x 2 ) 4- ... 4- 2 (x n 1 - x n ) 



2(1 -x n ). 



:oU dJUJbj 

Jt- * -V 



x 



2 

k=n 



f t (x) 



2, x 6 [0, 1), 



0, x = 1. 



2n 



oV t 2 If. 

k=0 



j oi Nj) 



2n 



lim " (?,, I f » (x) 

k - L) 



2n- 1 

2 

k— 0 



f k (x) I } = lim n I f 2n (x) I =0). 



ojkJi j* - -- : t *ju a^. jyj. aiJLii a V j [o, i] ,> sjuu t k ^ js ji Uj 



■ [o, (2 & ^jUxj *y 2 



f, 



jf 11.6 
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i 11. 11 JUli 4a : . ; ,]a,» fj&i V M - jLi>-Vl ijl J 4Ja>-*)b 



iSj - 1 1 (^5^J - (* 



UkiU o jU; 2 

j i 



jl J| iPj—" oLS" M . jlii'iil jV ‘ viUiS J*ill 



J-»Vl Jp 2 ^ 0 _>Sj ji v£ j'-S M 2 „ Jas-tit M - jUp-VI J -li 1311 



max 

xfElQ* 1 



f 2n (x) 



0 

li^ 



: Ji* 



-5-H- 

n + 1 } ' n 



1 



4" .1 



(i) 



2 



~F( 



n + 1 ! ' n + 1 



) 



oi 




;ot 






\ o 






I 



n + 1 



J-* u^rr 



5 ^Try/^j y\ ( jSn-Cj v ^4^2*51 /jp gJLaj 



lim 



( 



X 



X + 




1 



<* I 



(2) 



oUU*Ji oJjSi l "jNL^.AT *| ^>- i ^ 11.7.1 ^ jj 



( 2 ) 



11.7 




,lr 



y y* 4 11.11 JUi iv j 2^1 2^1 j xs-eji _ j 



.(i) 



Jp (jUajJl, I jiv») lim k f k = $ OU t D Jp Jwjtf; 2 f c 3 l 5 131 «;f oJt _ 2 



D 



: D JUall Jp ^ 11 *^ 1 ^ iojlij 2 f k ol cJl i 9-3 ^jjjlp 3 



f t (x) = 



sin kx 



D = IR. 



_ 3 



f. (x) = x k , D = [- 



1 






_ 4 
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fjx) = Itan 



. D = [0^]. 



f„M = 



sin kx + cos kx 



k (log k) 



D = R 



Ux) = kx K , D 



f t W 






3 

sin x 



t | ‘|1 

. D = [- 






3- 



f,(x) 



k + 1 



k 



c 



-kx 



D = [1 < 00 ) 



.5 

_ 6 

_7 

.8 

.9 
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12 




Power Series ^ *4)! 



jjH\ o^LJLio 12.1 



aJIjJI (powers) j^SL JIjJlJI (class) Lai dj& Lj 

LI >. c_u — 1 ^C^.t JljjJl ^ J-AiJl !JLa . f(x) = x Jbli Jp tLJjl JljjJl J^ai 

^3 1 ^ wj ^ i IwH utfin ) I ^3 n<i ^3 \ _^* ^3 ^ j 1 

cJ • 4 — ^ 

^j|*XXj % yi La Jj>» OjuSsj ^jl 5I j|i i. LJ I 1 La LlLJl cI^Lj ^* xii 




Jplj (.A^p Lj^^iaJ (jj-SJ jdl JljjJl U-L^W> 



■ k) 



oc 



k=0 



jfjUau^l^O {a k } oil .yuJL^laJ-l 



; 12. 1 uL yu 

sUsaII 4-JljJl fj, jl jJd $ t bjp a j Lojip a_LLu ( a. ) OjIS b| 
x 1 j \S li[ .s£yd\ aLJLcjc { j * m j Sf R Jljjdl LLL-io jli t f(x) = a k (x - a) k 

^j_ 4 Jl aLL^ju l)L ; J j d > LL — s <. A— ojl — aJ Sa (x — a) L>w bJi_P 



. Jw^j0Ls«j ((Xj • XiS ' LjL, ^/vp)) aJL^-I . X, jclp a-u jlL .La, (x. 



a) 



xk 



. Ljup AaJ ^ IjSj ^ 0 ^Ssj 



iihipVi iji^L^U IJLj 



: 12,1 SOpU* iji; 

Jx3~ bJ p x 2 oLSj x x J lp LujLJb Sa^Xj — a) k ^j-aJl <*1 --I---* cLL? lit 
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m \ jlp 2 a k (Xj - a) oU 



x 9 — a 



< 



x i - a 






JU *J! 



jt x, 7 ^ a jl ^JUJ lAAj tij&jdj ^ ^ x ] - a 6l£ lil 






x^ — a 



< 



x - a 



Jiut (^JJi :>JL*if y* x^ 



X 2 ~ a 
x. — a 



lim k a k (x ] - a) = 0; 



k 



; Of *— ® j t a-j jl2b 2 a k (x j a) of Lc 



:ol JiJ 



•aJrf- 



{y k (Xj - a) k | ybdi 



B =lub k {|a k (x 1 - a) k | } . 



: 0^4 k L£Lli oil 







5 


1 


k 


X 2 _ “ 


a k ( X 2 - 8 ) 1 





\l 




cd 

1 

XI 




x a 



^ Br 



oilj 2 r ^ \ ( x 2 



\JX 



* L*£Ltt jISj 0 j5*o 2 3.^ (x 2 d) * 



ul_S lil I J6 J_SLi J_* 12.1 SJLpl—ll 

** fl 

oJl* ^ ajjjf oli x 7 JJjp A*jjli> j& 2 a k (x 



jiijJl fJLjoiwvJ Of-x^Vf ^yiAJ ci 



\ k 

a) j 



x — a 



< 



x — a 



\j4 x. a^jU;^ o^o 



x - a 



x 2 — a 






4 

Oj- 









A^jWaJ 1 oJbj\^i 12.1 IJ*L±\ iJiJl ot Jb-'tf 

ol <Sjj Cj* 





, (J ! c * ;> " S ih 1 j-& j^bdt cJUii . 



a 



x, — a 



: 12.1 Si i o 



! Jjb . — 1 ^ 



x, = 



X < 1 of— S" fii iaA>J W A^ijl— 4 j 2 | j Aj* 

K, 

1 ‘i.l-ai-l 1,^1 • A*jl*df 4jL*tLo«*lt Aj^lijJ Aj jL&Lf •'f 
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oV * 



X, 



< 



1 



JjS" -U-£- j\jii 21 y 



ji 



j£r 4j Lj 



. 4j0pLj 0^-ft i^yA^\ aJlmJLmJLo jl$ X* — 1 !*■ I-£. 



U-Up x alJLpVl J5 4_^ MM jl M.M 12.1 SOpLil i^kJl SOpUf 

jf Mj Ml o-La jL 4_JUi Ljj^ . MjUj Sa k (x - a) k (Jja Jl UL,< 

La*J I c^L- 5 'M&j t c >^A ^ o 3 

1 aLJu^I ^ l i> ^Ml »OA (_J R -5-X*Jl . ^ jiJl 



1 .a UyJT^ ji M IR ^UpVI Ja^ j*£ 



: 12*1 

OjSj ji Ul I jli t {x ; E IR : 2 a k (Xj - a) k MjU;} Ml ^yt I of ^ yd 

4-v 

.' ^Jp a J\5 jf [R 

. (a — R * a + R) ji (a — R £ a + R] <, [a — R * a + R) t [a — R * a + R] 




UlU l^MI 1M tSjjJbt 5jU I jl U J$y 12.1 UpUII 4j^kJl jli I * iR j!5 lil 



jU t (a — R * a + R) J x 2 jlS' I ij . R = lub { |x L - a 

* J Xj 



•} 



ji 



*■ ■ 



JLSjj I JLI . 



x — a 



rjdj 



x 2 - a 



< R 



ji <>V-i '• i — * . I J x 2 jp I i_ij P;jl— i; 2 a k (x 2 



a) k jt 12.1 5JU-1 LI 



ji J! Lp>. R i-uJJ UjU^I jl . I j X j! jVl . (a - R < a + R) C I 



jij . [a - R < a + R] 

t ^ £ 

j oi jlj * i oi 

in/ ■ 



J X, j,L-» 



I I mMj 



x, — a 



^ R 



R i a + R) C I C [a - R ^ a + R] 






ly^jl -yt aJj»-|j 



(ijaj ^jUxIl S/J OM jli^^l 4JI JMUJI *ipU ^ jS'ii 05 

f 

i-JDl OjliJlj ntyjLiJl jjaS MM iUM yb <Ju.P > £ Jjf . LM 




^ 
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: 12.2 



:6jS6 4joJIp iJbu {a k } cJl5 151 



lim, 



a, 



k 



a 



k+l 



itMw r 

— 



l f 

. Sa k (k- a) i£yd\ wJjliJl i— a**3j j>jfc R 6U t JwIp j_^I a j 

; 6 U jJl 



c (k - a) k ^LJL-d (Ratio test) i r ~^\ jU^-1 



lim, 



a 



k+ 1 



(x - a) 



k + l 



a. (x - a) 



— Uni 



a 



k+l 



x — a 



R 



ix — a 



olfJl 4— <*«i c6l5 iat L-aUjl^ UjUj ‘t-jjUj iL«L*jdl 6 j -56 jl— 3^ 



4 -j—JI jL^l 6 Li j 6 iL>j . 



a 



< R <■ 1 y J-®' 



a 



R 



y * 




Jl Uui . x — a > R 615 13! 4 _ ; jjUj 61 

. jj aj 



^*11 12.2 o^l j R ^jjLiJi ^ j. — 6" iJL5Ul J»-*& 61 



Lsoj! . 1R jUJl &y® 6U s litn 



a 



k 



a 



k + l 



— oo 



615 131 4J1 ^1 t *~*-j*1I 



^ 6 j— 56 ; [a, a l Lf* “J 6 _i 6 p 



lim 



a, 



a 



k+l 



= 0 6L5 131 



a eJU>-jJl Aiaji s 



jl 12.2 4_j^iauJl jjJaJ 61 i/y ^ ^ t*-^*-* {£j£ 4Ly*A«*d IJ& 



j 1 ^■■■1 1 ^ ^nki S i ^ 




; . R (12.3 . 




j! Lc . «Wl CJ Vl ol>)l ^ W iji d +^s X a R^x-a + R 

. jLrfiX>-U 4 a>-!^63 i jy*-t 
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: 12.2 JLju 



• l 4 > 6) 2 



(x - 5 ) 



k+l 



* 

iLJijL] laJt ijs ji 



R = lim. 



a 



k 



a 



k+l 



= lim 



k + 2 



k k+l 



- 1 . 






x - 4 1 »Xpj ibJs-lS 2 ( ) iLJL-io j|i x = 6 l°Xs- 



■ J 



s( 



(- 1 ) 



k+ 1 



k + 1 




aJuJL-xIi jU 



: 12.3 Jl—ta 



jV ‘ [ 



i 



V2 V2 



1 1 
^ J 






s( 



2x 



2k 



(k + 1) 






* 12*2 4j 1 1 I ^*1 



^ p ja + ■■ > Nj 4 a 2k+i - 0 






2 t- 

*X jrtp^^X) ^^-3 l^t cJL-A i)\ ^ia 



b fc = T (k + 1 ) 2 y»* 2 jUlUJ k 5 >jii\ 



: J* J-^+ {b k } o^UUii otJbl 12.2 i^kJl 




* * 



lim, 



k+l 



- lim 



2 k (k + l) 2 
2 k+1 (k + 2)" 2 



= lim 



1 



k + 2 



1 



k 2 4+1 



jISvj l_4 t 



x 2 - 0 



< 



1 



0 



Oj— 4 jjL-5x< 4Jl*«JL*J. 1 oli >■_ — -1 1 1 . i l 



■ + s ^* Or • 



1 



V2 



< x < 



1 



V2 



2M± 



. ^jU; 2 



V+) 



2k 



k / 1 + 



( 



2 



(k + i) 



= 2 



1 



(k + 1) 



(k + IV 
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12.1 




li 



:5JbJl CjMJw y J£) SJj Jj>-j\ 



2 ( 



k+ 1 

<=M (x - iy 

k 4 1 ' v 7 



s( 



t=a— )(x 

k 4 1 ; v 



+ 2 ) 



1 



1 



(t ) x + ( 



1.3 



2 / x + \ 2.4 ,X ' 2.4.6 



( 



1.3,5 \ 3 

x 4- . 



s( 



(-l) k+ ’ i 2k+ i 2 

X “* ** 



(2k 4 1) 



X 



2k 



k! 



-3 



_ 4 



2 ( 



(-i) 



k + 1 



) (x + I)' 



- 6 



1 + * 

2 3 



3 



4 



4 



4 



X 



4 



5 



4 



4 



4 



X 



7 



2(-M(* + 2) 



2k + 1 



_ 7 



8 



x 4 l 2 x 2 + vT x J 4 2 Z x 4 4 V2~ x 4 3 Z x 4 V3 



3 -2 4 



5.-2 6 



X ... 



_ 9 



. (k = 1 UjUp 1 JuJ iLJud!) X 



k! 



_ 10 



iLJLdl ojl* : oLijI . k = 1 Ujup (jl-J X (log k) k x k _ 11 



. (X R k x k ^LJLdU 



log k (log k) 2 



r , jog (k) k 

a\> 



. k = 1 Ujup UJudL LlJ) X k 

lim w {[log xf - [log (x 4 l)] 2 } 

. I 



. 12 
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jyi\ o^LJLi. J*l£ 12.2 
(Integration and Differentiation of Power Series) 



sUsa* f 



- 



UJl 



*' A 

^ J 



Oo 



f(x) = 2 a (x 



\k 

a) . 



k=0 



f wjU^S"! 





<_JUd 4 _jI^ ^ aHjiJI oJla jt Lc 

«■ 

<JjUJIj ij^l5vdi 4 *LUJ!j i, JUsaJ^I IjcS JljjJt ^y> LLbi'ii { jOj^ 

^-jUj ^A sJ *> . v-JjliJl 5JLi J^b J s-Aa J5 jj 4iL£j-1 j . 

.iJbJl <}Jk3\ £jJ>y> J* Ja^ii wJjLiJl IAaj tbb ^ > y^, ^jJl *kuLl wijUAi 



: 12.3 a>Jx 

^IkjL* wijUx; iK wijU; 2 a k (x - a) k <1 ..JLjI jl£ lit 



. (a - R 6 a + R) : ^ iaU, ISy? iji JS Jp 




c -L^c- 4 -jjLflj 2 a. (x 



a) k jt . [c - d] c (a - R < a + R) jt 




i*f 

w^u LwLjLs 

t 



jL_? lijj . M k = |a k (d - a) 
j j_SJ jdli-l ^ J . M k = a k (c - a) 

(j-*’!/'— ^ *J M _ jLjpM jil , lub 

xe[c,d] 



c — a 



d — a| oLS bj . d j 



*«f 

bJU 1 1 * L t 



a 



d — a 



a t (x - a) 



< 



M j i-jjLaj M, 



. pJidl wjUdl Jp jusLJi Ju j 



V ^ .la i l l jLiJl L oj^xJl (J j— ij 12.3 4 j ^ lajJ S jl 

(jLi t Jldl jJ— ***** 4l*l£- 4 — > c^1j oJA . y jLidi IJ\£ 4_jL^ ^1*a» j£ 

^Ua-iJLj 4-^jU; 2 a fc x jli iojLai 2 a k cJl S b| 4_it C^j -. ; J*f AL*J 

jt jt ^Ja ^ *4.1 12.3 4j jla_'J i *lji>tX**Lj J&J t [0, 1] 

. J*t£dU aLU Ail^yfc ^1 
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; 12.4 i jlil 




S a, (x - a) 




' 1 lil . (a - R ^ a + R) ^ x 



f(x) = 2 a, (x 



k-0 



IJLP- [C, d] Jj- J.L&JJ iLU f op t [c, d] C (a - R ‘ a + R) 






2 a,. (: 



k=0 



a) k dx = 2 a k J (x - a) k dx. 

k=n c 



( 1 ) 






. 12.3 j 1 1 .7 < 0 {j* & yOL* (^ 5 * o-l* 

L« !OJ&J l 4.0^1 1 A^*L>cll t — jLw^L Js>xj SJj>* AA> j^£> ( j^£ 

.JLJi JUl! J 



: 12.4 JLju 



^aII 4-L . -J LJ* ^ kXj 



5C 

; . 2(-0 



k-n ' k 2 



2 x k = 



if -1 < X < 1. 



(2) 



k-0 



Jl>w IJj>- 1 ^ 1 12.4 



2 

k=0 



k+i 



= — log |1 — X 



if — 1 < x < 1. 



( 3 ) 



k + l 

3 ) 4 ~2 



k 4 1 



iJudl—j x ^ Lju5v£ (“1, 1) (J x O' Lc 






2 



k=(> 



k + 1 



= - iog(4 ) 



oc 

2j - j = log 2, 

k=i j2 J 



: k + 1 j* j £j>y m 

. j-Ua.ll c-^JlSo 1 jjfc O' ^ 
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11.8 . Jl^UxU ^jid 1 <LJlou 4-l>U ^li5i jUll <J 

-i_l ^ <j0y Ji l-Uji . N ft fUiJL iojUJ olooll I ..«:.< oils' iil U & ja* J,1 *-b>0 

.. LiSirtpurtp^ <$j&\ aLw> L o^ (_j^j Ojl-di Cj^jy ^ 



! 12.2 »Jl&L~6 4j ^Jaj 

^ a k ( x — a ) {£j- .aJ \ i — li — -J— — o» ta iJ e- ^Vj {a.} 4_^ 1L : - a 



. a**Jl> ^jlaii! ^afi i.~dy*‘» ^ 2 ka, (a — k) 



k-1 



J 



<L JL.,:1 1 j Z a (x - a)' 



1 



^U U lJU (wJjLiJi jJbL js * U* R/ t R o! 



4 4 




oU 



X 1 - a 



< R' oL_S 1SI .JljooJi J p 2 ka k (x - a) 

oU oil tULk* LjU; ojU; 2 ka. (x — a) 



k-1 



k-1 



2 a k (Xj - a) k = (x t - a) 2 a k (x - a) 



k-1 



il 



pU 



>; ^ jj 

^ ^ ^ oV i 1 5, LI2 *M& 1 . sj\ & i ^ . i^i l j t i 



oli 



x a 



=S4 R 



-ojLa; 2 a k (Xj - a) k jt Ljf . 2 ka (x - a) 



k-1 



. R ^ R 



^ LjjUj ojUj 2 a R (Xj— a) of t R ^ R' of 

t h L 






JoJ . 



a 



< 



x t - a 



Ji4 x 2 J^S3 Ulia_. ijUix. 2 ka k (x - a) 



k-1 



: ( sVl 



ka k (x 2 - a) 



k-1 



a k ( x i - «) 



= k 



X. 



X 



1 



a 



a 



k- 1 



1 



x. - a 



1 



l*i “ a i 



kr 



k-1 



r = 



X 2 " a 
x, — a 



< 1. 



I 0 4S0 LoJUjp 

■*/ * 



'-fcl* 2 |ka k (x 2 - a) 



k-1 



of (S j-j ;(^liQ) lim k kr k 1 = 0 of Lr 
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[)£ Lilia-* JjVl 4 LXJ 1 I oli ULi . 2 a k (Xj - a) k U*J~odL> 

oL oL jJl JlX ! Jlj #> . R ^ R ' of c$f tUlk -* LjU ; LjjL ; UJLdl CJ 15 

flwm ^ 

i. — I 0^Vm3 .W- lj ^ ^ I 0 ^1 t i*M? - 



l ^Iil J 1 Jpl &3 ^ tf ihi/JiJ j^ii ^ ^ \ 0 \ . \ ^ *w fl) 

. wilx^ JJ OjrviJl i>L^ 






i 2 ^ 



k -1 



X 



I ^ LmLmI 



x 



: 12.5 JUu 



aLJu^II 



k‘ 



L 1 ) Jp Jaii LjjL ; iJliJl ^ [- 1 , 1 ] Jp v-jjlis 1 R — 1 



. JL.lidJ 5JLU *Jb ^ jdl 1LU* of oU^ ^kiL oVl 



f(x) 



: 12.5 l»Joi 



x 



2 a (x — a) k j R 'jLil ^ki «-La j ob 2 a k (x — a) k of ^ 



k =0 



o_>«j iA_>- of [S iiloA ^LU f bl . (a-R^a+R) J x J-S3 



ac 



■x 



[2 , l( . -.)']' -2 [,,(.-,)•]' 

k — 0 k =0 






= 2 j ki 



ka. (x — a) 



k-l 



k =() 




: ob jS \ 



SJLiU iiU. LJ^r ZJL* J5 Ait Jl jLpjj 12.2 UpI ll 12.3 i^kJi 

La>i . tiii 4_<ujLijj 2 ka k (x a) ikL»*od.1 0 ^— t (a R ^ a H - R) 
d-Wa 1 Js” jclp Lf jL&j aJiLLmIJ^ t ^Jj 15 2 a k (x a) ^ja *x>- ^J5' ol 
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3 11.8 <j jlaui! ijiPj jit . (a — R * a + R) ^ 




' i arr.a jt 



E: 



iMMmJ 



, ^a — R £ a 4- R) 



<j3j^— '■'*£ 

c * 

^ J ^^*1*1*1^^*** 6 ^*Shi*i* h * ^ ^kMMM^ l 1 ^ ^ 

<L.al^» <L— Jj_j»- sjL-i C4 (^ — ^ ^ 3 R) iJ x ^J— £ (a — R * a + R) 



. (a — R * a + R) J5 Jj> ?wsu (4) jt <, (a — R * a + R) 



: 12*5 4><*w 



+ ** 



Du 



: cJtf lii 



f(x) = 2 a k (x - a) 

k=G 



. *5Ua f jt* (. (a - R * a + R) J x J£J 



: jU/)l 



3 yjl_ua 4>*^xJl oJjb 06 jj Uoj! . 12.5 <U^Jsuit f jA 3 jt-fc J^t I<4 a 

• (12-2.7 Ja*\) 12.3 ^ 

^ *t ^^LJU t^j\ 12, 5 ijkJt J^l . .Ur...: 1 12.4 i^kJl j (/ 

. a,yw o'sul.-jc ar>u u ^ji .- ^ .i. -u ^ 



: 12.6 JUu 



00 



^1 iUL^U Lg . 2(4) 

' ' k-i ' T ' 



I 



GG 



_ 



1 



k=0 



1 



if — 1 < x < 1, 



JL>vJ tU>- 4>-tj 




k— 1 



l 

(1 x) 2 ’ 
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X 



; x j Jji Ja}\ ^ 






2 



kx k = 



k-1 



(1 - x) 



(5) 



^Jp i X — cs^ 1 ^ ^ £^ a '*'*“ J l ( 0 (3 x J£J (5) Of U 



oc 



2 



k=l 



2 . 



2 



12.2 



j — dJ 



u 



oc 



. 2 1 (k + 1) X _ 1 

k = 0 



1 - 2x 2 4- 3x 4 - 4x 6 4- .... 



■1 _ 2 



2 



k-i 2 



V 

•■ of ,> - 4 



CC 



TT 



^ (-« 
Jmm 4 



(“ 1) 



k=0 



(2k + 1) 



00 



log 2 



2 

k=l 



(-i) 



k~ 1 



= 1 



1 



^ MW j 



i 1 

3 + 5 



1 

7 



+ . . 



1 



x 



■' (1 + X 2 ) 



= 2 (-x 2 ) k : ^oi) 



k=0 



: ^ t> o\* - 5 






1 



1 



+ 



*( 



1 



00 



(1 4- x) 



_ 2, x) k : 5 -IpUwo) 



k=0 



JJULllj 2 a k (x - a) k UJLJ3 op t N Jp *Jh g cJl5 lil jtj) _ 6 

. wi Jai Ul^ 2 a k g(k) (x - a) k 
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O^lauil j 12.3 <0 JaJt 



I * 

\ J+Ji 



& 

L* UIa^j japl 



. 12.5 




Taylor Series SJLJu^u 12.3 






1 .yfci 



J»LS2Jij J^Ldl J <_JlkJl ^1 ^Ui! 






ij*' i— JjLaxli ijUai 

. LJ £m— J 12.2 i^iauJl oUa^-^i! y>»' 



R > 0 







L_i — — J 1 — i> X a. (x — a) k t)( 



(J^T" 



: 12.6 









J-£ ^ oUew* LifuLs t (a - R ^ a + R) j x L53 f(x) = 2 a, (x 

U k=0 k 



\ k 

a) j 



k J (a - R < a + R) J^b ^ J\ 



a k = 



f (k) (a) 

k! 



(D 



; 0j& (a - R i a + R) j x J£J o\i l j *-i*A 



f ( x > = 2 



f W (a) , j, 

« “kT (x ~ a) 



(2) 



5 

jl „tf ,- J I ^li ii M^ <■ d^Lo 12.2 oJL-t'Lwwii a , ) \ 01 Ljt 

\XJ>j . (3 ™ R * a + R) Jp J^UxU <LL5 *}\jJ ^jUcS LaJ ^ ^ t, 

* \*x>" l^pl^lif c^UtuiOJ oU 

*. ^ * * 



« 



S (^) “ k (k 1 ) a. (x a) 



k -2 



k-2 



.x G (a - R c a + R) q\S b] 
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( 3 ) 



^ j 

: jJp aJujJI oJub jiJLj Lil -^>*j i«J>* °L* J^?Uj JL 



X 



^"’(x) = 2 k (k - 1) ... (k - n + 1) a k (x - a) k ~". 

k=n 

t 

t x = a L#J_^ t (a - R ^ a + R) J-5 J 




1 0 J— A 



; (k = n) j&j ^ J ^ '^ s “ (3) 



f ln) (a) = n! a 



n 



; ji Aj J 0L>t ; 3 , W? (2) J (1) jU *_**«Ji lii 



Jp aL^oi« VjL Li J! JljjJI J-£ aT^jD Ct HO 



A SJU31 



Lai3l J1 I^Lj I ojLJl J-f- yjt J-^ y oUlL* 



t Cf (a - R < a 



7*^^ Jh^ 



GJLLl J .a J 









Maclaurin J5L iL-iw* 



.<X.wyO 



2[ 



— - — J x^ t£ aLJl*i>» oL t & — f) 



f SjljdJ series 



(2) L_JiL_*11 Ol J-Jai ji Lj;! y 



J f ‘jj— ^ ^ 

**■ 

1 ta A y~ f a— lljJU jjijL iL«L«Xa iy>"j LcjI . G (a R ** a + R) 
J j_>. J Jy ^k.J Yj (Ail: ^jLJl a ^i) Al~Ldi ai* 

. (12.7 y / JL) A^jL: V? iS* aLX«L» 

(a - R ^ a + R) iSj* a L - L ~ i * ^ l ^* J ^ 

Jl JljjJI J-k j-a 1 a* . (a - R < a + R) J (analytic) aLL U A)b L ^Ji f ob 

jt JL_> 'if aJLJL«X^ oY-*b*« jf Aj^laJl eLft y ^T**^ ‘ ^ 0^3 J* y^ 



R > 0 



. (a — R^a+R)^* J5(i 



(2) ibUil? (1) aLUL Jaw 



Jlj aLJLJlI y* a Ay~ f aJI-UJ jjAjL ol L^fcjj li-c 
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, 3 & j-S^oJli I j 4j>-jJL&LI 0 t(x) ^ j l^.o 

T* 

■ Jtll _r^' 



4 1 Jw * T 



iSj*ti ^Lvi^ jli tR>0 c~^ t (a - R < a + R) U iJLU: iJb f oJl5 bi 



1 ob 



3 1^ ill oil jjL'g iLJL 0 J -$>0 wb ^ f ^wJ>ei 

v C (IR) <j ul ol jLlc ^*>UJl jVl 



: 12.7 JLju 



sILl^j f ^JljJl oJlS \s\ 



1/x 



f(x) = 



0 



if x ^ r. 



if x = 0, 



f i5lJ_Jl «cJjLi bi . 5j!-i-Jl obi j_£^Ub V f C (R) j_5 f bbs 

j-»j i*>) = 0 iiljJl k JSJ jl JSy .yUJl iJLt U X JS w i^lj J_iUdJ 

0 ]?^-® ^ *uj IiWiiii ^ ^sl ^/ 7 *r ^ 

.f eSjL- ^ iJUl J!) bjUi* jlSLJL aJLJUlI 



oULwJ-l 



>~y ol^ JI^a Upli ^ji t f (k) (0) = 0 bi jyj 



lim 

x — >0 



•1/x- 



k 



lim 



0 



= lim 



n 



-n 



1 /x 



kx 



k+2 



2e 



1/x 3 



= lim 



[i 



<Jkdl 



kx 



-k - 1 



^ ~~3 1 /x ~ 

2x e • 



(4) 



... = lim 



kx 



o 



1 / X ' 



IN (J k JSb , lim 



o 



I/X’ 



* b^ C-; i* k J 1 j^\ i — 0 b*X*P 



- 0 
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: o'i[ 



f'(0) = lim o 



f(x) ~ f(0) 

X - 0 





X 






t k loM ja 



f lk n (x) - f <k_,5 (0) 

i (0) = lim,, 

X 





f^ k) (0) = lim 



t 



4 k. - i ) 



X 





J Uk~ yijJij e 

<U. -<Jj| * 



iJljJI J-JU iiU-l f 

- Ill - 1 /x : 



e 



^ U (x) Jwa>J i x^O U-Up 

jJ- 1 ■., 2 k v_JUVl 



J-SU Jp L^* «i~- (.Jj-w-' j* 



: jU (4) j iiUI 




1 } 





X 



\ ju& U ^ jti-j 



. L>^i *^5 UjUbjj 

JIjJ y* UaJ 



Jl51 aMjlH Jju 



S I U ‘ - ■ ■ * ^ 



; ^Jp ^JJu ji 4_lp JljjJI £_)Jl l-i* Ji* i~>\j) ij cS"^ ^lSj^ 

Gelbaum and Olmstead, Counter Examples in Analysis (San Francisco: Holden 



Day, 1964), p.68. 
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12.3 






a 



* 4-L-vAp*«^ 4 Li iJlxj! {jljjJl ^y* *^<S 0^ j ™ I 




x \ if X>0, 





X 






x , if x > 0, 

M 

0, if x 0, 





x > 0, 
if x ^ 0, 




. P t IN 




: y Ljl Ji jjdJ j jiSTU ^ULJLwa ( 1 ) ibUll 



f(x) = cos X. 


(^) 


t'(x) = c x . 


e. 

0) 


f(x) = log (1 + x). 


(*) 


r 

X 

ft***" 

A Tr, 

II 


(-*-) 




f(x) — cosh x = 


/ * i "“S 

(e + e ) 


(”*) 




h 

2 

(e K - e x ) 

* 




O) 




f(x) — sinh x - 



2 



> 



The Remainder Term ^Ul JbM 

*► 



12.4 



L-i*Li tC (proper) 4_21 a9 <LjJ*>- aJLs oi hsuJi ol Juu j o^Jl 



:^y^j C* (a - R i a + R) J* iJb f of .N U ykUl ! 
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r(k) j v 

„ , , V i (a) A 

S (x) — 2 j : — (x — a) 

11 v ' k=o k! 



J 



R n (x) = f(x)-S n (x). 



R n (x) j a J f aJI JlU jjJjIj aJLJLju ^ jjxJ-i ^ n j-* $ n ( x ) 



i oi u^ 9 ■ Cj* a^-I 



f(x) 



= 2 - k>(a) 



k=[> 



k! 



(x - a) 



: jl£ lil Liij lil 



lim R (x) = 0. 

n n y / 

x ISj lim^ R n (x) = 0 jl£ lil iaaij lil (a — R ^ a 4- R) jJp *«Li^ *tla f 0^* l-ii 

. (a - R < a + R) j 

M 

jjJbt-j 6 . 6 A-jjiiJi O^o-^** L *AlP ^,-, /S aW (j S n (x) Ujtj AJftJ 

; jt O-XSi ,J^\j ^Ul jJ- I 



f(x) = s n (x) + 



^Vj 



(x - a) 



n 



a) 



n! 



jSji 4— $l*J I ^ , 3 J X L/^ 0 M* ^JJaS^ X J 3 C^i™J 






J x 







Jl 1 JlJ> . c <n) (a - R < a + R) j f jt j JljLJ 



j j£j (a - R i a + R) 



f(x) = S (x) + R n (x), 




; xJlIJUb j iJwaJU R n (x) c 




. jjbk aJws j J ^ A ^ t r J lj* ■ jls*^ 

Lj*a 



I jLjt j jJ! jj— ^U^ nlk 
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. (Lagrange form of R n J g!l a*w>) : 12.7 $j 



[x n iJU- a>-jj i (a ~ R ^ a + R) x j ^(a •— R ^ a 4 - R) f oJl $ iil 



dj£i 



j a j x Oy 



R (x) 

n v / 



Ato 



(x - a) n . 



( 2 ) 



n! 



. R n ^jP ^Ui A*it^ Afcwi 



)i 



. (Integral form of R n J SJaI&JI A sy^ dl) : 12.8 4j^ 



:C>U 4 (a - R ‘ a + R) jx, C (n) (a - R i a + R) J f oils lil 



R„W = 



1 



(n - 1)! •'a 



f (x - tf 1 f^t) dt. 






: uU jJi 



J«J>UxU <u%*»L*Vl Ui f aJIjJI JUa»^ o| 



f(x) - f(a) = J f'(t) dt, 



: ajU^J 



: (Jp t U — X — t ^J^aj^acji 



f(x) — f(a) 



pt-s 

^t=a 

~J. 



f (x — u) (- du) 



u —0 



f' (x - u) du 



/'X-a 

J f'C 

J o 



u) du. 



£ 

J ol jll 1 XkP f 



; o'Vi 



f(x) - f(a) = [u. f'(x - u)] u=o + 



I 



u) du 



X 3 

= f (a) (x — a) 4 - J uf'(x - u) du 
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2 x-a 2 \ 

= f'(a) (x-a) + [(f) f”(* - u)]* _a + J o ( -|— ) f"(x - u) du 
= f'(a) (x - a) + ( ) (x - a) 2 + J ( • f"(x - u) du 

L 0 Z 



= f'(a) (x - a) + ... + (■ 



f <n ], (a) 



(n - 1)! 



) (* - a)" 



n — 1 



x-a 



0 (n - 1)! 

S (x) - f(a) + ( 1 ) J u”- 1 ft") (x - u) du 

n (n — 1)! ' •'o 



f (n) (x - u) du 



f(x) = S (x) + 



l —)f (x - t)- 1 f (n, («) dt. 



(n - 1)! 



Oil 



. JoSI Ji oU jJl OU-Lj (3) «Jl£ U 



IJl; OiJij JSLiil ^ ^Ul iJlill iwdl jliiil -fs 

1 *■ *■ 



ti-1 f (n) 



r\x) iJUl jl U .(7.2.7 o^l52dJ I wJl 
: jl x, a ju c n adP *Ji t (a - R < a + R) Jp 



f (x - tr 1 f^t) dt = (x - c r 1 f‘° ) (c ) (x - a) 



. <wbJi dpxzzil ^Jp t (3) I JLa 

. (Cauchy form of R J ,*£ ; 12.9 i Jai 
AJP Js-Ji -uji t (a - R < a + R) j xj C <n) (a - R < a + R) JfoJtflil 



: xj a o« c n 



RnW = (i_^L) (x _ Cnr > (x _ a) 



( 4 ) 
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JJjVl 12.5 

Taylor Series of some Elementary Functions 



{ j^j ol <Jl>* J-S" fj <di«1 o Js- ^jA Oj-&j 1JU j^>S\ ~uJl 

. (12-3.2 d jU) U 5>UI l\y^r i£j[~i iij *JjVl 

: 12.9 Jl_t. 



. LhaJ 



\S\3[ . IR J* UJ U Jk 2Jb P ajjJ-l ! ,jts 01 

«* ** 



P(x) — a^x 4- ... 4- a^x + a ft . 



: j) p~J>y ^Uiii 



< f 



iJ 



(k) 



.k^N J£J P (0) - (k!) a 



^ ^“O (N 1) -1] *L^« Oj^j ij^S illjJl O^taLjw b[ 

. n > N dj-& U.U* R n (x) = 0 ,k>N jj_SS Ujjlp P ,k) (x) = 0 

; of <iU c_***Jl IJU> 



im R (x) = 0. 

n n v 7 



, I^aJ P P aJIjJU ^jjjJLS'U of ib-N 



: 12.9 jL-io 



«Uc« <1)1 -L>&j t C <Jl.iiJ j \ , (R ^J,p A*1JU 4jli ^A <l- iJljUl (jl 

** 

Cr 11 *-*?* $ .(12.3.2a >JI) a k = ~ ^i j.jjKU 



R „ J 



RW = 



Hn fl 

e x 



n! 



ji] . n . l£I e*" < e |A| La! <Jli 



X 



u 



1 UL 

”n 



< 



Oi U . x j jk*a (jv M- n Oj5sj C~o>* 
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n 



2 




n 



4 lim I 

n \ 



n 



n ! 



0 Uut . |r„(x) < e |x '|x|"/ n! 

; jU lii» . x J53 



n 



lim R (x)| =£ lim — — 0, 

n n ' 1 n FI : 



: oil jib 



.IR J x J£J 



e = 



= 2 ( 



1 i k 
X 



k ! 



) 



(i) 



: 12.10 JL_i. 



t sin x ill-ill iJlsdl -ILil . R b* il^a 



,( C 12.3.2 a 



(-1) 



k-f-1 



2k+l (2k + l)f 



j [ N jk a 2k = 0 oi 



jikil ^-1 jU l iAj 4 i cos x jt ± sin x UJ j sin x iH Jl3 n <LjJl a* 

i jA^ R r (x) - 1 ^ ^ 



R nW 



(± 

' n ! 



n 



n. 



t lim R (x) = 0 0U \SXj 4 lim — - = 0 oi ^ 

rt n / * ^ n n! 



: jtf OM 



□o 



, R j X J£J sin x 



-S 



(-1) 



2k+l 



( 2 ) 



k=0 



(2k + 1)! 



: 12.11 JL-U 



jjSAl J^Lcll .(-1, 1) <> ilia log (x + 1 ) •!!>*!•' il 1 ^' 



: 



,x > -1 jlS lit f°°(x) = (-l) k 1 (k - 1)1 (1 + x) 
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. k > 0 utf lil 



I ^^IS* al U* a "ji j jJlS'L# <jli iJUsj 



f< k) (0) 



(-i) 



k-1 



R_(x) 



* * 






lim n R n (x) = 0 ji .(j 12.3,2 jj^l jkil) 

: . (12.2.5 Ojii) 



1 — t + t 



1 - (-t) 



n-1 



(-t) 



n-J 



l - (-t) 



l + t 



l + t 



* X ji {J* ^j ^* *«* } 4 ( — 1, 1] j X 



r - 

J o 1 



dt 
+ t 



- r & 



t + t + . . . + 



c-t)"- 2 ] * 



+(-!)- r -£~ 

v ' J o 1 + t 



dt, 



2 3 

y*' 

log (1 + X) = X - — + — 



(-X) 



n — 1 



k-1 



(-i)"' 1 J 



-wt-rr •£ 



dt. 



■ hi 



n-1 



l + 1 



dt 



n-U J 

n 



n— 1 



1 + t 



dt 



5—1 



n-1 



J! &y. 0 



: oU ji! 



* * 



(3) 



x i 0 ^ x 



Otf lit 
: J»i 



R „( x ) I « I 



dt = 
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X 



t ^ 0 jli t -1 < x < 0 OLS" lil . tim n R n (x) = 0 0! (P-J'j 

■ Ji <P>- 



t 



n-l 



1 + t 



t 



n-l 



(1 + x) 



R „« 



l 



1 + X 



I JI 



1 



dt 



n 



< 



(1 + x)n 



: (3) 0^ 



1 



(1 + x)n 



j .(— 1, 1] Jxj£) lim n R n (x) = 0 Oi[ 



log (1 + x) — 2 



(“D 



k+1 



(4) 



. -1 < x ^ 1 j!5 b) 



.(-1,1) Jp y» x = 1 Xp (4) O' Jp j, 






t x 




log (1 + x) Ob Ja |i & 
j x = 1 jp 0! 
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log 2 



= 2 



(-D 



k+l 



k - 1 



X-5fc jP 'i*) 2 xuJl j* iJUd' iLIxl! 0! b!j UJ> 



. (12.2.5 



12.5 




tf 



x Ji jo- ZXJ- J£)j IR J_fr S-Ll* Oli (cos x) <->la ot J* 



. 1 



; 0^b 



00 



cos x 



= 2 



(-1) 2k 
- — x 



k=0 



(2k)! 
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X (-1, 1) > iJ-U (acrtan(x) ) JkJl *Jb j! Jp 



-1,1] J 



arctan x 



2 

fc-0 



(- 1 ) 



2k+ 1 



2k + 1 



lLU j j jLs c J— j-jjb 



1 



(1 +t ) 



JL>- ; jUS jl) 

■ (12-2.4 



. 1R 






Jp -uLU aJIj f j! f(x) = (— ) sin x ^Jdi 4JL*JL***^« jb^ji «. 3 



! (Jj ViS sUoaIJ <1 i-Xli j jiSU iJU-JL-wa _ 4 

f(x) = J e _t dt. 

•'o 

.(12.9 JUll J x ^ Vju - t 2 :SJlpL^) 

! (jfVlS StlsL*il JjljJU „ 3 



f(x) = I sin t 2 dt. 

J o 

, IR <Jp aJlJL^ 4jb f jl f(x) = e -x ^IjUU jjjjJLSU 4,1 . <X j^jf 

■ ^ f £C+0JJ f(x) = e 4J(jJU ^jjjjlSU 4.1s. Jbj-jl 

aaX^*\j i cos x, sin x j* JS3 jLJ~d ^jS ^ ^ L^U- a>jf 

■* ** 

. sin 2x = 2 sin x cos x t IR jx JS3 jf o*jJ 



_ (i 

_ 7 
_ 8 
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ijd^l oUUaaIIj ijii! oUUaaII 

Metric Spaces and Euclidean Spaces 



Metric Spaces hji\ oUUaiJi 13.1 



0 

L jlaJ ^L->! (J * — k y i| ! ^ — jL-J 1 1-1* ^ Upj*,c>^* 

<J a^j 1 (,-lJ 1 ^jbUll c- a>~j-Aj LIp jl \Sk +\jy* 

ol olpj— 01 ^Lk^a jU aJU-! aJL* Jj . Siyf Aplw? 

t t 

Ll* jJl iws?lii"lj . il-U^l ( j&\ j?- oli jl bl-U-1 

*+ 

0^1 1 *jlj il~pij j J — Sj . J-A* L*J 1 (J>"| ^ ‘ olV 1 ^ 

** £ 

.JLJP ^ ^ . A ■» i Vfl <L-jL? 4_>-jJb La l)L S* L| L 0^ 



_ kis _ La 0j_5o Ol kk kajk* (J U»L_>^£ jLi 1-Uj . kj 

(_)— <»^- ^j,| X x X j-L j— jJ-i l<kj . (( ystfL^*Jl ^ ^jj UM d— *Jb 

: jf X ^Ld isj.\ 



XxX = {(x,y):xEX j yG X } . 



! 13.1 ub ^aj 



i ,Ia,tf,JLj ^Jt X AtdJl Oj^Oj 0>j JV ^.o ^Lv3-a]I 

m* -r+ 

;SJU1 U C [0 < oc) Ul-Uj X x X J5 J> l^iLkj d *Jb 



• x = y ^ ty *M d ( x ’ y) = 0 



(i) 
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■* LtU -^ L - 1 >H^K 



.X j x.v J & d(x. y) - d(y. x) 



(ii) 



X j x. y,z J53 d(x. z) s= d(x. y) + d(y. z) (iii) 






*Cju 



jiUl c JwAj 



t ^ "f 

jLUb^ jbkii JL>- »_J Vj ^ j-&»0 «' — ? -^v J-* 0) 



j$y> jdi (symmetry) w>U- ^ (ii) 






- x J! y -W 1 >' Ji x ^ 



o' 



t/" — 1 



,J_p \jj>- 4_SjjU ap L o> <J .A5y tyV *: A^iid! oLdl 

UsLii Jj . ji>>-Vl Oy*-b^ ^ j 

£ ^ 

y, Uy iii *iV I jv HJOu ^23 1 » (iii) w> ! oJJ Uij id 






4_Jl£Jl isLvii jii iV l* iijij Aki> 



juJJ 



.^ycJl ill# Vi ,jiw« fUoiii jr* w$' J?*-? 

i^jJjLSCJl oUiJL_^Vi AP^-^f Jp ( _ r ^y> j 4j vJjVi Jlilij 

J|j J jbuVlj ftUiVl Lfci L?^ (.Ajy-J-i AjX)j\\ c-i^l APLj^J 

** ** t 

, 4 JL* jJ& 



; 13.1 Ji—^a 



^ d os^ydj ii-L-pbU i-Jjd £-ijjVi J-5 I IR X IR ^ X ji 






jU y = (y r yO J x = ( x r x :) ’ 3 i 



( 1 ) 



d(x, y) = [(x - y,)" + (x, - y 2 )"J 



J* 

olJJI ji AiaiJi (Jj jy-U N a— bVli j W* b*^ - 

P| p A la Jii J-S3 jj-£j i-^b iA-JjVi o*x£ji jjaoo j ^oLjJi j-^Vi 

** 

.p, «J^ 

“ +* IHl 

^ f 

Jl^w p^jij i ojji-itj < ^( x ' t y) ^ ti3.i j>w) jj \<Sj 

jlos-^l j (n) i(i) o L t .-. o * lj- i j t o~-ji i oLw* 13.2. 
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; 13.3 JL_U 



; cl jl-XpVl & X-Q o' 



d(x, y) = |x - y 



(3) 



^\jJ-\ jiU UJb- oli IR ^ ^ Q oi >' ix 

^ x, y , z ^ ^>1 ^ |R o- *• y- z cr^ 

Ji.’jl j UL»i 5J-«* jj£ ij&l oUUiiJl jf- i^lp **«"- 13-3 JUi' 

■H 



Q 



iii) 



f*0 »L^ a A>' 



.JLAA j jdi ^ 

H J 

‘ ^Lyd ® ^Lft <*>w> U*^ U 







Jju *Ldd Y oU , X ^ 



; 13.1 

y- Lt3 Y cdlS^ td Oj*J' aM-Xj ^jv* s-Uaa X jl5 li| 

. Y X Y JlkJl 0^1 'oOlft d jUal jj& cd a*Jl aIU 

jdi ij_» os-. Mj ■ tLaiM J-* d'-'H ^ f-^ ^ ! -“ ^ 

.ijii juJi iib jk Jk ‘ J O l ^ ^ 

; 13.4 JL-Ia 



(discrete metric) d * X * & &' . ! ' 4jjd.i il'-Ul u^j <• Jf ' ) ^ - e£* ^ ^ 




d(x, y) = 



1, x * y. 



«, x = y. 



(4) 



j^L (iii) J, ■ jUa»J (i) i (ii) ji ( 4 ) ^ <yj ■ X d“ x ’ y c?^ 

i^iC) U i^b Oj* (iii) oLi c d(x, z) = 0 015 li! .Xj y y. * ^ O 

,d(x. Z) =l ob * * * j' J! < 4 ) &y d < x - z > > () dl ^ ■ (trivial 

j_* 5 JL^-Ij olJ J.J , ^ i-yl— o J-SC- oi 0^ ^ y j ! x ^ z t _ 

jt . z. . " . 1.1 1 iLjUx^i pj . I * 3 i d(x, y) d(y< z) ^ 4 *-) ^ (Ji 

- ** 
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13.1 




li 




l 



iJ 



lb „.nll 



(0, 0) Jj X ja JbtJl 



A 



IR x |R ^ X <.9-1 J 

fr* ^ 



Ja>w 



d(x, y) 



X| - y j + )x 



y,l- 



d(x, y) = jx j - yj + 2 ;x, - y. 



d(x, y) = |x, - y 



d(x, y) = |x-, - y. 
d(x, y) = max { 
d(x, y) = max { 






Y ™ \7 1 9 

[ -■ I * 



} 

2 >2 / 









d(x,y) = 



*i(x, y) 



d(x, y) = 



[V 2 


,-.1/2 




L(x l - y,) + (x 2 - 


y 2 )\l , 


if x^ ¥- y.,. 


(...I ) [( Xj - y } )- + (x 2 - y 2 ) 2 ] , 


if x, = y r 


r ? 


n 1/2 




i(x, - y, )“ + (x_, - 


y 2 )‘] - 


if x 2 ^ y r 


x , - y,l + |x, - y. 


*1 


if x 2 < y r 


r -l 


,-.1/2 




3 L( x i - y,)“ + (x. 


y,) ] , 


if x 2 ^()y 2 ^() 


r 2 


-,-.1/2 




L( x , _ y,) + ( x 2 _ 


y 2 ) J > if 


Xj <0. j y 5 <0 



_ s 






ikal m 4 JU- ibLdl 






1 _ in 



:Oli <X j x (ll <x (2 '<..<x ( "” WaJloJlSIil 



m 



dlx^'* ^ x' 115 ' 



I 

jd . 4 dl 

j ^ 2 



(j) f (j-i) 

x ‘ x 
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Euclidean n-Space j *UaiJl 13.2 

*> *► 



^jLjJ 

L j ^ ^ —A .X^d 1 A * > Co <JLJ-I 






w 



■'- 

rX\ OUlwAjjjl ^y» JJ-Jl t-iwA jJ pJi) 

^oiSNS ~lkoi* Jij . 13.1 Jldi j 

. Ajj^J. 1 ijJLi'yS 4 ~-JLjU 

; 13.2 o-4j jMj 



II ( ■ ^ * ■ ■ 

4 .1 i_uJl 0‘LJbdl Jl5 <d ^ *_j»^J E J I j t oJU \^j>~j^> 2 -X& n jl 



<u..,o2,j t Ext. .Jp 0^*11 ijijil d j! ' X “~ W 



\} 



11 



k - 1 






n 

rV 

d(x. v) = \ Zj w - v. 

k-i 



] 



t/: 



( 1 ) 



_ d - r^? d ^ 1 — i j! s l ip /? £ i lj d iJlwXj E 

■w t* ^ 

. ^JuiiNi n 



a J 



i t 1 1 ^ ^ 1 1 1 = |R bjd j n = 1 aJI>- jj ajI la?^ 



d(x. y) - |x‘ - vj 



. SjEaII *i^Jl aJI Jj IR E idii-Lj 




\ , Ip oIp aJa^JL 






«={xd" 

1 k J k - 1 



(X. ..... X ). 

^ i rr 



KAjjih) AAoaJl j' . X J k Xj. ^ 1 ^ ... *• 11 

fcJH ^ 

^jA ^_> v_ n - ^ 1 ti3.X— ^ 0^ d-Ujj g Ls ^S i j i J 1 1 l5 

of (i) y ^a\j}\ y.j .*> jua au e" J**; i3.2 (i) «*ji ji 

oL_JUjJ! iwJJb,-^io» (iii) l j^j (0 J 0*) 




. (Aol^Jl oUUdl) (4-) 
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